Hindawi Publishing Corporation
Advances in Difference Equations
Volume 2010, Article ID 763278, 23 pages
doi:10.1155/2010/763278

Research Article

Oscillation Criteria for Second-Order Nonlinear
Neutral Delay Differential Equations

Zhenlai Han,"? Tongxing Li,"? Shurong Sun,’* and
Weisong Chen'

1 School of Science, University of Jinan, Jinan, Shandong 250022, China
2 School of Control Science and Engineering, Shandong University, Jinan, Shandong 250061, China

3 Department of Mathematics and Statistics, Missouri University of Science and Technology,
Rolla, MO 65409-0020, USA

Correspondence should be addressed to Zhenlai Han, hanzhenlai@163.com
Received 10 December 2009; Revised 22 June 2010; Accepted 1 July 2010
Academic Editor: Agacik Zafer

Copyright © 2010 Zhenlai Han et al. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

Some sufficient conditions are established for the oscillation of second-order neutral differential
equation (x(t) + p()x(T(t)))" + q(t) f (x(c(t))) = 0, t > o, where 0 < p(t) < po < +oo. The results
complement and improve those of Grammatikopoulos et al. Ladas, A. Meimaridou, Oscillation of
second-order neutral delay differential equations, Rat. Mat. 1 (1985), Grace and Lalli (1987), Ruan
(1993), H.J. Li (1996), H. J. Li (1997), Xu and Xia (2008).

1. Introduction

In recent years, the oscillatory behavior of differential equations has been the subject of
intensive study; we refer to the articles [1-13]; Especially, the study of the oscillation
of neutral delay differential equations is of great interest in the last three decades; see
for example [14-38] and references cited therein. Second-order neutral delay differential
equations have applications in problems dealing with vibrating masses attached to an elastic
bar and in some variational problems (see [39]).

This paper is concerned with the oscillatory behavior of the second-order neutral delay
differential equation

(x(t) +p(Ox(T(1)" +q(t) f(x(a(1)) =0, t>to, (1.1)

where p, g € C([tg, ), R), f € C(R,R). Throughout this paper, we assume that
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(a) 0 < p(t) < po < +oo, q(t) > 0, and g(t) is not identically zero on any ray of the form
[£., 00) for any £, > ty, where py is a constant;
y P

(b) f(u)/u>k>0,foru#0,k is a constant;

(c) 7,0 € CY([ty, ), R), T(t) <t, o(t) <t T(t) =1 >0,0'(t) >0, lim;_,0(t) = oo,
T o 0 = 0 o T, where 1y is a constant.

In the study of oscillation of differential equations, there are two techniques which are
used to reduce the higher-order equations to the first-order Riccati equation (or inequality).
One of them is the Riccati transformation technique. The other one is called the generalized
Riccati technique. This technique can introduce some new sufficient conditions for oscillation
and can be applied to different equations which cannot be covered by the results established
by the Riccati technique.

Philos [7] examined the oscillation of the second-order linear ordinary differential
equation

X'(8) + p()x(t) =0 (1.2)

and used the class of functions as follows. Suppose there exist continuous functions H, h :
D= {(ts):t>s >t} — Rsuchthat H(t,t) =0,t > ty, H(t,s) >0, t >s > ty,and H
has a continuous and nonpositive partial derivative on D with respect to the second variable.
Moreover, let h : D — R be a continuous function with

OH(t,s) _

— . 1.3
S h(t, s) H(t, s), t,seD ( )
The author obtained that if
lim —1 J‘t [H(t ) ( ) - —1 hz(t )] ds = (1 4)
; SupH(t,to) . ,8)p(s ,S S = oo, .

then every solution of (1.2) oscillates. Li [4] studied the equation
(r(Hx' (1) +p(t)x(t) =0, (1.5)

used the generalized Riccati substitution, and established some new sufficient conditions for
oscillation. Li utilized the class of functions as in [7] and proved that if there exists a positive
function g € C*([to, ), R") such that

t

lim sup

msup s | a(o)r(s)h(t,s)ds < o,

(1.6)
lim su _t It a(s) [H(t S)p(s) — 1r(s)hz(t s)|ds = o0
PH®t 1) ), SIPS) Ty ' -

t— o0

where a(s) = exp{—fos g(u)du} and ¢(s) = {p(s) + r(s)g*(s) — (r(s)g(s))'}, then every
solution of (1.5) oscillates. Yan [13] used Riccati technique to obtain necessary and sufficient
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conditions for nonoscillation of (1.5). Applying the results given in [4, 13], every solution of
the equation

(%x’(t)) + t%x(t) =0 (1.7)

is oscillatory.

An important tool in the study of oscillation is the integral averaging technique. Just
as we can see, most oscillation results in [1, 3,5, 7, 11, 12] involved the function class . Say a
function H = H (¢, s) belongs to a function class &, denoted by H € #, if H € C(D,R,U{0}),
where D = {(t,s) : tg < s <t < oo} and R, = (0, o0), which satisfies

H(t,t)=0, H(t,s)>0, fort>s, (1.8)

and has partial derivatives 0H /0t and 0H/0s on D such that

OH(t,s)
ot

PN L

= -hy(t,s)\/H(t,s). (1.9)

In [10], Sun defined another type of function class X and considered the oscillation of
the second-order nonlinear damped differential equation

(r(yy ) +p®)y (t) +q(t) f (y(t)) =0. (1.10)

Say a function @ = @(t,s,1) is said to belong to X, denoted by ®@ € X, if ® € C(E,R),
where E = {(t,s,]) : tg <1 < s <t < oo}, which satisfies D(t,t,1) =0, D(,1,1)=0, D(,s,1) >
0, for I < s < t, and has the partial derivative 0®/0s on E such that 0®/0s is locally integrable
with respect to s in E.

In [8], by employing a class of function H € H and a generalized Riccati
transformation technique, Rogovchenko and Tuncay studied the oscillation of (1.10). Let
D = {(t,s) : —0 < s <t < +oo}. Say a continuous function H(t,s), H : D — [0,+o0)
belongs to the class H if:

(i) H(t,t) =0and H(t,s) > 0 for —oo < s < t < +o0;
(ii) H has a continuous and nonpositive partial derivative 0H/0s satisfying, for some
h € Li,.(D,R), 0H/0s = —h(t,s)\/H(t,s), where h is nonnegative.

Meng and Xu [22] considered the even-order neutral differential equations with
deviating arguments

1

m (n)
[X(f) + Zpi(t)X(Ti(t))] +>.ai(t) fi(x(05(h)) =0, (1.11)
i=1 j=1

where 3", pi(t) < p, p € (0,1). The authors introduced a class of functions F*. Let Dy =
{(t,s) € R%t > s >ty)and D = {(t,5) € R%t > s > t}. The function H € C(D,R) is said to
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belong to the class F* (defined by H € F*, for short) if

(]1) H(tlt) = OItZ tO/ H(tls) > 0 for (tls) € DO/

(J2) H has a continuous and nonpositive partial derivative on Dy with respect to the
second variable;

(J5) there exists a nondecreasing function p € C!([ty, o), (0, o0)) such that

OH(t,s)
0s

p'(s)
+ H(t,s)m. (1.12)

h(t,s) =

Xu and Meng [31] studied the oscillation of the second-order neutral delay differential
equation

[F O ® +pOyE®)] + Sa®fiyme) =0, (113)
i=1

where p € C([tg, o), [0,1)); by using the function class X an operator T[-;],t], and a Riccati
transformation of the form

wt) =2 ) =y + Oy o), (1.14)
z(t)

the authors established some oscillation criteria for (1.13). In [31], the operator T, ¢] is
defined by

T[g:Lt] = f @?(t,5,1)g(s)ds, (1.15)

fort>s>1>tyand g € C([tg,o0),R). The function ¢ = ¢(t, s, 1) is defined by

od(t,5,1)

S = o(t,s,)D(t,s,1). (1.16)

It is easy to verify that T[-; ], t] is a linear operator and that it satisfies

T[g;Lt] =-2T[gp;1,t], forg(s) € C'([ty, o), R). (1.17)
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In 2009, by using the function class X and defining a new operator T[-;/,t], Liu and
Bai [21] considered the oscillation of the second-order neutral delay differential equation

(r(t) |0+ poxren) | () + p(t)x(r(t)))’) +Bf(x@®) =0,  (118)
where 0 < p(t) < 1. The authors defined the operator T[-; 1, ¢] by
T[gLt] = ftQ(t, s,1)g(s)ds, (1.19)
!

fort>s>1>tyand g € C([ty, o0),R). The function ¢ = ¢(t, s, 1) is defined by

od(t,s, )
0s

=(t, s, )D(t,s,1). (1.20)
It is easy to see that T'[-;], ] is a linear operator and that it satisfies

T[g;Lt] =-T[gp;1t], forge C([to, o0), R). (1.21)

Wang [11] established some results for the oscillation of the second-order differential
equation

(ry' ) + f(Ly®),y'(#) =0 (1.22)
by using the function class # and a generalized Riccati transformation of the form

y'(t)
g(y(t))

w(t) = 6(t)r(t)[ + p(t)]. (1.23)

Long and Wang [6] considered (1.22); by using the function class X and the operator T[-; [, ¢]
which is defined in [31], the authors established some oscillation results for (1.22).

In 1985, Grammatikopoulos et al. [16] obtained that if 0 < p(t) < 1, g(tf) > 0, and
j';;o q(s)[1 - p(s — 0)]ds = oo, then equation

[x(t) + p(t)x(t - 7)]" + q(t)x(t —0) = 0 (1.24)

is oscillatory. Li [18] studied (1.1) when 0 < p(t) < 1, 7(t) = t—-71, o(f) = t — 0 and
established some oscillation criteria for (1.1). In [15, 19, 25], the authors established some
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general oscillation criteria for second-order neutral delay differential equation
|a() (x() + pOx(t =)' | +q(O f(x(t-0)) =0, (1.25)

where 0 < p(t) < 1. In 2002, Tanaka [27] studied the even-order neutral delay differential
equation

[x(t) + h(t)x(t—7)]™ + f(t,x(g(t)) = 0 (1.26)

where 0 <y < h(t) < A <lorl < A < h(t) < p. The author established some comparison
theorems for the oscillation of (1.26). Xu and Xia [28] investigated the second-order neutral
differential equation

[x(t) + p()x(t = 7)]" +q(t) f(x(t - 0)) = O, (1.27)

and obtained that if 0 < p(t) < po < oo, f(x)/x >k >0, for x#0, and q(t) > M > 0, then
(1.27) is oscillatory. We note that the result given in [28] fails to apply the cases g(t) = y/t, or
q(t) = y/#* for y > 0. To the best of our knowledge nothing is known regarding the qualitative
behavior of (1.1) when p(t) > 1,0 < g(t) < M.

Motivated by [10, 21], for the sake of convenience, we give the following definitions.

Definition 1.1. Assume that @(t,s,I) € X. The operator is defined by T,[; [, ] by
t
T.[g:1t] :f @"(t,5,1)g(s)ds, (1.28)
I

forn>1, t>s>1>tyand g € C([ty, ), R).

Definition 1.2. The function ¢ = ¢(t, s, 1) is defined by

WD - o, po 5D, (1.29)

It is easy to verify that T, [-; 1, ¢] is a linear operator and that it satisfies
T,[g;1t] = -nT,[gy;Lt], forg € C'([to, ), R). (1.30)

In this paper, we obtain some new oscillation criteria for (1.1). The paper is organized
as follows. In the next section, we will use the generalized Riccati transformation technique
to give some sufficient conditions for the oscillation of (1.1), and we will give two examples
to illustrate the main results. The key idea in the proofs makes use of the idea used in [23].
The method used in this paper is different from that of [27].
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2. Main Results

In this section, we give some new oscillation criteria for (1.1). We start with the following
oscillation result.

Theorem 2.1. Assume that o(t) < T(t) for t > to. Further, suppose that there exists a function
g € C([to, o), R) such that for some > 1 and some H € H, one has

o Ty / 40'(s)

hmsupﬁ f; [H(t, s)p(s) — <1 + @> p u(s)h?(t,s)|ds = oo, (2.1)

where g (t) := u(t) {(kQ(t) + (1 + po/70)[0'(t)g*(t) - &' ()]}, Q(t) := min{q(t), q(T()}, u(t) =
exp{-2 ftto 0'(s)g(s)ds}. Then every solution of (1.1) is oscillatory.

Proof. Let x be a nonoscillatory solution of (1.1). Without loss of generality, we assume that
there exists t; > ty such that x(t) > 0, x(7(t)) > 0, x(c(t)) > 0, for all t > t;. Define z(t) =
x(t) + p(t)x(7(t)) for t > to, then z(t) > 0 for t > ¢;. From (1.1), we have

z'(t) < —kq(t)x(o(t)) <0, t>th. (2.2)

It is obvious that z"(t) < 0 and z(t) > 0 for t > #; imply z'(t) > 0 for t > #;. Using (2.2) and
condition (b), there exists f, > t; such that for t > t,, we get

0=2z"(t) +q(t) f(x(c(t)))
=2'(t) +q(t) f(x(o (1)) + po[2" (T (D) + q(z(1)) f (x (0 (T(1))))]
[2(t) + poz(r()]" + q(t) f (x(a(1))) + poq(z (D) f (x(0 (7(1))))

1

PZ(t) + rT)—SZ(T(f)) +k[g(t)x(c(t)) +poq(r(t)x(T(c(t)))] (2.3)

v

"

FZ(t) + FT’—SZ(T(f)) +kQ(t) [x(o (1) + pox(T(a(t)))]

v

v

r 0 "
z(t) + ’:_—OZ(T(f)) +kQ(H)z(o(t))-
We introduce a generalized Riccati transformation

w(t) = u(t)[ (((t’)) (t)] (2.4)
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Differentiating (2.4) from (2.2), we have z'(o(t)) > z'(t). Thus, there exists t3 > #; such that
forall t > t3,

20 _ [0 -

W' (t) < =20 (Hg(H)w(t) + u(t){ 0 g(t)] + g’(t)}

z(o(t))
(2.5)
_ z"(t) @ w?(t)
=ulh) sy O OL O+ O] - O
Similarly, we introduce another generalized Riccati transformation
w0) = u)| S5 + 500 26)

Differentiating (2.6), note that o(t) < 7(t), by (2.2), we have z'(o(t)) > z/'(7(t)), then for all
sufficiently large t, one has

, : 2'(z(t) v(t) o
V(t) <20 <t>g<t)v<t>+u<t>{ o0 2 s +g<t)}
(2.7)
_ z'(r(t)) ; , L V()
= mu(t) oy B[ O£ 0 + g 0] -0 0
From (2.5) and (2.7), we have
u(t) Po ] /
ot + Bovin] < 240 2 (1 Yuw [z +5 )
(2.8)
o (Hw(t)  po o' (HVA(t)
Cu)  mowl
By (2.3) and the above inequality, we obtain
po_ 1 o' (Hw(t)  po o' (VA (H)
[w(t)+T—0v(t)] < —g(t) - OB I (2.9)
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Multiplying (2.9) by H(t,s) and integrating from T to ¢, we have, for any > 1 and for all
t > T > t3/

o' (s)w?(s) ds

u(s)

’[ H(t, s)yp(s)ds < - f H(t, s)w'(s)ds — I H{(t,s)

o' (s)v?(s) o'(s)v*(s) 4

fH(t s)v(s)ds—Pof Ht,9) ™

aHa(:’ %) w(s) + H(t,s)

= —H(t, s)w(s)ly - f [— 0’<s)w2(s)] ds
T

u(s)

L 5)v(s) L 2v(s) + Hits)

" ff [_aH(t,s) o (s)vZ(s)] ds

(s)

T ToJr

t
=H(t,T)w(T)—L|ih(t,s) H(t,s)w(s) + Hits)— 5

o (s)w%s)] s

+@H(t T)v (T)—@f [h(t $)\H(t,)v(s) + H(t, )“(S)(‘;(S)]ds

2
t !
= H(t, T)w(T) —L [\/%w(s) +\/%h(t,s)] ds

ﬂu()hz(t s ‘f (=D OHS) o

10'(5) Pu(s)
NCIOETEICIN [0 ’
po H(t,s)o'(s u(s
+—H(t T)v(T) - [ Bu(s) 40_,(s)h(if,s)] ds
Po L pu(s) , P (B-1)0'(s)H(t,s) 2
e 0 ] S5 (s)ds.

(2.10)

From the above inequality and using monotonicity of H, for all ¢ > f3, we obtain

t
[ [ o - (1+22) hgueoriece ) as < H oot + B e,
@2.11)
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and, for all t > t3,

t H(t, s)g(s) - 1+@ p u(s)h?(t,s)|ds
to (+3)

Ty / 40'(s)
t (2.12)
< H(t, to)[ |gp(s)|ds +[ew(ts)] + %?IV(ta)l]-
to
By (2.12),
. ' Po p 2
lutrlsspm . [H(t, s)y(s) - (1 + T—()) 40/(5)”(5);1 (t, s)] ds
t (2.13)
< [ o)lds + s+ Eppe) < oo
to
which contradicts (2.1). This completes the proof. O

Remark 2.2. We note that it suffices to satisfy (2.1) in Theorem 2.1 for any > 1, which ensures
a certain flexibility in applications. Obviously, if (2.1) is satisfied for some fy > 1, it well also
hold for any f3; > ffy. Parameter f§ introduced in Theorem 2.1 plays an important role in the
results that follow, and it is particularly important in the sequel that § > 1.

With an appropriate choice of the functions H and h, one can derive from Theorem 2.1
a number of oscillation criteria for (1.1). For example, consider a Kamenev-type function
H(t, s) defined by

H(t,s) =({t-s)"", (ts)eD, (2.14)
where n > 2 is an integer. It is easy to see that H € H, and
h(t,s) = (n-1)(t—-s)"3"2,  (t,5) eD. (2.15)

As a consequence of Theorem 2.1, we have the following result.

Corollary 2.3. Suppose that o(t) < T(t) for t > to. Furthermore, assume that there exists a function
g € C([to, o), R) such that for some integer n > 2 and some ff > 1,

2
limsup t'™" t (t—s)"? [(t - 5)%g(s) - (1 + @> Mu(s)]ds = oo, (2.16)

t— oo to To 40',(5)

where u and  are as in Theorem 2.1. Then every solution of (1.1) is oscillatory.
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For an application of Corollary 2.3, we give the following example.

Example 2.4. Consider the second-order neutral differential equation

Y

[x(t) + B +sint)x(t—T)]" + t—zx(t -0)=0, t>1, (2.17)

where ¢ > 7,7 > 0. Let p(t) = 3+sint, q(t) = y/t?, f(x) = x,and g(t) = -1/(2t). Then u(t) = ¢,
¢(t)=(y—-5/4)/t. Take k =1, po =4. Applying Corollary 2.3 withn =3, forany g > 1,

2
limsup f-n : (t _ S)nf?a I:(P,(S)(t _ 5)2 _ ﬂ(ﬂ - 1)4(1 + PO) u(s)] ds
o ¥ 2 (2.18)
L 1 5\ (t-s) _
_hr:rls;)lpt—2 1|:<Y_Z> S —5ﬂs]ds-oo,

for y > 5/4. Hence, (2.17) is oscillatory for y > 5/4.

Remark 2.5. Corollary 2.3 can be applied to the second-order Euler differential equation

X' (F) + tlzx(t) 0, t>1, (2.19)

where y > 0. Let p(t) = 0, q(t) = y/#, f(x) = x, and g(t) = -1/(2t). Then u(t) = t, ¢:(t) =
(y—1/4)/t. Take k =1, pg = 0. Applying Corollary 2.3 withn =3, forany f > 1,

2
lim supt' ™" t (t=s)"? [‘P(s)(t - A 1)4(1 )
to

t— oo
, 1 (! 1\ (t-s)?
_hrtrls;lpt—z 1[<Y_A_L> S — Ps|ds = oo,

for y > 1/4. Hence, (2.19) is oscillatory for y > 1/4.

u(s)] ds
(2.20)

It may happen that assumption (2.1) is not satisfied, or it is not easy to verify,
consequently, that Theorem 2.1 does not apply or is difficult to apply. The following results
provide some essentially new oscillation criteria for (1.1).

Theorem 2.6. Assume that o(t) < T(t) for t > ty, and for some H € Hi,

0 < inf [lim inf &)

——| < co. .
inf |lim ir H(t,to)] < oo (2.21)
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Further, suppose that there exist functions g € C!([to, 00),R) and m € C([ty, 00), R) such that for
all T > to and for some p > 1,

t
lim sup% J‘T [H(t,s)(p(s) - <1 + @> 40"ﬂ(s) u(s)h*(t,s)|ds > m(T), (2.22)

t— o To

where u, ¢ are as in Theorem 2.1. Suppose further that

t ! 2
lim sup gL8)m,A8) (s)rr (5)

ds = oo, (2.23)
t— oo to u(s)

where m..(t) := max{m(t),0}. Then every solution of (1.1) is oscillatory.

Proof. We proceed as in the proof of Theorem 2.1, assuming, without loss of generality, that
there exists a solution x of (1.1) such that x(t) >0, x(7(t)) >0, and x(o(t)) >0, for all t > #;.
We define the functions w and v as in Theorem 2.1; we arrive at inequality (2.10), which yields
fort > T > t;, sufficiently large

J‘[H(t S)gp(s) - < po) b2t s)]ds

H(t T) 40'(s)
-1)o'(s)H(t,

1)o'(s)H(t,s) (s

(-
(T) T H(t T) j Bu(s) )ds

Therefore, for t > T > t;, sufficiently large

p\ P
hlis;lth:r)f [H(t Sls) - ( >4a/(s)“(s)h2(t’s)]ds .

<w(T)+P v(T)—hmme(t - f (P- ”;;gmhs) <w2(s)+’i_§v2(s))ds

It follows from (2.22) that

(B-1)0'(s)H(t,s) Po
w(T) + —Ov(T) >m(T) + hrgglfH(t T f e (wz(s) + T—0v2(s)>ds,
(2.26)
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forall T > t; and for any f > 1. Consequently, for all T > ¢;, we obtain

w(T) + P0(T) > m(T),
To

(2.27)
In order to prove that
w0 2 2
f 0 () (W (s) + (po/0)V'(s) ds < oo, (2.28)
t u(s)
suppose the contrary, that is,
2 2
[fe© (WP(5) + (po/ ) V() 229
I3 u(s)
Assumption (2.21) implies the existence of a p > 0 such that
H(t,s)
inf htnlg‘fH(t i P (2.:30)
By (2.30), we have
H(t,s)
llmglfH( E fo) >p >0, (2.31)

and there exists a T, > T; such that H(t,T1)/H(t,ty) > p, for all t > T,. On the other hand, by
virtue of (2.29), for any positive number «, there exists a T; > t; such that, for all t > T7,

(2.32)

jt o' (s) (w?(s) + (po/ 7o) v*( S))
3} u(s) P

Using integration by parts, we conclude that, for all t > T7,

1 "H(t,s)o'(s) [/ , Po_»
H 0 ), us) (“’ &)+ 2” (S)>d5

] [P [ A D gy s
3]

H(t t1) 0s u(v)
Sk aH(t s) xH(t,T1)
> L e e
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It follows from (2.33) that, for all t > T>,

1 " H(t,s)o'(s)
H(t/ tl) t u(s)

<w2(s) + ;;—(())vz(s))ds > K. (2.34)

Since « is an arbitrary positive constant, we get

t /
liminf ! H(t, s)0'(s)

Po _
i~ H(t,t) ), u(s) (“’2(”*7—0”2(5))0‘5—0@ (2.35)

which contradicts (2.17). Consequently, (2.28) holds, so

® o'(s)w?(s) * 0'(s)v2(s)
J;] st < oo, ftl st < oo, (236)
and, by virtue of (2.27),
J'°° o'(s)m3(s) ds
t u(s)

< J‘Oo 0 (5)w(5) + (po/ 1) 0" (5)¥(5) + (2po/ 1) 0 (S)w(S)¥(s) (2.37)

h u(s)

ds < oo,

g J‘°° o' (s)w?(s) + (;90/’1‘0)20"(5)172(5) + (po/T0) 0’ (s) [w?(s) + v*(s)]

h u(s)

which contradicts (2.23). This completes the proof. O

Choosing H as in Corollary 2.3, it is easy to verify that condition (2.21) is satisfied
because, for any s > t,

_ o\l
o HES) (=)

- - 1. 2.
t—oo H(t, o) tlﬁnolo(t—to)"*1 (2:38)

Consequently, we have the following result.

Corollary 2.7. Suppose that o(t) < T(t) for t > to. Furthermore, assume that there exist functions
g € CY([to, ), R) and m € C([ty, ), R) such that for all T > to, for some integer n > 2 and some

p>1,
t— oo To 40,(5)

2
limsup ¢ It (t—s)"3 [(t - 5)%g(s) - <1 + @) [MM(S)]dS >m(T), (2.39)
T

where u and ¢ are as in Theorem 2.1. Suppose further that (2.23) holds, where m. is as in Theorem 2.6.
Then every solution of (1.1) is oscillatory.
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From Theorem 2.6, we have the following result.

Theorem 2.8. Assume that o(t) < 7(t) for t > to. Further, suppose that H € H such that (2.21)
holds, there exist functions ¢ € C'([to, o0), R) and m € C([to, ), R) such that for all T > to and for
some > 1,

R S po\ P
lim 1nfm IT [H(t, s)p(s) — (1 + T_o> 0(s) u(s)h*(t,s)|ds > m(T), (2.40)

t— oo

where u and ¢ are as in Theorem 2.1. Suppose further that (2.23) holds, where m., is as in Theorem 2.6.
Then every solution of (1.1) is oscillatory.

Theorem 2.9. Assume that o(t) < 7(t) for t > to. Further, assume that there exists a function ® € X,
such that for each | > to, for somen > 1,

limsup T, [(p(s) - n{(l + ?) %(P;(s);l, t] >0, (2.41)
0

t— oo

where g, u are defined as in Theorem 2.1, the operator T, is defined by (1.28), and ¢ = ¢(t,s,I) is
defined by (1.29). Then every solution of (1.1) is oscillatory.

Proof. We proceed as in the proof of Theorem 2.1, assuming, without loss of generality, that
there exists a solution x of (1.1) such that x(t) > 0, x(7(t)) > 0, and x(o(t)) > 0, for all t > ;.
We define the functions w and v as in Theorem 2.1; we arrive at inequality (2.9). Applying
Ta[1,t] to (2.9), we get

Po ; o'(s)w(s) poc'(s)v*(s).
TnHw(s) + T—Ov(s)] ;1 t] <T, [—tp(s) - () - T_o () ;1 t]. (2.42)
By (1.30) and the above inequality, we obtain
! 2 ! 2
Tu[g(s),H] < T, [mpw(s) -2 (i)(“s’) ), n’f_—sw(s) - Z—Z%’;)(S); I t]. (2.43)
Hence, from (2.43) we have
, po\ u(s)g*(s)
Tn[qf(s),l,t] STn[<1+T—O>T(S),l,t], (244)

that is,

) 40'(s) '

T, [qr(s) - <1 + @>M-l, t] <0. (2.45)
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Taking the super limit in the above inequality, we get

. po\ m*u(s)¢?(s)
— JRERGA SR S < .
lutlls::lp T, [(,u(s) (1 ™ ) 10'(s) ;L] <0, (2.46)
which contradicts (2.41). This completes the proof. O
If we choose
D(t,5,1) = p(s)(t—s5)"(s - 1)f (247)

fora,p>1/2and p € C'([ty, ), (0, 0)), then we have

ps)  pt-(a+p)s+al (2.48)

A TE R e TER)

Thus by Theorem 2.9, we have the following oscillation result.

Corollary 2.10. Suppose that o(t) < T(t) for t > to. Further, assume that for each | > ty, there exist a
function p € CY([ty, ), (0, 00)) and two constants a, > 1/2 such that for some n > 1,

lim sup tp "(s)(t—s)" (s — )"

t— oo
w0 po\us) (p(s) Pt (a+p)s+al
" ["’(S)‘Z<l+r_o>o’(s><p<s> (—5)-1 >]ds>0’

where ¢, u are as in Theorem 2.1. Then every solution of (1.1) is oscillatory.

(2.49)

If we choose

D(t,s,1) =\/Hi(s,))Ha(t,s), (2.50)

where Hq, H, € #, then we have

BV 551
(P(t’s’l)_2<VHl(s,l> VE(Ls) ) oy

where hil) (s, 1), héz) (t, s) are defined as the following:

aH(l'jis,l) _ hgl)(s,l) Hi(s,1), aHz(t s) _ 2)(t S)\/Hz(T_ 252)

According to Theorem 2.9, we have the following oscillation result.
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Corollary 2.11. Suppose that o(t) < T(t) for t > to. Further, assume that for each 1 > ty, there exist
two functions Hy, Hy € H such that for somen > 1,

t
lirtrls;lp 1< Hl(s,l)Hz(t,s)>
PR AR AV ON A AU CORY

[‘I’(S) T <1+T0>0,(S) <\/H1(s,l) NG A ds >0,

where ¢, u are as in Theorem 2.1. Then every solution of (1.1) is oscillatory.

n

(2.53)

In the following, we give some new oscillation results for (1.1) when o(t) > 7(t) for
t > ty.

Theorem 2.12. Assume that o(t) > T(t) for t > to. Suppose that there exists a function g €
C!([to, o), R) such that for some p > 1 and for some H € H, one has

. I po\ P _
lim supm LU [H(t, s)y(s) — (1 + T—0> Eu(s)hz(t, s)] ds = oo, (2.54)

t— oo

where ¢(t) = u(t){kQ(t) + (1 + po/70) [T0g>(t) — & ()]}, u(t) = exp{-21 ftto g(s)ds}, and Q is as
in Theorem 2.1. Then every solution of (1.1) is oscillatory.

Proof. Let x be a nonoscillatory solution of (1.1). Without loss of generality, we assume that
there exists a solution x of (1.1) such that x(¢) > 0, x(7(t)) > 0, and x(c(t)) > 0, for all £ > .
Proceeding as in the proof of Theorem 2.1, we obtain (2.2) and (2.3). In view of (2.2), we have
Z'(t) > 0 for t > t;. We introduce a generalized Riccati transformation

w(t) = u(t) [ZfT—((?)) + g(t)] . (255)

Differentiating (2.55) from (2.2), we have z'(7(t)) > z'(t). Thus, there exists t, > t; such that
forall t > tp,

2" () w(t) 2

2(r @) " lu®
Toe? ()

u(t)

w' () < 219g(H)w(t) + u(t){ -g(b

+§04
(2.56)
Z/I (t)

BREE0)

+u() [-rog () + g (0] -

Similarly, we introduce another generalized Riccati transformation

z'(r(t))
z(7(t))

wu:uaw +gaﬂ. (2.57)
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Differentiating (2.57), then for all sufficiently large ¢, one has

1ﬂﬂ=—amgawa)+mﬂ{mz““”> [0 -

Y0 sw| +g’<t>}

z(7 (1))

(2.58)
Z'(z(t)) Tovz(t)
= mu(t) s + ) [-rog?(t) + 1)) -
From (2.56) and (2.58), we have
Po u(t) @ n

it + 2ovin] < 2905 [at+ Ratoto)]

(2.59)

po ] TR ()
+ <1 + T_o)u(t) [-rog?) + g')] - u® Pl

Note that z'(f) > 0, then we have z(o(t)) > z(7(t)). By (2.3) and the above inequality, we
obtain

Tow’(t) _ v(t)

ORATOR (2.60)

[w(t) + ’,’;—gvm] <—g(t) -

Multiplying (2.60) by H (¢, s) and integrating from T to t, we have, for any § > 1 and for all
t > T > tZ/

Tow (s)

f H(t, s)p(s)ds < - f H(t,s)w'(s)ds — f H(t,s)———= u(s)

TV (S)

J‘ Hts)v(s)ds——J‘ H(t,s)——— u(s)

OH(t,s)
0

- _ o ' _
- H(t, s)w(s)ls L[ e

w(s) + H(t,s) 2 (S)] s

Y opo (] 8H(t,s) 0v2(s)
Bt mfi )y + Ht )" ()]@
= Ht Dew(D) - L [h(t, S)VH(t s)w(s) + Ht, s)—TOﬂZ()S)]ds

+@H(t T)w(T) - ”OJ [h(t $IA\/H(t, s)v(s) + H(t, s )TO”( ()S)]d
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2
t
= H(t, T)w(T) -L [ %w(s) +V€Z—7(_j)h(t,s)j| d

' Bu(s) L(B-1)mH(t,s)
e e e

H{t, S)To
H(t T)v(T) - [\/ Buls) V h(t )]

pu(s)  , _ (ﬂ DroH(t,s) 2
TOL I " (b9)ds f O

w?(s)ds

(2.61)
The rest of the proof is similar to that of Theorem 2.1, we omit the details. This completes the
proof. O

Take H(t,s) = (t—s)"", (t,s) € D, where n > 2 is an integer. As a consequence of
Theorem 2.12, we have the following result.

Corollary 2.13. Suppose that o(t) > T(t) for t > to. Furthermore, assume that there exists a function
g € C([ty, 0), R) such that for some integer n > 2 and some f > 1,

t— oo 0

2
lim sup £ (t-s)"" [(t ~5)%ps(s) - (1 v i—g) ’%ws)]ds = oo, (2.62)

where u and  are as in Theorem 2.12. Then every solution of (1.1) is oscillatory.
For an application of Corollary 2.13, we give the following example.

Example 2.14. Consider the second-order neutral differential equation
() + pOx(0)]" + L f(x(o®) =0, t21, (2.63)

where 7(t) = A, o(t) > M, o(M) = Ao(t),0 < A <1,y >0,0 < p(t) < po < oo, and
f(x)/x > k > 0, for x#0. Let 79 = A, q(t) = y/t?, and g(t) = —1/(2At). Then u(t) =
@(t) = (ky — (1 +po/A)/(41))/t. Applying Corollary 2.13 withn =3, forany g > 1,

2
lim supt' ™ ft (t—s)"3 I:q;(s)(t -s)? - <1 + ?) MM(S):I ds
to 0

t—oo 4T,

:lirnsuptl2 t[(ky—%> (t—s)* - ‘B<1+?> ]ds:oo

t— oo 1

(2.64)

fory > (1+po/A)/(4k)). Hence, (2.63) is oscillatory for y > (1 + po/A)/ (4k)A).
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By (2.61), similar to the proof of Theorem 2.6, we have the following result.

Theorem 2.15. Assume that o(t) > T(t) for t > to. Assume also that H € H such that (2.21) holds.
Moreover, suppose that there exist functions ¢ € C'([ty, ), R) and m € C([ty, o), R) such that for
all T > to and for some > 1,

. 1 ' po\ P 2
—_ - =)= > 2.65
llirls;}pH(tl D) L [H(t, s)y(s) (1 + o ) 47_Ou(s)h (t, s)] ds > m(T), (2.65)
where u and g are as in Theorem 2.12. Suppose further that
to2
lim sup . (5) ds = oo, (2.66)

t— oo to M(S)

where m.. is defined as in Theorem 2.6. Then every solution of (1.1) is oscillatory.

Choosing H (t,s) = (t - s)"!, (t,5) € D, where n > 2is an integer. By Theorem 2.15, we
have the following result.

Corollary 2.16. Suppose that o(t) > 7(t) for t > to. Furthermore, assume that there exist functions
g € CY([ty, ), R) and m € C([ty, ), R) such that for all T > tq, some integer n > 2 and some
p=1,

t— oo 4T0

t 2
lim sup tl‘"f (t—s)"3 [(t - 5)%g(s) — (1 + ?) Ma(s)]ds >m(T), (2.67)
T 0

where u and ¢ are as in Theorem 2.12. Suppose further that (2.66) holds, where m., is defined as in
Theorem 2.6. Then every solution of (1.1) is oscillatory.

From Theorem 2.15, we have the following result.

Theorem 2.17. Assume that o(t) > T(t) for t > to. Assume also that H € H such that (2.21) holds.
Moreover, suppose that there exist functions ¢ € C'([ty, ), R) and m € C([ty, o), R) such that for
all T > to and for some p > 1,

P po\ P
hmmfm L [H(t, s)g(s) — <1 + T_0> Hu(s)hz(t, s)] ds >m(T), (2.68)

t— oo

where u and ¢ are as in Theorem 2.12. Suppose further that (2.66) holds, where m, is as in
Theorem 2.6. Then every solution of (1.1) is oscillatory.
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Next, by (2.60), similar to the proof of Theorem 2.9, we have the following result.

Theorem 2.18. Assume that o(t) > T(t) for t > to. Further, assume that there exists a function
@ € X, such that for each | > ty, for some n > 1,

lim supT, I:(p(s) - n{(l + ?) M;l, t] >0, (2.69)
0

To

t— o0

where @, u are defined as in Theorem 2.12, the operator T, is defined by (1.28), and ¢ = ¢(t,s,1) is
defined by (1.29). Then every solution of (1.1) is oscillatory.

If we choose @(t,s,1) as (2.47), then from Theorem 2.18, we have the following
oscillation result.

Corollary 2.19. Suppose that o(t) > 7(t) for t > to. Further, assume that for each 1 > t,, there exist a
function p € CY([ty, ), (0, 0)) and two constants a, B > 1/2 such that for some n > 1,

t

limsup | p™(s)(t—s)" (s = )"
t— o0 1
[ po\uts) (ps) Pt (a+p)s+al’
x [qy(s)—z<1+T—0> o <P(5) + T—9)(-D >]ds>0,

where ¢, u are as in Theorem 2.12. Then every solution of (1.1) is oscillatory.

(2.70)

If we choose ®(t,s,I) as (2.50), then from Theorem 2.18, we have the following
oscillation result.

Corollary 2.20. Suppose that o(t) > T(t) for t > to. Further, assume that for each | > ty, there exist
two functions Hi, Hy € H such that for some n > 1,

n

¢
lim sup ( Hi(s,)Hy(t, S))
I

t— oo
Moo (1 opyu) (D P ws) |
[q;(@ 16<1+T0) ™ <VH1<s,l> Vits ) |©7"

where ¢, u are as in Theorem 2.12. Then every solution of (1.1) is oscillatory.

(2.71)

Remark 2.21. The results of this paper can be extended to the more general equation of the
form

(r® (x() + p@x(®))) + ) f(x(0(1)) = 0. (272)

The statement and the formulation of the results are left to the interested reader.

Remark 2.22. One can easily see that the results obtained in [15, 16, 18, 19, 25, 28] cannot be
applied to (2.17), (2.63), so our results are new.
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