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We consider the stability properties for thermoelastic Bresse system which describes the motion
of a linear planar shearable thermoelastic beam. The system consists of three wave equations and
two heat equations coupled in certain pattern. The two wave equations about the longitudinal
displacement and shear angle displacement are effectively damped by the dissipation from the
two heat equations. We use multiplier techniques to prove the exponential stability result when
the wave speed of the vertical displacement coincides with the wave speed of the longitudinal or
of the shear angle displacement. Moreover, the existence of the global attractor is firstly achieved.

1. Introduction

In this paper, we will consider the following system:

phwiy = (Eh(wiyx — kws) — aby;) . — kGh($s + wsx + kwr), (1.1)
phwsy = Gh($z + w3y + kwy)  + kEh(wix — kws) — kaby, (1.2)
pIpoy = EIdosx — Gh(o + wax + kw1) — B3y, (1.3)
pcbis = O1xxt + O1x — aTo (Wi — kwsy), (1.4)
pcOst = O30 — aToPoix, (1.5)

together with initial conditions

wi(x,0) =up(x),  wi(x,0)=1v(x), $2(x,0) = go(x),
$2t(x,0) = go(x), w3(x,0) = wo(x), w3(x,0) = ¢o(x), (1.6)
01(x,0) = Op(x), 01:(x,0) = 10(x), 05(x,0) = & (x)
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and boundary conditions

w1 (x,t) = wsx(x, ) = Pa(x,t) = 01(x,t) =03(x,t) =0, forx=0,1, (1.7)

where w1, ws, and ¢, are the longitudinal, vertical, and shear angle displacement, 6; and 63
are the temperature deviations from the T along the longitudinal and vertical directions, E,
G, p, I, m, k, h, and c are positive constants for the elastic and thermal material properties.

From this seemingly complicated system, very interesting special cases can be
obtained. In particular, the isothermal system is exactly the system obtained by Bresse [1] in
1856. The Bresse system, (1.1)—(1.3) with 6, 83 removed, is more general than the well-known
Timoshenko system where the longitudinal displacement z; is not considered. If both 6; and
w; are neglected, the Bresse thermoelastic system simplifies to the following Timoshenko
thermoelastic system:

phwsy = Gh(ds +wsx) ,
pIpoy = Eldorx — Gh(r + w3y ) — a3y, (1.8)

PC63tt = 63xxt + 93xx - aTO(;bth/

which was studied by Messaoudi and Said-Houari [2]. For the boundary conditions

ws(x,t) = ga(x,t) = O3 (x,t) =0, atx=0,1, (1.9)

they obtained exponential stability for the thermoelastic Timoshenko system (1.8) when
E = G; later, they proved energy decay for a Timoshenko-type system with history in
thermoelasticity of type III [3], and this paper is similar to [2] with an extra damping that
comes from the presence of a history term; it improves the result of [2] in the sense that the
case of nonequal wave speed has been considered and the relaxation function g is allowed to
decay exponentially or polynomially. We refer the reader to [4-10] for the Timoshenko system
with other kinds of damping mechanisms such as viscous damping, viscoelastic damping of
Boltzmann type acting on the motion equation of w3 or ¢,. In all these cases, the rotational
displacement ¢, of the Timoshenko system is effectively damped due to the thermal energy
dissipation. In fact, the energy associated with this component of motion decays exponen-
tially. The transverse displacement wj3 is only indirectly damped through the coupling, which
can be observed from (1.2). The effectiveness of this damping depends on the type of coupling
and the wave speeds. When the wave speeds are the same (E = G), the indirect damping is
actually strong enough to induce exponential stability for the Timoshenko system, but when
the wave speeds are different, the Timoshenko system loses the exponential stability. This
phenomenon has been observed for partially damped second-order evolution equations. We
would like to mention other works in [11-15] for other related models.

Recently, Liu and Rao [16] considered a similar system; they used semigroup method
and showed that the exponentially decay rate is preserved when the wave speed of the
vertical displacement coincides with the wave speed of longitudinal displacement or of the
shear angle displacement. Otherwise, only a polynomial-type decay rate can be obtained;
their main tools are the frequency-domain characterization of exponential decay obtained by
Priiss [17] and Huang [18] and of polynomial decay obtained recently by Mufioz Rivera and
Fernandez Sare [5]. For the attractors, we refer to [19-24].
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In this paper, we consider system (1.1)-(1.5); that is, we use multiplier techniques to
prove the exponential stability result only for E = G. However, from the theory of elasticity,
E and G denote Young’s modulus and the shear modulus, respectively. These two elastic
moduli are not equal since

E

where v € (0,1/2) is the Poisson’s ratio. Thus, the exponential stability for the case of E = G is
only mathematically sound. However, it does provide useful insight into the study of similar
models arising from other applications.

2. Equal Wave Speeds Case: £ = G

Here we state and prove a decay result in the case of equal wave speeds propagation.
Define the state spaces

5
= Hj x H! x H} x H x (L?), (2.1)
where
1
H! = {feH1<0,1> NG =0}. 2)
0
The associated energy term is given by
1 1 2 2 2
E®) =5 | ([ERwir—kws)” + Gh(pz + wsx + kuwn)” + EI§3,|
0 (2.3)
pc
lon(w v wh) + plg3] + 20 (65 4 65,4 e;))dx.
By a straightforward calculation, we have
dE(t) 1 2 2
ar _?0<”61xt|| + |65l ) (2.4)

From semigroup theory [25, 26], we have the following existence and regularity result;
for the explicit proofs, we refer the reader to [16].
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Lemma 2.1. Let ug(x), wo(x), po(x),00(x), vo(x), Po(x), go(x), no(x), &0 (x) € H be given. Then
problem (1.1)—(1.5) has a unique global weak solution (¢, g, 0) verifying

ws(x,t) € C(R*, H1(0,1)) n C(R*,12(0, 1)),

25
(wi(x,t), §a(x,1), 01 (x,1),03(x, 1)) € C(RY, Hy(0,1)) N C' (R, L*(0,1)). 29

We are now ready to state our main stability result.

Theorem 2.2. Suppose that E = G and ug(x),wo(x), po(x),0(x),vo(x), Po(x), go(x), 1o (x),
&o(x) € H. Then the energy E(t) decays exponentially as time tends to infinity; that is, there exist two
positive constants C and p independent of the initial data and t, such that

E(t) < CE(0)e™™, Vt>0. (2.6)

The proof of our result will be established through several lemmas.
Let

1
I = f plgodo + phws, f, (2.7)
0

where f is the solution of
_fxx = ¢2xr f(O) = f(l) =0. (28)

Lemma 2.3. Letting wy, w3, ¢o, 61, 05 be a solution of (1.1)—(1.5), then one has, for all 1 > 0,

L(t) EI
B < Bl + pigal? + &1 (Jeom P + o ~ ko) )
(2.9)
+Cen) (11852l + 181l + lfr]1?)
Proof.
dn ) > |
ar —EI||gpox|I” + oIl 2|l —f a6z, padx
0
) : . (2.10)
- kEhI (w1x — kws) fdx - kaf O fdx + phJ. wa; frdx,
0 0 0
By using the inequalities
1 1 1
[ prax< | gpar< | ghan
0 0 0 (2.11)

1 1 1
fﬁMSIﬁMSI%ﬂ,
0 0 0

and Young's inequality, the assertion of the lemma follows.
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Let

1 x

I, = pcphJ‘ <I Gudy> w1pdx. (2.12)
0o \Jo

O

Lemma 2.4. Letting wi, ws, ¢, 61, 05 be a solution of (1.1)—(1.5), then one has, for all €, > 0,

dl(t) < —aphTy
a - 2

1
[ whdx+ Clen) (101l + o)
0 (2.13)

+&2([I(1x = keoa) I + iz + wax + keon ).

Proof. Using (1.4) and (1.1), we get

I (t 1 x 1 x
ﬂ = pcphf (I 91ttdy>w1tdx +pcphf (J 91tdy>w1ttdx
dt o \Jo o \Jo

1 x
= th (I O1xxt + O1xx — aTo(wipx — kwst)dy> wydx
o \Jo

1 x
+ j (J Qltdy> ((Eh(wlx - kZU3) - aGlt)x — KGh((i)z + W3, + kwl))dx
0 0

) ) . (2.14)
= ph'[ (B1xt + O1x)wridx — phaTy f wftdx + phkf <I w3tdy> wydx
0 0 0 \Jo

1

+ phEhf <91xtw1 + kbyws + “%&)dx

0

1 X
- pckGhI (f Gltdy) (¢ + wsy + kwy ) dx.
o\Jo

The assertion of the lemma then follows, using Young’s and Poincaré’s inequalities.
Let

1 x

I; = pcpIJ‘ <I 63dy>¢2tdx. (2.15)
o \Jo

O

Lemma 2.5. Letting wi, ws, ¢, 61, 03 be a solution of (1.1)—(1.5), then one has, for all 5 > 0,

dI3 <_ (XpITO

i l|at]|? + Ce3) (10> + 31l ||* + €3]l + w3y + kzon || (2.16)
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Proof. Using (1.3) and (1.5), we have

dI 1 X 1 X
d—3 = pcpr <f Gg,tdy> Pordx + pcpr (I 93dy> Pordx
t o \Jo o \Jo

1 Ax
- ij j (Os2x — aTopant) dyarclx
0/0

1 x
+ PCJ‘ <I 9361]/) (EIoxx — Gh(2 + wsx + kw1) — absy )dx (2.17)
0 0

1 1 1
= pr O3xPpardx — al Ty f P3.dx + chIf O3Pardx
0 0 0

1 x 1
- pcGhJ (J‘ 93dy) (92 + w3y + kwy ) dx — apcf 03dx.
o \Jo 0

Then, using Young’s and Poincaré’s inequalities, we can obtain the assertion.
Next, we set

1 1

I = hpIJ‘ ¢2t ((i)z + Wszx + kwl)dx + hpI’[ ¢2xW3tdx. (2.18)
0 0

O

Lemma 2.6. Letting wy, w3, ¢o, 61, 65 be a solution of (1.1)—(1.5), then one has, for all 4 > 0,

dl, Gk

R
. = 2

khpl

T

1
[ @2+ 0+ wn) e+ Cea) (1051 + 61l
0 (2.19)

(lgarll? + llzonl) + C(e) i pall? + esllzons - kews .

Proof. Letting (1) =1 fé Gt (P2 + way + kwy)dx, (2) = hpl fé ¢axwsidx, then using (1.2), (1.3),
we have

1 1
(1), = pIJ‘ ¢2tt((;b2 + W3y + kwl)dx + h‘DIJ ¢2t(§b2 + W3, + kwl)tdx
0 0
1 1
= hEIf Poex (§2 + w3y + kwoy)dx — GH? f (2 + w3y + kwy ) dx
0 0

1 1 1
- thf O3x (P2 + way + kwy ) dx + hpr (]Sgtdx + hpIJ Pot(wsy + kwy ), dx,
0 0 0
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1 1
(2)' = Iph j Porwaedx + Iphj Poxwsndx
0 0
1 1
= —Ipl’l’[ (,bzﬂl)3xtdx + IGI’I’[ (,be ((,bz + W3y, + k’wl)xdx
0 0

1 1
+ IkEhJ‘ ()bZX (wlx - k’(,l)g)dx - (Xka ¢2x91tdx.
0 0
(2.20)
Noticing that E = G, then
I=)+(@)

1 1 1
2
- _GK? fo (2 + wax + kwy ) dx — ah .[o O3 (P2 + Wiy + kwr)dx + hpl jo P3dx (2.21)

1 1 1
+ khIpJ ¢rwidx + IkEh f ¢Pox (wix — kws)dx — alk f Pox01pdx.
0 0 0

Then, using Young’s inequality, we can obtain the assertion.
We set

1 1
Is = —th‘ ws (w1, — kws)dx — th w1 (P2 + wax + kwr ) dx. (2.22)
0 0 O

Lemma 2.7. Letting wi, ws, ¢, 61, 03 be a solution of (1.1)—(1.5), then one has, for all €5 > 0,

dI; kEh h
o5 <=l @ors — ko) = B2 eon + kphllwsr
(2.23)

h
+ %II%IIZ + C(es)[101x¢]1” + (KGh + £5) [ (§2 + w3 + kwn) |17

Proof. Let (1) = ~hp [ wi(wix —kws)dx, (2) = ~hp [ w1 (2 +wsx + kwy)dx, then using (1.1),
(1.2), we have

. 1
1) = —th (¢2 + wax + kw1 ), (wix — kws)dx — kEhI (w1 — kws)*dx
0 0
1 1 1
+ akf 61 (wrx — kws)dx + kphj w3, - phf wW3rw1xdx,
0 0 0
) 1
(2)' = —Ehf (w1x = kws) (¢2 + w3 + kw)dx + “f Ouxt (2 + w3x + kwor ) dx
0 0

1 1 1 1
+ kGhJ (¢ + wsy + kw1)2dx - phf widx — phJ wPardx + phf W1 wardx.
0 0 0 0
(2.24)
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Then, noticing E = G, again, from the above two equalities and Young's inequality, we can

obtain the assertion.
Next, we set

1 1
Iy = —phf warwsdx — ph’[ wwdx. (2.25)
0 0

Lemma 2.8. Letting wi, w3, ¢o, 61, 05 be a solution of (1.1)—(1.5), then one has

dl
=5 < =ph(llwsll® + leon|) + Clloval> + Cligax (2.26)

Proof. Using (1.1), (1.2), we have

1 1 1
Iy = —phf wdx - phf w3, dx + EhJ (wix — kws)*dx
0 0 0

. . (2.27)
+ Gh’[ (2 + Wy + kwy ) (w3 + kw1 )dx — aJ 01 (wry — kws)dx.
0 0
Noticing (2.3) and (2.4), we have that 3C; > 0 satisfy the following:
1
—(Xf Glt(wlx — kwg)dx < C1||91xt||2 — Eh||w1x - kw3||2. (228)
0
Similarly,
1
th (92 + wsx + kwy) (w3 + kw1 )dx
0
! 2.29
= Gh||¢2+W3x+kwll|2 —GhJ- (¢2+w3x+kw1)¢2dx ( )
0
< Cillgaxll*.
Then, insert (2.28) and (2.29) into (2.27), and the assertion of the lemma follows.
Now, we set
! 1
I7 = PCJ 01:61dx + §||91x||2- (2.30)
0
O

Lemma 2.9. Letting w1, ws, ¢, 61, 03 be a solution of (1.1)—(1.5), then one has, for all €7 > 0,

dl 1
i S 310l + pellBsal + Cler) (llonll® + sl (231)
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Proof. Using (1.5), we have

dI 1 1
d_t7 = —||61x||2 +aTy I w101dx + aTokf w301,dx + pc||91t||2. (2.32)
0 0

Then, using Young’s and Poincaré’s inequalities, we can obtain the assertion.
Now, letting N, N1, N3, N3, N4, N5, Ng, N7 > 0, we define the Lyapunov functional ¥
as follows:

? =NE + N1I; + NoI, + N3I3 + Nyly + N5I5 + N616 + N71I7. (233)

By using (2.4), (2.9), (2.13), (2.16), (2.19), (2.23), (2.26), and (2.31), we have

d¥
—— < Y1101xl* + Yal|OsI* + Yl axll* + Yallwrel|* + Ys|| ot ||*

dt ~ (2.34)
+ Yol P2 + wsx + keor ||* + Y7 ||wix — kws||* + Ysllwse||* + Yol |01,

where

Y, = —g +C(e1)N1 + N2C(e2) + N4yCl(es) + N5C(e5) + N7Cq + pcNy,
0

Yo= -2+ Clen)Ns + NaCles) + NaCle),
0

EI
‘Y3 = _Nl + 53N3 + C(E4)N4 + C1N6r
hWT,N, khpIN,; phN
Y, = - SITONe | KOPING PPN i+ o),
2 2 2
hTo,N; khpIN. hN, '
2 2 2
2
N
Y, - _% + kGhNs + Nses + Naes + Naea,
E
Yy = K ZNS + Nyeg + Nie1 + Noey,

Yg = —N6ph + N5kph + C(Ez)Nz + Nyg1 + N7C(£7),

N
Yo = —77 + NoC(ey).
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We can choose N big enough, ¢, ..., £g small enough, and

N1 > Ny, N,
Ny > Ny,
N3 > Ny, Ng,
(2.36)
Ny > N,
Ng > Ny, N5, N7,

N7 > N.

Then Yi,..., Yy are all negative constants; at this point, there exists a constant w > 0, and
(2.34) takes the form

a¥
= <=(l1] + 1011 + 103211 + l§sll® + o
(2.37)
2 2 2 2
+lparl? + 1o + s + keor |2 + [lzony = keos|? + [l
We are now ready to prove Theorem 2.2. O
Proof of Theorem 2.2. Firstly, from the definition of ¥, we have
§F ~ E(t), (2.38)
which, from (2.37) and (2.38), leads to
d
2 g <y 2.39
P (2.39)

Integrating (2.39) over (0,¢) and using (2.38) lead to (2.6). This completes the proof of
Theorem 2.2. O

3. Global Attractors

In this section, we establish the existence of the global attractor for system (1.1)—(1.5).
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Setting v = w1y, ¢ = wat, ¢ = Por, 1 = Oy, then, (1.1)—(1.5) can be transformed into the
system

wit =7,
wsr =@,
¢2t =y,
01 = ",
phv; = (Eh(wix — kws) — abh), — kGh(¢, + wsy + kwr), (3.1)

pho; = Gh(z + wsy + kwy)  + kEh(wy, — kws) - kab,
pI{p‘t = EI¢2xx - Gh(d)z + W3y + kwl) - (X93x,
pcty = Orxxt + Orx — alo(wipy — kwsy),

pcBst = O30y — aToPosx.

We consider the problem in the following Hilbert space:

5
JzHéxHixH&xHéx<L2> . (3.2)

Recall that the global attractor of S(t) acting on < is a compact set &# C H enjoying the
following properties:

(1) &4 is fully invariant for S(t), that is, S(t)e# = <4 for every t > 0;

(2) +4 is an attracting set, namely, for any bounded set R C &,

lim 6. (SR, ) =0, (3.3)

where 6_ denotes the Hausdorff semidistance on .
More details on the subject can be found in the books [23, 26, 27].

Remark 3.1. The uniform energy estimate (2.6) implies the existence of a bounded absorbing
set R* C H for the Cy semigroup S(t). Indeed, if R* is any ball of #, then for any bounded set
R C H#, it is immediate to see that there exists t(R) > 0 such that

S(HR C R* (3.4)

for every t > t(R).
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Moreover, if we define

Ro = Jstr?, (3.5)

>0

it is clear that Ry is still a bounded absorbing set which is also invariant for S(t), that is,
S(t)Ry C Ry for every t > 0.

In the sequel, we define the operator A as Af = —f,, with Dirichlet boundary
conditions. It is well known that A is a positive operator on L with domain ®(A) = H*NH}.
Moreover, we can define the powers A® of A for s € R. The space V5 = D(A?®) turns out to be
a Hilbert space with the inner product

(u,v)y, =(A’u, A°v), (3.6)

where (-) stands for L?-inner product on L?.
In particular, V.4 = H™, V; = L?, and V; = H;. The injection V;, — Vi, is compact
whenever s; > s,. For further convenience, for s € R, introduce the Hilbert space

Hs = Vi x Vigg x Vigg x Vg X (VS)S- (3.7)

Clearly, Ho = H.

Now, let zg = (uo, wo, o, 60,00, Yo, ¥o, M0, é0), where Ry is the invariant, bounded
absorbing set of S(t) given by Remark 3.1, and take the inner product in #, of (3.1) and
(A%wy, A°ws, A°¢p, A°01, A°v, A, A°, A1, A°0s) to get

d
25 (Bl ors = kewa) 2+ Gl (9 + o+ Ko  + EXIl,

C
wph (ol + sl ) + pIIgal’ + G (10l + 1611, + ||93||§)) (38)

2
=~ (I6ulFo + 16511,



Advances in Difference Equations 13

Here, the boundary term of integration by parts is neglected since we are working with more
regular functions. We denote

Ex(t) = Eh||(wix — kw;)||5 + Ghl| (2 + wsx + kw1 ) |5 + EI||¢2 |17,

C
+ ph(llwrel + losl3) + pIIgarll + - (1011 + 16513,

1 1
Fi(t) = f pIAT pucpodx + f phATws fdx,

0 0

1 x
F(t) = pcphf (f 61dy) A°wydx,
o \Jo

1 X
F3 = pcpII (f 93dy> A° ppdx,

0o \Jo (3.9)
1 1
F4(t) = hp[f Ac¢zt (¢2 + W3y + kwl)dx + hplf A°¢2xw3tdx,
0 0
1 1
F5(t) = —hpf A% w3 (w1 — kws)dx — hpf Aw1 (P + wsy + kwy ) dx,
0 0
1 1
Fg(t) = —phf A°wsywsdx — phf A%wywidx,
0 0
1 1 (1
F, = pcf A°01,0,dx + —J A"G%xdx.
0 2 )
Then, introduce the functional
Q(t) = NEz(t) + N1F1 + Nze + N3F3 + N4F4 + N5F5 + N6F6 + N7F7. (310)

By repeating similar argument as in the proofs of Lemmas 2.3-2.9 and (3.8), choosing our
constants very carefully and properly, we get

d
52 M) +cEx(t) 0. (3.11)

On the other hand,
2(t) ~ Ex(t), (3.12)
so that

d
2B+ 2(b) <0, (3.13)
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which gives

Ex(t) ~2(t) <coe™,  |lz(B)lle, < c26™". (3.14)

Let R(t) be the ball of V3,5 x V3,5 x V3,5 x V3,5 % (V1/2)5; from the compact embedding Vj,, x
Vo x Vajo x Vo x (Vi 2)° < Hy x H! x H} x Hj x (L?)°, R(t) is compact in . Then, due to
the compactness of R(t), for every fixed t > 0 and every d > c,e™", there exist finitely many
balls of # of radius d such that z(t) belongs to the union of such balls, for every z; € Ry. This
implies that

an(S(H)Ry) < cpe™, Vt>0, (3.15)

where a is the Kuratowski measure of noncompactness, defined by

ay(R) =inf{d : R has a finite cover of balls of # of diameter less than d}. (3.16)

Since the invariant, connected, bounded absorbing set R fulfills (3.15), exploiting a classical
result of the theory of attractors of semigroups (see, e.g., [28]), we conclude that the w-limit
set of Ry, that is,

#=w(Ro) =(JS(s)R0, (3.17)

t>0 s>t

is a connected and compact global attractor of S(t). Therefore, we have proved the following
result.

Theorem 3.2. Under the assumption of (Hi) — (H,), problem (3.1) possesses a unique global
attractor 4.
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