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Delay discrete inequalities with more than one nonlinear term are discussed, which generalize
some known results and can be used in the analysis of various problems in the theory of certain
classes of discrete equations. Application examples to show boundedness and uniqueness of
solutions of a Volterra type difference equation are also given.

1. Introduction

Gronwall-Bellman inequalities and their various linear and nonlinear generalizations play
very important roles in the discussion of existence, uniqueness, continuation, boundedness,
and stability properties of solutions of differential equations and difference equations. The
literature on such inequalities and their applications is vast. For example, see [1-12] for
continuous cases, and [13-20] for discrete cases. In particular, the book [21] written by
Pachpatte considered three types of discrete inequalities:

n-1

u(n) < a(n) + > f(s)w(u(s)),
s=0
n-1

u?(n) < a(n) +2> f(s)u(s), (1.1)

5=0

n-1
u?(n) < a(n) + D f(s)w(u(s)).
s=0
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In this paper, we consider a delay discrete inequality

bi(n-1)

wm <atn)+ > S fitn sywius), neNo (12)
i=1 s=b;(0)

which has m nonlinear terms where Ny = {0,1,2,...}. We will show that many discrete
inequalities like (1.1) can be reduced to this form. Our main result can be applied to analyze
properties of solutions of discrete equations. We also give examples to show boundedness
and uniqueness of solutions of a Volterra type difference equation.

2. Main Results

Assume that
(C1) a(n) is nonnegative for n € Ny and a(0) > 0;
(C2) bi(n) (i=1,...,m) are nondecreasing for n € Ny, the range of each b; belongs to Ny,
and b;(n) < n;
(Cs) all fi(n,j) (i=1,...,m) are nonnegative for n, j € Ny;
(Cy) allw; (i =1,...,m) are continuous and nondecreasing functions on [0, c0) and are
positive on (0, o0). They satisfy the relationship w; o« w; o« - - - « w,, where w; o wj,1
means that (w;,1)/w; is nondecreasing on (0, o) (see [10]).
Let W;(u) = jzi(dz /wi(z)) for u > u; where u; > 0 is a given constant. Then, W; is strictly
increasing so its inverse W, is well defined, continuous, and increasing in its corresponding
domain. Define b;(-1) = -1, Au(n) =u(n+1) —u(n) and Ayr(n,j) =r(n,j+1) —r(n,j).

Theorem 2.1. Suppose that (C1)—(Cy) hold and u(n) is a nonnegative function for n € Ny satisfying
(1.2). Then

u(n) < W, Wm(ﬁ(O))+bm(i_l)fm(n,s)+n21 Bt (1, 5) . n<N, (21
s=bm (0) S oW, (rn(0,5)))

where a(n) = maXo<r<n,reN, a(T), fi(n, 7) = MaXo<r<nzeN, fi(T, ]), rm(n, j) is determined recursively

by

ri(n,j) =a(j),

N b= ~ = Azi‘i(n, S) . (22)
rin(n, j) = Wi(ri(n,0)) + s:bZi(O)fi(n, s) + ;@(V\/{}l(ﬁ(o/s)))/ i=1,....m-1,

¢i(u) = wi(u)/wi—1(u), ¢1(u) = wi(u), Wy = I (Identity), and N is the largest positive integer
such that

~ QD NG Aori(Ng, ) * dz
Wi 0 i N ’ - !
(a( )) " s:bZi(O) f( ' S) ’ ;) ()bi(Wi_—ll(ri(Or S))) : u; wi(z)

|
—_
~

.., m. (2.3)
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Remark 2.2. (1) Nj is defined by (2.3) and N; = oo when all w; (i = 1,...,m) satisfy
i i(dz /w;i(z)) = co. Different choices of u; in W; do not affect our results (see [2]).
(2) If bj(n) =nfori=1,...,m,then (2.1) gives the estimate of the following inequality:

n-1

un) < a(m + 3 3 filn ywi(u(s)),  neNy 4

i=1 s=

by replacing b,,(n — 1), b,,(0), bi(j — 1), b;(0), and b;(N; —1) withn-1,0,j-1,0and N; -1,
respectively. Especially, if by (n) = n and fi(n,s) = f(s), then (1.2) for m = 1 becomes the first
inequality of (1.1). Equation (2.1) shows the same estimate given by (b;) of Theorem 4.2.3 in
the book [21].

Lemma 2.3. Ayri(n,j) is nonnegative and nondecreasing in n, and ri(n,j) is nonnegative and
nondecreasing innand j fori=1,...,m.

Proof. By the definitions of a(n) and fi(n, j), it is easy to check that they are nonnegative and
nondecreasing in n, and a(n) > a(n) and f;(n, j) > fi(n, j) for each fixed j wherei =1,...,m.
a(0) > 0in (Cy) implies that a(n) > 0 for all n < Nj. Clearly,

A2r1 (n + 1,]) - Az?’l (n,j) =0,

Azrl (71 + 1,]) — Az?’l (Tl,j) S

wi(r1(0,7)) -
(2.5)

Aory(n+1,7) = Aora(m, ) = fi(n+ 1, b1 (j)) = fi(n br () +

0,

where r1(0, j) = a(j) > 0is used, which yields that A,r;(n, j) and A, (n, j) are nondecreasing
in n. Assume that A,r;(n, j) is nondecreasing in n. Then

Aori(n+1,j) = Aori(n, ) .
s (Wi (n(04)

Aories (n+1,f) = Baria(n, ) = fi(n+1,b1(j)) = fi(n, bi(j)) +
(2.6)

which implies that A,71,1(n, j) is nondecreasing in n. By induction, A,ri(n,j) (i = 1,...,m)
are nondecreasing in n. Similarly, we can prove that they are nonnegative by induction again.
Then ri(n,j) (i=1,...,m) are nonnegative and nondecreasing in n and j. O

Proof of Theorem 2.1. Take any arbitrary positive integer 7 < N; and consider the auxiliary
inequality

m bi(n-1)

u(n) <ri(in)+ > > filfi,s)wi(u(s)), n<ii (2.7)

i=1 s=b;(0)
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Claim that u(n) in (2.7) satisfies

. _ O e N N )
1 2Fm\’t,
u(n) < W, |Wp(rn(n,0)) + Sz%(o) fm(7,s) + ; NOERCRO S)))] (2.8)

for n < {#, N2} where N is the largest positive integer such that

' B bi(N>-1) = N>-1 AZri(ﬁ/ S) ® 4
Wi(r1(i1,0)) + s:bz,»(O) fi(fi,s) + ZO SOV (1(0,9)) < ek (2.9)

i=1,...,m.

Before we prove (2.8), notice that N1 < Nj. In fact, r;(7, n), Ayri(11, n), and fi(ﬁ,n) are
nondecreasing in 71 by Lemma 2.3. Thus, N satisfying (2.9) gets smaller as 7 is chosen larger.
In particular, N, satisfies the same (2.3) as N for # = N if r (71, 0) = a(0) is applied.

We divide the proof of (2.8) into two steps by using induction.

Step1 (m=1). Let z(n) = Zi;(b:lzé)) fl(ﬁ, s)wy(u(s)) for n < 71 and z(0) = 0. It is clear that z(n)
is nonnegative and nondecreasing. Observe that (2.7) is equivalent to u(n) < ri(n, n) + z(n)
for n < 11 and by assumptions (C;) and (C4) and Lemma 2.3,

Az(n) = fi (i, bi(n)wi (u(bi(n))) < fi(, bi(n)w: (1 (7, bi (n) + 2(b1(n)))

< i, by (n))w: (r1 (7, m) + z(n)).

(2.10)

Since w; is nondecreasing and (%1, n) = a(n) > 0, we have

Az(n) + Ayry (1, 1) <
wi(r1(i,n) +z(n)) ~

AZTl (ﬁ/ 1’1)
w1 (ri (71, n) + z(n))

fi(, bi(n)) +

(2.11)
Aory (1, n)

< fi(#, bi(n)) + w1 (r1(0,n))’

Then

fz(n+1)+r1 (,n+1) dr z(n+1)+r1 (f,n+1) dr
<

z(n)+r; (fi,n) w1 (T) - z(n)+ry (7,n) w1 (Z(Tl) +n (ﬁ/ Tl))

Az(n) + Aori (71, n) (2.12)
~ wi(z(n) + (7, n))

Aoy (11, m)

S A b))+ 2 0,y
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and so

z(n)+ri (1i,n) z(s+1)+r1 (71,5+1) dr
L(O)m (7,0) W1 (T) .[z(s)+r1 Gs  wi(T)
n— -1 ~
Aory(n, s)
fi(7i, b1 (s — 213
; ) Zowl(ﬁ(ors)) (2.13)
bi(n-1) n-1
~ Aori(1, s)
Z fi(n,s +Z
s=b1(0) “w(r1(0,5))

The definition of W7 in Theorem 2.1 and z(0) = 0 show

by (n-1) n-1
Wi (z(n) + r1(7i, n)) < Wa(r (7,0)) + s%%mfl i, s) + Z 12(:11((’53) n<ii. (2.14)

Equation (2.9) shows that the right side of (2.14) is in the domain of W, for all n < 7. Thus
the monotonicity of W' implies

by (n-1) n—
- N ~ ~ Aoy (7, 8)
u(n) < z(n) +r(#,n) < W1 W,(r(#,0) + n,s (2.15)
( ) ( ) 1( ) 1 1( 1( )) s:g(o)fl( ) Zow (r (0 S))
for n < n; that is, (2.8) is true for m = 1.
Step 2 (m = k + 1). Assume that (2.8) is true for m = k. Consider
k+1 bi(n=1)
u(n) <n(in)+ > > fi(di, s)yw;(u(s)), n<i. (2.16)
i=1 s=b;(0)

Let z(n) = Zk” ls’(;’ S)) fi(#i, s)wi(u(s)) and z(0) = 0. Then z(n) is nonnegative and

nondecreasing and satisfies u(n) < r1(7i, n) + z(n) for n < #i. Moreover, we have

k+1 k+1

Az(n) = 3" fildi, bi(n)wi(u(bi(n)) < 3 fi(fi, bi(n))wi(r (7, bi(n) + z(bi(n))).  (2.17)
i=1 i=1
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Since w; and r; are nondecreasing in their arguments and r1(#,n) > 0, we have by the
assumption b;(n) < n

Az(n) + Aori (7,m) _ B i@, bi(n)w;(z(bi(n) + (7, bi(n))) L Dom (11,n)
w1(z(n) + r(,n)) ~ w1(z(n) + (11, n)) w1 (ry (11, n))

. kel wi(2(bi(n)) + 11 (7, bi(n)))  Aori(7i, n)
< f1(#,bi(n)) + éfi(n, b)) o @) + 1, b)) T 1 (1 (O, )

~ k ~ ~
< fi(n,bi(n)) + me(ﬁ, bis1(n))Piv1(z(bis1(n)) + r1(7, b (n)))
i=1

Aer (ﬁ/ n)
w1(r1(0,n))
(2.18)
for n < 11 where <f,-+1(u) = wi (1) /wy(u) fori=1,..., k, which gives
z(n+1)+r1 (f,n+1) dr z(n+1)+r1 (,n+1) dr
< =
fz(n)+r1(ﬁ,n) w1 (T) B Iz(n)+r1(ﬁ,n) w1 (z(n) +n (11, n))
< Az(n) + Aory (11, n)
~ wi(n(n,n) + z(n))
Ao () (2.19)
< ~ N,b + 2ri\n,n
< B 0, m)
k ~ ~
+ D fir1 (7, bisa () pisa (2(bis1 () + 117, bisa (1)),
i=1
Therefore,
z(n)+ry (7i,n) dr by(n-1) _ n- Aoty (n S)
< n,s) +
fz(0)+r1(ﬁ,0) w1 (T) Szbzléo)fl( )+ ZO 1(r1(0,8))
(2.20)
k n— 1
+ Z fin1 (11, b (S))¢l+1 (z(bis1(5)) + 11(71, bisa (5))),
i=1 s=0
that is,
Wi (2(n) + r1(7, n)) < Wi (r (7, 0)) +b](i1)f (7i, s) + ZlLﬁs)
1 1(1, < Wi(ni(n, 2 1 2420,(1(0,5))
(2.21)
k bii(n-1)

+30 > fir(d,s)pin(z(s) + ri(f,s)),

i=1 s=b;1(0)
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or equivalently

biy (n-1)

() <eam S S ol de (WP GED), < (222)

i=1 s=b;;1(0)

the same as (2.7) for m = k where ¢(n) = Wy(z(n) + r1(#1,n)) and

bl(n 1

ci(fi,n) = Wi(r(7,0)) + > fi(fi,s) + Z

s=b1(0)

Aoy (7, 8)

420 (110, 5T (2.23)

From the assumption (Cy), each $i+1(W1‘ ,i=1,...,k, is continuous and nondecreasing
on [0,00) and is positive on (0, o0) since A 1 is continuous and nondecreasing on [0, o).
Moreover, ¢ (W 1) Pz3(Wy Do P (W . By the inductive assumption, we have

_ bis1(n-1) n-1 Aoc (";l‘ S)
1 2Ck\IL,
§(n) <D | Prrr(e1(7,0)) + s=b§<0)fk+1(n s) + SZ o (@ (e 0, s)))] (2.24)

for n < min{#n, N3} where ®;,1(u) = jgm (dz/$i+1(W1‘1(z))), u >0, d = I (Identity), 11 =

Wi (uis1), @7} is the inverse of @1, ¢isi (1) = $i+1(Wf1 (11))/(;51'(1/\’1_1 () = win(W(w))/
wi(Wl‘l(u)), i=1,...,k,

b’”ifl) ~ "Z‘l Asci(n, s)
cis1 (1, n) = Diy1(c1(7,0)) + fin(n,s) + —— ,
: : s=bm (0) : S i (D7 (ci(0,9)))

(2.25)

i =1,...,k—-1,and Nj is the largest positive integer such that

bi1(N3-1) N;3-1 ~
~ ~ Ayci(n, s)
®@is1(c1(1,0)) + fin (1, s) + =
1 s:l%(O) 1 ; i1 ((Dl ! (C,’(O, S)))

Wi (o) dz
S J‘ #/ l = 1/
ﬁi+1 ¢l+1 (W{ (Z))

(2.26)
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Note that

O e | wi (Wi (2)dz

WG Vi) I wi(W ()
_ frl(u)% “WioWil(u), i=2,...k+1,

) win (W (0] () — win (W' (Wi (W' (w))) =

(O 00) = W @60) T e (W W OV )

- % =pia (W), i=1,.. k+1.

Thus, we have from (2.24) that
u(n) < ri(ii,n) + z(n) = W' (&(n))

<Wen :Wk” <W{1(Cl(ﬁ' 0))> " ng(;)fk”(ﬁ' )t ”:: Pret (?/\2/;22(53,5)))] (2.28)

for n < min{#, N3} since ¢;(11,0) = W1(r1(7,0)).

In the following, we prove that ¢;(#1, n) = r.1 (7, n) by induction again.
It is clear that ¢ (71, n) = ry(#1, n) for i = 1. Suppose that ¢;(11, n) = 1.1 (11, n) for i = 1. We
have

e (7, 1) = Ops (1 (7, 0)) + bmfl) Fra(fi,s) + j Axai(f, 5)
141 (11, m) = Dpq (1 (7, 1+1(7, —
: : 5=by,1(0) : s=0 PI+1 ((Dll(c,(o,s)))
by (n-1) n-1 ~ 2.29)
- - Aoryy1(n, s) (
= Wi (r1(n,0)) + fia(n,s) + -
' s:%«» ’ gcim(W, (111(0,5)))

=142 (ﬁr 7’1),

where ¢1(71,0) = W1(r1(#,0)) is applied. It implies that it is true for i = [ + 1. Thus, ¢;(#1,n) =
rim(,n) fori=1,... k.
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Equation (2.26) becomes

biv (NS 1)

B A21"1+1(ﬁ,5)
Wi+ /0 i !
1(r1(71,0)) + _ l%(o fini (7, s) + Z 2 dist (W (1141(0,9)))

<jw‘(°°) dz =IW‘(°°) w(Wi'()
“Jan GaWil(z)  Jan wia(Wl(2) iy Win1 (2)

(2.30)

fori= ., k. It implies that N, = Nj. Thus, (2.28) becomes

bi+1(n-1) n-1

B Aot (71, S)
<W:L | Wi, ,0)) (i, 2 kil 231
u(n) <W,, [ kr1(r1(71,0)) + _ %(O)fk 1(71,8) + 25— (W;l(rk+](0,s)))] (2.31)

for n < 7. It shows that (2.8) is true for m = k + 1. Thus, the claim is proved.
Now we prove (2.1). Replacing n by 7 in (2.8), we have

by, (7i-1) fi-1

~ ) B Aoty (7, 5)
<W, ! Wm /0 mATE : . 22
u(n) <w,, [ (r1(n,0)) + S:%Z(O)f (i, 8) + ;4’ (WL, (1 (O, S)))] 23

Since (2.8) is true for any # < Nj, we replace 71 by n and get

(2.33)

u(n) < W, | Win(r1(n,0)) + byn(znfl)fm (n,s) + ST Arw(ns) '
T 5=byn (0) S e (W, (rn(0,5)))

This is exactly (2.1) since ry(n,0) = @(0). This proves Theorem 2.1. O

Remark 2.4. 1If a(n) = 0 for all n € Ny, then a(0) = 0. Let 11, (1, j) := r1(n, j) + u; where u; >0
is given in Wi (u) = jzl (dz/wi(z)). Using the same arguments as in (2.11) where r1(n, j) is
replaced with the positive 11, (1, j), we have Ayry 4, (7, s) = 0 and (2.14) becomes

bi(n-1)
Wi (z(n) + 11, (7, 1)) < Wi (r1,,(7,0) + >, fi(7i,s)
s=b1(0)
(2.34)
by (n-1) by (n-1)
=Wi(m)+ Y. fif,s)= Y. fildi,s),
s=b1(0) s=b1(0)

that is,

u(n) < z(n) +ri, (1,n) =z(n) +u

bi(n-1) (2.35)
[ Z fl(Tl,S)] nSﬁ,

s=b1(0)
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which is the same as (2.15) with a complementary definition that W;(0) = 0. From (1) of
Remark 2.2, the estimate of (2.35) is independent of u;. Then we similarly obtain (2.1) and all
r; are defined by the same formula (2.2) where we define W;(0) =0fori=1,...,m

3. Some Corollaries

In this section, we apply Theorem 2.1 and obtain some corollaries.
Assume that ¢ € C(R4,R,) is a strictly increasing function with ¢(c0) = oo where
R. = [0, o). Consider the inequality

m bi(n-1)

pu(m) <a(n)+> > fin,s)wi(u(s)), ne N. (3.1)

i=1 s=b;(0)

Corollary 3.1. Suppose that (C1)—(Cy) hold. If u(n) in(3.1)is nonnegative for n € N, then

= — bum(n?1) o Aot(n, s)
u(n) < g7 Wil | Wa@0)+ S fulns)+ e (32)
s:§(0) g0 <W,:,1_1 (rm (0, S)))

1

Pi(u) = (wi(p 1 (w)))/ (wi_1 (9~ (1)), 1 (1) = w1 (¢~ (1)), and other related functions are defined
as in Theorem 2.1 by replacing w;(u) with w; (¢~ (u)).

for n < Ny where Wi(u) = [, (dz/wi(p7'(2))), W is the inverse of Wi, Wy = I(Identity),

Proof. Let ¢(n) = ¢(u(n)). Then (3.1) becomes

m bi(n-1)

) <am+Y, >, fitns)wi(p@(s)), neNo (3.3)

i=1 s=b;(0)

Note that wi((p‘l(u)) satisfy (C4) fori = 1,...,m. Using Theorem 2.1, we obtain the estimate
about ¢(n) by replacing w; (1) with w;(p~!(u)). Then use the fact that u(n) = ¢~1(¢(n)) and
we get Corollary 3.1. O

If ¢(u) = u” where p > 0, then (3.1) reads
m bi(n-1)

uP(n) <a(n)+ >, >, fi(n,s)w;(u(s)), neNj. (3.4)

i=1 5=b; (0)

Directly using Corollary 3.1, we have the following result.
Corollary 3.2. Suppose that (C1)—(Cy) hold. If u(n) in (3.4) is nonnegative for n € N, then

1/p
by, (n-1)

un) < Wl Wa@©)+ S fu(ns) + Z fzrm (m,5) (3.5)
s=bm (0) ( L (rm (0, S)))
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for n < Ny where Wi(u) = [, (dz/wi(z'/7)), Wi is the inverse of Wi, Wy = I(Identity), ¢;(u) =
w; (1P Jwi 1 (uP), 1(u) = wy(ul/P), and other related functions are defined as in Theorem 2.1
by replacing w;(u) with w;(u’?).

Ifm=1,p =2, b1(n) =n, (3.4) becomes the second inequality of (1.1) with f1(n,s) =
2f(s) and wy (u) = u, and the third inequality of (1.1) with f1(n,s) = f(s) and w; (1) = w(u),
which are discussed in the book [21]. Equation (3.5) yields the same estimates of Theorem
4.2.4 in the book [21].

4. Applications to Volterra Type Difference Equations
In this section, we apply Theorem 2.1 to study boundedness and uniqueness of solutions of a

nonlinear delay difference equation of the form

by (n-1) by(n-1)

y(n) =pm)+ D, F(n,s,y(s))+ >, H(ns,y(s)), neN, (4.1)

s=b1(0) s=b,(0)
where ¥ : No — R is an unknown function, f maps from Ny to R, F and H map from
Ny x Np x R to R, and b; satisfies the assumption (C;) fori =1, 2.

Theorem 4.1. Suppose that p(0) # 0 and the functions F and H in (4.1) satisfy the conditions

E(n,5,9)| < fu(n, s\ |y,

(4.2)
|H (n,5,y)] < faln,s)|yl,
where f1, fo : No x Ng — [0, 00). If y(n) is a solution of (4.1) on Ny, then
ba(n-1) _ n1 f1(n, by (s)) + (AG(s)//a(s)
lym| <aOexp| 3 foms)+ 3 —— < ) . (43
5=b(0) p h(s)
where
5O = B PO Alns) = max ),
faln,s) = max,, fo(r.s), (4.4)

Iz 1b1("—1)~ 1=l AG(s)
h(n) =1/a(0) + Eszbz]%o)fl(OIS) + Eszo ﬁ(s)'
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Proof. Using (4.1) and (4.2), the solution y(n) satisfies

bi(n-1) ba(n-1)
wm <a(m)+ > filnsyo(u(s)+ . folns)wa(u(s)), neNo,  (45)
52b:(0) 52b2(0)
where
u(n) = y(n)|, wy(u) =V, wy(u) = u. (4.6)

Clearly, a(n) > 0 for all n € N since $(0) #0. For positive constants u1, u,, we have

i = [ I a(va-vim), Wit = (S van)
“od
Wo(u) = Juz wziz) =In ulz’ ng (u) = up exp(u),
rn(n,j)=a(j) >0, r(n0)=2a(0), 47)
bl(] 1) Aa(s)
J) =2 0) - /S
RO s
2ons(n, ) = fi(nba()) + \/% 2 (u) = Zj—gi = V.
It is obvious that w; and w; satisfy (Cy). Applying Theorem 2.1 gives
ba(n-1) n-1 fi(n, by (s)) + (Aa(s)/\/a(s )
u(n) < a(0) exp Z fz(n s) + (4.8)
s=b(0) s=0 h(s)
which implies (4.3). O

Theorem 4.2. Suppose that p(0) # 0 and the functions F and H in (4.1) satisfy the conditions

|F(n,s,y1) = F(n,s,v2)| < fi(n,$)\/|v1 - v2|,

49
|H(n,5,y1) = H(n,5,y2)| < fa(n,9)[y1 = 2, 7
where f1, fo : Nog x Ng — [0, 00). Then (4.1) has at most one solution on Ny.
Proof. Let y1(n) and y,(n) be two solutions of (4.1) on Ny. From (4.9), we have
bi(n-1) by (n-1)
lu(n)| < Z fi1(n, s)w (u(s)) + Z fa(n, s)wa(u(s)), ne Ny, (4.10)

s=b1(0) s=b,(0)
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where u(n) = |y1(n) — y2(n)|, a(n) = 0, wi(u) = vu and wy(u) = u. Appling Theorem 2.1,
Remark 2.4, and the notation W;(0) = 0 for i = 1,2, we obtain that u(n) = 0 which implies that
the solution is unique. O
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