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We define the twisted g-Bernoulli polynomials and the twisted generalized g-Bernoulli polynomi-
als attached to y of higher order and investigate some symmetric properties of them. Furthermore,
using these symmetric properties of them, we can obtain some relationships between twisted g-
Bernoulli numbers and polynomials and between twisted generalized g-Bernoulli numbers and
polynomials.

1. Introduction

Let p be a fixed prime number. Throughout this paper Z,, Q,, and C, will, respectively, denote
the ring of p-adic rational integers, the field of p-adic rational numbers, and the completion
of algebraic closure of Q,. Let v, be the normalized exponential valuation of C, with |p|, =
p~%® = p~'. When one talks of g-extension, q is variously considered as an indeterminate,
a complex number q € C, or a p-adic number q € C,. If g € C, one normally assumes
lgl < 1.If g € C,, then we assume |q — 1|, < p~V/ ¥V, so that g* = exp(xloggq) for |x|, < 1
(cf. [1-32]).
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For N,d € N, we set

lim._7Z
N

dpNZ’

=X, = X, = Z, (1.1)

(see [1-13]). The Bernoulli numbers B, and polynomials B, (x) are defined by the generating
function as

t o g
e ;)Bna, (1.2)
ZB () (1.3)

(cf. [17, 18, 21, 24, 26]). Let UD(X) be the set of uniformly differentiable functions on X. For
f € UD(X), the p-adic invariant integral on Z, is defined as

dpN-1

1(f) = f fx)dx = lim —o Z f(x). (1.4)

Note that [, f(x)dx = ij f(x)dx (see [27]). Let f,(x) be a translation with f,(x) = f(x + n).
We note that

1(fa) = 1) + 370 (15)

(cf. [1-32]). Kim [18] studied the symmetric properties of the g-Bernoulli numbers and
polynomials as follows:

t+logq o _ <pag b
qet——le = nZ:OBn(JC)E (16)

In this paper, we define the twisted g-Bernoulli polynomials and the twisted
generalized g-Bernoulli polynomials attached to y of higher order and investigate some
symmetric properties of them. Furthermore, using these symmetric properties of them, we
can obtain some relationships between the twisted g-Bernoulli numbers and polynomials
and between the twisted generalized g-Bernoulli numbers and polynomials attached to y of
higher order.
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2. The Twisted g-Bernoulli Polynomials

Let Cpeo = U, 51 Cpr = limy, . ,Cpn be the locally constant space, where Cpn = {¢ | &P =1} is the
cyclic group of order p". For w € Cp=, we denote the locally constant function by

$w : Zy — Cp, x — w” (2.1)

(cf. [2, 3,21, 24]). If we take f(x) = ¢y (x)g €', then

logg+t

wget -1 (2.2)

f ew g dx =
z

P

Now we define the g-extension of twisted Bernoulli numbers and polynomials as
follows:

logg+t & 4 1"

wqget -1 n:OB"’wE’ 23)
logq+t o _ ZB (x)— (2.4)
wqet -1 e ‘

(see [31]). From (1.5), (2.2), (2.3), and (2.4), we can derive
’[ wYq¥ (x +y)"dy = B} ,(x), ’[ w'q'y"dy = By . (2.5)
Z, z,

By (1.5), we can see that

1
J‘ wn+an+xe(n+x)tdx _ wquextdx
logg+t z, z,

- —wnqnent _ ’[ wrq et dx
t+logg z,
- wnqnent -1

o (2.6)
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In (1.4), it is easy to show that

1 nf, w¥q*e™dx
j wn+an+xe(n+x)tdx _ wquextdx — P )
logg+t z, z, -[Z,, wnanxenxtdx

For each integer k > 0, let
S1 () =0+ 1*wq + 2*wq* + - + n*w"q".

From (2.6), (2.7), and (2.8), we derive

nf, L wq Ye¥ldx

t
n+x n+x (n+x)t x x xt _ —1)—
logq +t <J‘ w q dax - z, wqe dx> J wnx nx pnxt 5 Z (Tl )k

k=0

From (2.9), we note that

B,Z,w (n) - BZ, = ks?

1 w(n -1)+ 1oquZ,w(n -1,
forall k,n € N. Let u;, u» € N and w € Cp»; then we have

U X1+HUI XD UL XU XD H, U1 X+ U2 XD
IZP w q e dx1dx2 w2 qmuzemt -1

= (t+1logq)

.[Z wuluzxquluzxeuluzxtdx w2 quZQuzt -1
P

By (2.9), we see that

U J‘Zp wquextdx w fu-1 k . i’l 0 i’l
— =38 (3 -1)=.
-[Z,, w”lxqulxeul’ddx Z Z w-q 1! ; l,w( 1 )l!
Let T, (u1, ug; x, t) be as follows:

J‘Z ot X1+iX, qu1x1 +u2x2e(u1x1+u2x2+u1u2x)tdx1 dx2
P

Ty (uq, up; x,t) =
w( %24 ) jZ wuluzxquluzxeuluzxtdx
p

Then we have

(1 + log )¢t (wta gt — 1)
(w:u qm et — 1) (w“zq"?e“ﬁ _ 1)

T (U1, uz; x, t) =

(2.7)

(2.8)

k

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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From (2.13), we derive

1 U IZ wuzxzquzxzeuzxzt
Ty (uy, uz; x, t) = —f WM gtx gt (i)l gy ? . (215)
U z, IZ wuluzxquluzxeuluzxtdx
P

By (2.4), (2.12), and (2.15), we can see that

1 (5 g ! SEE uyt!
Teo (11, tp; x, 1) = ” > Bl (uzx)l_—' DS e (1 = 1)1_'
i=0 : 1=0 :
(2.16)
oo LG n n iy . > 1
= Z< ,>Bzulju1 (uzx)SZ_l.,wu2 (uy = 1uy 1u§‘ ! -
o \iz0 \! n:

By the symmetry of p-adic invariant integral on Z,, we also see that

1 Uy J‘ w1 qulxlemxlt
. _ UpX) Up X uz(Xz+u1x)td Zp
Tw(u1/u2/xrt) = - w q e X2 UpX U1 UL X plhy U XE
uz )z, IZP WX giiiaX gthth dx
(2.17)

- Z n 2 1] - . tn
- Z <Z <i>BZwuz (ulx)sz,i,wul (u2 = Nuj 1u’11 : ol

n=0 \ i=0

By comparing the coefficients of t"* /n! on both sides of (2.16) and (2.17), we obtain the
following theorem.

Theorem 2.1. Let uy, up,n € N. Then for all x € Z,,

n

n U1 U2 i i L n Uy Uy i i
> ( . ) B o (u2) S, o (w1 = Dl M = Y ( ; > Bl o 12)S)_, e (2 = )1 ul ™, (2.18)

i=0 i=0

where () is the binomial coefficient.
From Theorem 2.1, if we take u; = 1, then we have the following corollary.

Corollary 2.2. For m > 0, one we has
u n g :
B, (mx) = 3 ( ; ) Bl (X)S5 (1 = )ui", (2.19)
i=0

where () is the binomial coefficient.
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By (2.17), (2.18), and (2.19), we can see that

ot o U fz,, R R b
. — Ul x U u
T (uy, up; x,t) = wrgtre! 1 it dxy
z
»

UTUIX U UL X pU U XTE
U fzpwlquzelzdx

ujuy xt
e
— ulxqulxleulxﬁdxl E wuzl Uusi u21t
ul Zp

(2.20)
1 i
— u21 u21 f wu1x U x (x1+u2x+(u2/u1)1 tuy dx1
» wl u1 u tn
=> > B (uzx + —2i>u{‘ ll g —
L,
7=0 i=0 i nl’
From the symmetry of T, (u1, uz; x, t), we can also derive
oo up—1 tn
Too(ur, uzix,t) = > S BI" <u1x + —1>u2 Wi — (2.21)
n!
n=0 i=0 :

By comparing the coefficients of */n! on both sides of (2.20) and (2.21), we obtain the
following theorem.

Theorem 2.3. For m € Z,, uy,u> € N, we have

u1—1 " Uuy— 1

1 up . _
E lewul <u2x + u—11>u{‘ lwtight = E Bn w2 (ulx + —z>u” whight, (2.22)
i=0 i=0

We note that by setting u, = 1 in Theorem 2.3, we get the following multiplication
theorem for the twisted g-Bernoulli polynomials.

Theorem 2.4. Form € Z., u; € N, one has
q B - g" i i i
By (u1x) = uf E B, i (x + " >wlq’. (2.23)

Remark 2.5. [18], Kim suggested open questions related to finding symmetric properties for
Carlitz g-Bernoulli numbers. In this paper, we give the symmetric property for g-Bernoulli
numbers in the viewpoint to give the answer of Kim’s open questions.

3. The Twisted Generalized Bernoulli Polynomials
Attached to y of Higher Order

In this section, we consider the generalized Bernoulli numbers and polynomials and then
define the twisted generalized Bernoulli polynomials attached to y of higher order by using
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multivariate p-adic invariant integrals on Z,. Let y be Dirichlet’s character with conductor
d € N. Then the generalized Bernoulli numbers B, , and polynomials B, ,(x) attached to y
are defined as

tz x(a)eat 0
tSaox(@e £
TE (= nzzan,x(X)a (32)

(cf. [2, 18, 23, 27]).
Let Cp» = U5 Cpr = lim, . ,Cpyn be the locally constant space, where Cpn = {w | wh =
1} is the cyclic group of order p". For w € Cp,», we denote the locally constant function by

¢w : Zy — Cp, x — w” (3.3)

(cf. [2,3,21, 23, 24]). If we take f(x) = x(x)e* ., (x)g", for g € C, with |g - 1|, < 1, then itis
obvious from (3.1) that

(t+1logq) Z x(a)w q e“t (3.4)

wigdedt — 1

f x(x)e*w g dx =
X

Now we define the twisted generalized Bernoulli numbers Bfl, yw and polynomials BZ,x,w (x)
attached to y as follows:

(t+logq) X2 y(a)wiqe™ & .

wdq edt 1 = nZOBTl,X,wE/ (3‘5)
(t +log q) o ox(a)w gle”e™
wdq edt — Z nxw( )_ (36)

for each w € Cp» (see [31, 32]). By (3.5) and (3.6),

J;( x(x)x"w*q dx = BZ,x,wf
(3.7)

_[X x() (x +y)"w¥q?dy = By ;.1 (x).
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Thus we have

<f x(x)e(nd+x)twn+an+xdx _ f X(x)exthqxdx>
X X

logg +t
nd [y y(x)e¥w g dx
- IX endxtwndandxdx (3.8)
wndqndendt -1 d-1 o
— X(i)eltwlql'
wigied — 1 %
Then
# <’[ X(x)e(nd+x)twn+an+xdx _ f X(x)exthqxdx>
logg+t\Jx <
nd-1 oo nd-1 tk (3.9)
= 2 x(elwlq =3, 3y w'q' 4.
1=0 k=0 I= :
Let us define the p-adic twisted g-function TIZ,w (x, n) as follows:
T{,(0m) = 2x(hifw'q. (3.10)
1=0

By (3.9) and (3.10), we see that

1 (J (nd+x)t,, nd+x nd+ f t > S 9 t
—_ x) e\ AT X gha* X g x — x)eXwr g dx ) = M T, nd—1)—. (3.11
ogq i\, Y™ q et 2T (wmd = 1) . (311)
Thus,

(J ¥ (%) (nd + x)*w™* g dx — f X(x)x"w"q"dx) = (t+logg)T] (x,nd-1), (3.12)
X X ’

for all k,n,d € N. This means that
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for all k,n,d € N. For all uy,u,,d € N, we have

d .[X .[X x(xl)X(xz)e(unm+w2xz)twu1x1+uzxzqu1x1+u2x2dxlde

J‘X edul uzxtwdul uzquul WX

-+ logg)(etminnginn 1)
- (edultwdm qdm _ 1) (eduztwduzqduz _ 1)

d-1
x <Zx(a)eu1at ua u1a> <ZX(b)euzbt urb u2b>.
a=0

(3.14)

The twisted generalized Bernoulli numbers B ' ), and polynomials Bgfg;,(x) attached

to y of order k are defined as

d-1 a aat\ ¥
< (t +log q) dZ;:(;tX(a)w qe > ZBikqu)ﬂ t" , (3.15)
wigiet -1 o n!
(t +log q) ZZ;(l) X(a)waqaeat ¢ B(k 49) t" (3.16)
wighedt — 1 e z(:) no (0 '

for each w € Cpe. For uy, us € N, we set

K3 (m, x;u1,u2)

d fy T xS sty (S s g (52 54596 g, - ey
- JX eduluzxtwduluzquuluzxdx (317)

m
X f Hx(xi)e(ZZil xi+u1y)u2tw(2irz1 x;‘+u1y)u2q(zgl Xi+uU1y) U dxy - dxp,
m =1

where [y, f(x1--x)dxy - dxy = [y [y f(X1,..., %m)dx1 - - - dxy,. In (3.17), we note that
KZ (m, X; U1, Up) is symmetric in uq, up. From (3.17), we have

m
KZ] (m, XU, uz) = J‘ Hx(xi)e(z?ll xi)uztw(Zim:I xi)uzq(Zim:I xi)uzdxl . dxm
Xm =1

d x u2xmtwu2xm uzxmdx
% euluzxtwuluzxqu1u2x< IX X( m)e q m

IX edmuzquuluZxdx (3.18)

m-1
N J‘ [ T (er) e i mtst g (B x  (BI 5 g, . iy
Xm1 =1

x euluzytwuluzyquluzy‘
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Thus we can obtain

d xt xd ® fud-1 ¢
U IXX(X)e w* q-ax Z< Z X(l)l wq> o Z (X/uld—1>%/

duyxt 7 ydusx qdusx
[ efextwdiex gduxdy =\ S

m
gitaXt gy e gt f Hx(xi)e(Z?ll Xty (S xi)ulq(Zﬁl XU oy« dxy,
il
’ (3.19)

d-1
up
_ ujupxt,,, ujupXx Uil X ujat ula ua
=e w E a)e
q <edu1twdu1 qdul _ 1 a:OX( ) q >

< () ¢
m,
= ZBn,X?w(uZx)u¥ﬁ

=
From (3.19), we derive

K3, (m, x;u1, u2)

m, tk e, ult\ 1
=Z ( q)(u x)ulyz (Xfuld_l)E<ZBz(qu)( y) : >

1=0

8

(3.20)

S n—j-1 ,(m, m-1, t"
:ZZ( )u;ulf B7(1 ]’z(w(uzx)xz O md - 1)( >B]( kxzz(”ﬂ/)ﬁ

:O]:O

By the symmetry of KZ,(m, X; U1, uz) in u; and uy, we can see that

K (m, x;u1,u0)

(1 n—j-1,(m, (m-1,9) t"
:ZZ<]>u1u27 B~ ]qxw(u x)xZ 2 ( u2d - 1)( )B] kxz)( 2y)ﬁ

(3.21)

By comparing the coefficients on both sides of (3.20) and (3.21), we see the following theorem.

Theorem 3.1. For d,ui,u,m € N, n € Z, one has

n j :
Z()(])u]zuT j- 1B£m]2w(”2x)kZTZ,w(X’ wd—1) (I]<> ]mk;‘z(u Y)
i= 0

(3.22)

L /n (m,q) ) (m-1,q)
- Z(}) Bn ]Xw(ulx)z (x,uzd 1)( >B] kxw(uzy).
=0 k=0
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Remark 3.2. 1f we take y = 0 and m = 1 in (3.22), then we have

n j ;
Z( )uéu;’ i 1Bq_j,x,w(u2x)ZTZw(x, ud—1) <l]<>
S\J k=0

(3.23)

:i< ) njxw(ulx)z (X,uzd—l)<li>.

j=0

Now we can also calculate

k=0

. N[N k- nk(ml) u N\ \ "
K3, (m, x;u1,u2) = %(Z (k)ul 'uy B, kxqw(u Y) Z lew <u2x+ u_11)>ﬁ (3.24)

From the symmetric property of K7 (m, \; u1, up) in uq and up, we derive

n=0 \ k=0

[ee] n m u . tn
Kz,(m,x;ul,uz) = Z(Z (Z)u’2° Bfl k;qu)](u Y) Z lew <u1x+ u_;l>>ﬁ (3.25)

By comparing the coefficients on both sides of (3.24) and (3.26), we obtain the following
theorem.

Theorem 3.3. For d,ui,u,,m € N, n € Z, we have

2 /n (m-1,q) Uy .
Z(k)u’f anka‘zu(u v) Z kaw<u2x + u—11>
(3.26)

(1N ko1 nk p(m=1,9) et ma) U
= :E:(k;)u " Bn kxzu( Zy) z: l%@ﬂuz(‘”“f+ ;_1>‘
i=0 2
Remark 3.4. 1If we take y = 0 and m = 1 in (3.26), then one has

1du1 u 1du2 -1 u
Zanw u2x+—1 =uy Zanw u1x+—z (3.27)

i=0 i=0

Remark 3.5. In our results for g = 1, we can also derive similar results, which were treated
n [27]. In this paper, we used the p-adic integrals to derive the symmetric properties of
the g-Bernoulli polynomials. By using the symmetric properties of p-adic integral on X, we
can easily derive many interesting symmetric properties related to Bernoulli numbers and
polynomials.
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