APPROXIMATING FIXED POINTS OF TOTAL
ASYMPTOTICALLY NONEXPANSIVE MAPPINGS

YA. I. ALBER, C. E. CHIDUME, AND H. ZEGEYE

Received 10 March 2005; Revised 7 August 2005; Accepted 28 August 2005

We introduce a new class of asymptotically nonexpansive mappings and study approxi-
mating methods for finding their fixed points. We deal with the Krasnosel’skii-Mann-type
iterative process. The strong and weak convergence results for self-mappings in normed
spaces are presented. We also consider the asymptotically weakly contractive mappings.
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1. Introduction

Let K be a nonempty subset of a real linear normed space E. Let T be a self-mapping of
K. Then T: K — K is said to be nonexpansive if

ITx—Tyll <llx-yll, VxyeKk. (1.1)

T is said to be asymptotically nonexpansive if there exists a sequence {k,} C [1,c0) with
k, — 1 as n — oo such that for all x, y € K the following inequality holds:

[|T"x — T"y|| < knllx—yll, Vn=1. (1.2)

The class of asymptotically nonexpansive maps was introduced by Goebel and Kirk
[18] as a generalization of the class of nonexpansive maps. They proved that if K is a
nonempty closed convex bounded subset of a real uniformly convex Banach space and T
is an asymptotically nonexpansive self-mapping of K, then T has a fixed point.

Alber and Guerre-Delabriere have studied in [3-5] weakly contractive mappings of the
class Cy.

Definition 1.1. An operator T is called weakly contractive of the class Cy on a closed
convex set K of the normed space E if there exists a continuous and increasing function
y(t) defined on R* such that y is positive on R* \ {0}, y(0) = 0, lim;_. ;o y(¢) = c0 and
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2 Total asymptotically nonexpansive mappings
forallx,y € K,
ITx =Tyl < llx =yl =y (llx=yl). (1.3)

The class Cy, of weakly contractive maps contains the class of strongly contractive maps
and it is contained in the class of nonexpansive maps. In [3-5], in fact, there is also the
concept of the asymptotically weakly contractive mappings of the class Cy,.

Definition 1.2. The operator T is called asymptotically weakly contractive of the class
Cy if there exists a sequence {k,} C [1,00) with k, — 1 as n — oo and strictly increasing
function y : R* — R* with y(0) = 0 such that for all x,y € K, the following inequality
holds:

[|T"x - T"y|| < kollx =yl —w(llx—yll), Vn=>1 (1.4)

Bruck et al. have introduced in [11] asymptotically nonexpansive in the intermediate
sense mappings.

Definition 1.3. An operator T is said to be asymptotically nonexpansive in the intermediate
sense if it is continuous and the following inequality holds:

limsup sup (||T"x—T"y|| - llx—yll) <0. (1.5)
n—o  x,yekK
Observe that if
an:= sup (||[T"x—T"y|| - llx—yll), (1.6)
x,yeK

then (1.5) reduces to the relation
|| T"x—T"y|| < llx—yll+a,, Vx,y€eEK (1.7)

It is known [23] that if K is a nonempty closed convex bounded subset of a uniformly
convex Banach space E and T is a self-mapping of K which is asymptotically nonexpan-
sive in the intermediate sense, then T has a fixed point. It is worth mentioning that the
class of mappings which are asymptotically nonexpansive in the intermediate sense con-
tains properly the class of asymptotically nonexpansive maps (see, e.g., [22]).

Iterative techniques are the main tool for approximating fixed points of nonexpansive
mappings and asymptotically nonexpansive mappings, and it has been studied by various
authors using Krasnosel’skii-Mann and Ishikawa schemes (see, e.g., [12, 13, 15, 20, 21, 25,
27-37)).

Bose in [10] proved that if K is a nonempty closed convex bounded subset of a uni-
formly convex Banach space E satisfying Opial’s condition [26] and T : K — K is an
asymptotically nonexpansive mapping, then the sequence {T"x} converges weakly to a
fixed point of T provided T is asymptotically regular at x € K, that is, the limit equality

lim ||[T"x — T"'x|| =0 (1.8)
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holds. Passty [28] and also Xu [38] showed that the requirement of the Opial’s condition
can be replaced by the Fréchet differentiability of the space norm. Furthermore, Tan and
Xu established in [34, 35] that the asymptotic regularity of T at a point x can be weakened
to the so-called weakly asymptotic regularity of T at x, defined as follows:

w—lim (T"x — T""x) = 0. (1.9)

n—oo

In [31, 32], Schu introduced a modified Krasnosel’skii-Mann process to approximate
fixed points of asymptotically nonexpansive self-maps defined on nonempty closed con-
vex and bounded subsets of a uniformly convex Banach space E. In particular, he proved
that the iterative sequence {x,} generated by the algorithm

X1 = (1 —ap)xpto, T'x,, n=1, (1.10)

converges weakly to some fixed point of T if the Opial’s condition holds, {k;},>1 C [1, )
forall n> 1, limk, =1, >,/ (k3 — 1) < o0, {a,}n>1 is a real sequence satisfying the in-
equalities 0 < & < &, < @ < 1, n > 1, for some positive constants & and &. However, Schu’s
result does not apply, for instance, to L? spaces with p # 2 because none of these spaces
satisfy the Opial’s condition.

In [30], Rhoades obtained strong convergence theorem for asymptotically nonexpan-
sive mappings in uniformly convex Banach spaces using a modified Ishikawa iteration
method. Osilike and Aniagbosor proved in [27] that the results of [30-32] still remain
true without the boundedness requirement imposed on K, provided that N(T) = {x €
K:Tx=x} # @.In[37], Tan and Xu extended Schu’s theorem [32] to uniformly convex
spaces with a Fréchet differentiable norm. Therefore, their result covers L? spaces with
I<p<oo.

Chang et al. [12] established convergence theorems for asymptotically nonexpansive
mappings and nonexpansive mappings in Banach spaces without assuming any of the
following properties: (i) E satisfies the Opial’s condition; (ii) T is asymptotically regular
or weakly asymptotically regular; (iii) K is bounded. Their results improve and generalize
the corresponding results of [10, 19, 28, 29, 32, 34, 35, 37, 38] and others.

Recently, Kim and Kim [22] studied the strong convergence of the Krasnosel’skii-
Mann and Ishikawa iterations with errors for asymptotically nonexpansive in the inter-
mediate sense operators in Banach spaces.

In all the above papers, the operator T remains a self-mapping of nonempty closed
convex subset K in a uniformly convex Banach space. If, however, domain D(T) of T is
a proper subset of E (and this is indeed the case for several applications), and T maps
D(T) into E, then the Krasnosel’skii-Mann and Ishikawa iterative processes and Schu’s
modifications of type (1.10) may fail to be well-defined.

More recently, Chidume et al. [14] proved the convergence theorems for asymptot-
ically nonexpansive nonself-mappings in Banach spaces by having extended the corre-
sponding results of [12, 27, 30].

The purpose of this paper is to introduce more general classes of asymptotically non-
expansive mappings and to study approximating methods for finding their fixed points.
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We deal with self- and nonself-mappings and the Krasnosel’skii-Mann-type iterative pro-
cess (1.10). The Ishikawa iteration scheme is beyond the scope of this paper.

Definition 1.4. A mapping T : E — E is called total asymptotically nonexpansive if there
exist nonnegative real sequences {kﬁ,l)} and {kﬁ,z)}, n = 1, with kﬁ,l),kflz) — 0asn — oo, and
strictly increasing and continuous functions ¢ : R* — R* with ¢(0) = 0 such that

[|T"x — T"y|| < llx = yll + kP (llx— pll) + k2. (1.11)
Remark 1.5. If ¢(1) = A, then (1.11) takes the form

[T — T"y|| < (1+ kD) x — yll + k2. (1.12)

In addition, if ki” = 0 for all n > 1, then total asymptotically nonexpansive mappings
coincide with asymptotically nonexpansive mappings. If kY =0and k) = 0foralln = 1,
then we obtain from (1.11) the class of nonexpansive mappings.

Definition 1.6. A mapping T is called total asymptotically weakly contractive if there exist
nonnegative real sequences {kﬁ,l)} and {k,(f)}, n > 1, with k,(f), 5,2) — 0 as n — oo, and
strictly increasing and continuous functions ¢,y : R* — R* with ¢(0) = y(0) = 0 such

that
| T"x — T"y|| < llx =yl + kP (lx — yll) — v (llx— pll) +&2. (1.13)
Remark 1.7. 1f ¢(1) = A, then (1.13) accepts the form

[T — T"y|| < (1+ kM) x = yll —w(llx— yll) + k2. (1.14)

In addition, if k% = 0 forall n > 1, then total asymptotically weakly contractive mapping
coincides with the earlier known asymptotically weakly contractive mapping. If kP =0
and k" = 0, then we obtain from (1.13) the class of weakly contractive mappings. If
k,(f) =0and kE,Z) = a,, where g, := supx)yeK(IIT"x —T"y|l = llx = yll) for all n = 0, then
(1.13) reduces to (1.7) which has been studied as asymptotically nonexpansive mappings
in the intermediate sense.

The paper is organized in the following manner. In Section 2, we present characteris-
tic inequalities from the standpoint of their being an important component of common
theory of Banach space geometry. Section 3 is dedicated to numerical recurrent inequal-
ities that are a crucial tool in the investigation of convergence and stability of iterative
methods. In Section 4, we study the convergence of the iterative process (1.10) with to-
tal asymptotically weakly contractive mappings. The next two sections deal with total
asymptotically nonexpansive mappings.

2. Banach space geometry and characteristic inequalities

Let E be a real uniformly convex and uniformly smooth Banach space (it is a reflexive
space), and let E* be a dual space with the bilinear functional of duality (¢,x) between
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¢ € E* and x € E. We denote the norms of elements in E and E* by || - || and || - ||,
respectively.

A uniform convexity of the Banach space E means that for any given & > 0 there exists
0 >0suchthatforallx,y € E, x|l < 1, |yl <1, lx — yll = ¢ the inequality

lx+yll <2(1-9) (2.1)
is satisfied. The function
Sp(e) =inf {1 —27Yx+yl, Ixl =1, Iyl =1, lx— yll = ¢} (2.2)

is called to be modulus of convexity of E.
A uniform smoothness of the Banach space E means that for any given ¢ > 0 there
exists § >0 such that forall x, y € E, [Ix]| = 1, ||yl < § the inequality

27 (lx+yll+llx—yll) =1 < ellyll (2.3)
holds. The function
pe(t) =sup 27 (Ix+yl +llx—yll) = 1, lIxll = 1, lIyll = 7} (2.4)

is called to be modulus of smoothness of E.
The moduli of convexity and smoothness are the basic quantitative characteristics of
a Banach space that describe its geometric properties [2, 16, 17, 24]. Let us observe that
the space E is uniformly convex if and only if dg(e) > 0 for all € > 0 and it is uniformly
smooth if and only if lim,_¢ 7 !pg(7) = 0.
The following properties of the functions dg(¢e) and pg(7) are important to keep in
mind throughout of this paper:
(i) Og(e) is defined on the interval [0,2], continuous and increasing on this interval,
0£(0) =0,
(i) 0<dp(e) < 1if0<e<2,
(iii) pg(7) is defined on the interval [0, ), convex, continuous and increasing on this
interval, pg(0) = 0,
(iv) the function gg(e) = ¢ '8g(e) is continuous and non-decreasing on the interval
[0’2]>gE(0) =0,
(v) the function hg(7) = 77!pg(7) is continuous and non-decreasing on the interval
[0,0), hg(0) =0,
(vi) €28(n) = (4L)'n?dr(e) if n = € > 0 and 12pg(0) < Lopg(7) if 0 > 7 > 0. Here
1 < L < 1.7 is the Figiel constant.
We recall that nonlinear in general operator J : E — E* is called normalized duality
mapping if

IJxlls = llxl, (Jx,x) = 1. (2.5)
It is obvious that this operator is coercive because of

Jx,x)
llxll

oo as |lx]] — o (2.6)
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and monotone due to

Jx—Tyx—y) = (Ixll = Iyl (2.7)

In addition,

Jx—=Jyx=y) < (Il +1Iyll)’. (2.8)
A normalized duality mapping J* : E* — E can be introduced by analogy. The properties
of the operators J and J* have been given in detail in [2].

Let us present the estimates of the normalized duality mappings used in the sequel (see

[2]). Let x, y € E. We denote

Ry =R (lIxl,lIyll) = \/2‘1(||x||2 +1lyll2). (2.9)
LemMA 2.1. In a uniformly convex Banach space E
Jx—=Jy,x—y) = 2R3 (llx — yll/2Ry). (2.10)
Ifllxll < Rand ||yll <R, then
(Jx—Jy,x—y) = (L) 'R*8g(llx — yll/2R). (2.11)
LEMMA 2.2. In a uniformly smooth Banach space E
(Jx—Jy,x—y) < 2Ripe(4llx — yll/Ry). (2.12)
Ifllx|l < Rand ||yl <R, then
(Jx—Jy,x—y) <2LR*pg(4llx — y|l/R). (2.13)

Next we present the upper and lower characteristic inequalities in E (see [2]).

LemMa 2.3. Let E be uniformly convex Banach space. Then for all x, y € E and for all 0 <
A=<l

Ax+ (1= Dy|* < Allxll? + (1= Vlyl? = 2M(1 = VRS (Ilx — ylI/2Ry). (2.14)
Ifllxll < Rand ||yl <R, then
[[Ax + (1 —)L)y||2 < AMxlI>+ 1 =V lIyll> = L7']A(1 = V)R*Se (llx — yll/2R). (2.15)

LEmMMA 2.4. Let E be uniformly smooth Banach space. Then for all x,y € E and for all
0<i<l

[+ (1= D) y|[* = Mixl2 + (1= V)l ylI2 - 801 - DR2ps(4llx— ylI/R)).  (2.16)
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Ifllxll < Rand ||yll <R, then

[[Ax+ (1 —)L)y||2 > MxlI*+ (1 =) lIyll* = 16LA(1 — V)R%*pg (4]lx — ylI/R). (2.17)

3. Recurrent numerical inequalities

LemMa 3.1 (see, e.g., [7]). Let {An}n=1, {Kn}u=1 and {y,}.=1 be sequences of nonnegative
real numbers such that for alln > 1

A1 < (L+4)A0 + Y. (3.1)

Let 3.7 kn < 00 and X7 yn < 0. Then lim,—.« Ay exists.

LemMa 3.2 [1, 8]. Let {Ax} and {yi} be sequences of nonnegative numbers and {ay} be a
sequence of positive numbers satisfying the conditions

[

Z(xn = oo, lim 2% 0. (3.2)
1 e G
Let the recursive inequality
Air1 A — oy (Ay) + 9y, n=1,2,..., (3.3)

be given, where y(A) is a continuous and nondecreasing function from R* to R* such that it
is positive on R* \ {0}, ¢(0) =0, lim;_. w(t) >0. Then A, — 0 as n — oo.

We present more general statement.

LemMA 3.3. Let {Ak}, {Kn)n=1 and {yi} be sequences of nonnegative numbers and {oy} be
a sequence of positive numbers satisfying the conditions

Z(xnzoo, an<oo, &—»0 asn — oo, (3.4)
1 1 %n

Let the recursive inequality
Aug1 < (1+Kn)/1n_“n1/’(/\n)+)’n> n=12,..., (3.5)

be given, where y(A) is the same as in Lemma 3.2. Then A,, — 0 as n — co.

Proof. We produce in (3.5) the following replacement:
A = 121 (14 5). (3.6)
Then
Un+1 < fn — Oy <H;’;11 (1+ Kn)> 711//(;4,41'[;’;11 (1+ Kn)> + (H’j“;ll (1+ Kn)>71yn. (3.7)
Since >.7" k, < o, we conclude that there exists a constant C > 0 such that

1<TZ{(1+x,) <C (3.8)
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Therefore, taking into account nondecreasing property of ¥, we have

,un-%—l < #n - ‘xnC711//([4n) + Yn- (39)

Consequently, by Lemma 3.2, y, — 0 as n — oo and this implies lim, . A, = 0. O

LemMa 3.4. Let {A,}u=1, {Kntn=1 and {y,}n=1 be nonnegative, {a,},=1 be positive real
numbers such that

Mir1 S g+ 5,0 (M) —any (M) +y0, V=1, (3.10)

where ¢,y : R* — R* are strictly increasing and continuous functions such that ¢(0) = y(0)
=0. Letforalln>1

n K,
Y—SCI, <o, ap<a<oo, (3.11)
n n

where 0 < ¢, ¢, < co. Assume that the equation y(A) = ¢| + c2¢(A) has the unique root Ay
on the interval (0,00) and

. 100)
}1}{10 W > 0. (3.12)

Then A, < max{A;, Ky}, where Ky = Ay +a(c; + c29(Ay)). In addition, if

(<]

+K
Sap=c0, T (3.13)
1 ®n

then A, — 0asn — oo.
Proof. Foreachn eI = {1,2,...}, just one alternative can happen: either

Hy 6,9 (M) — any (M) + 90 >0, (3.14)
or
Hy i k0¢(An) — @y (Ay) +yu < 0. (3.15)

DenoteI; = {n el | H;istrue} and I, = {n €I | H, is true}. It is clear that[; UL, = I.
(i) Let ¢; > 0. Since y(0) = 0, we see that hypothesis H; is valid on the interval (0,1)
and H, is valid on [y, o). Therefore, the following result is obtained:

A <Ay, Vnel,=1{1,2,...,N},
AN+t AN+ PN FENP(AN) <Ak +yn +FrnP(As) < K, (3.16)
A <A1 <Ky, Vn=N+2.

Thus, A, < Ky forall n > 1.
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(ii) Let ¢; = 0. This takes place if p, = 0 for all » > 1. In this case, along with situ-
ation described above it is possible I, = I and then A, < A; for all n > 1. Hence, A, <
max{);, K.} = C. The second assertion follows from Lemma 3.2 because

At <Ay — aq () +5,0(C) +yn, n=1,2,.... (3.17)
O

LEmMa 3.5. Suppose that the conditions of the previous lemma are fulfilled with positive k,
forn=1,0< ¢ < oo, and the equation y(A) = c; + c2¢(A) has a finite number of solutions
Ai”,/\f),...,/\ﬂ), 1 > 1. Then there exists a constant C > 0 such that all the conclusions of
Lemma 3.4 hold.

Proof. Tt is sufficiently to consider the following two cases.
(1) If there is no points of contact among /\(*l), i=1,2,...,1, then

1=1"uiPurPurPurP v oo o, (3.18)

where Il(k) c I, and Iék) c b, k=1,2,...,1. It is not difficult to see that A,, < A, on the
interval Ifl). Denote Nl(l) =max{n|ne Ifl)}. Then Nl(l) +1=min{n|ne 12(1)} and this
yields the inequality

)LN]mH < /\Nlm o+ KNl(n(p(ANlm) <Ae+ Yo+ KN1(1>¢(A*) < K. (3.19)

By the hypothesis H;, for the rest n € Iél), we have A, < AN,“) .1 < K. The same situation

arrises on the intervals Ifz) U 152), Ifs) v Ifs), and so forth. Thus, A, < K, foralln € I.

(ii) If some A s a point of contact, then either I' C I and I'*! C I, or I' C I; and
I'*1 C I;. We presume, respectively, I' U I'"! C I and I' U I'*! C I; and after this number
intervals again. It is easy to verify that the proof coincides with the case (i). O

Remark 3.6. Lemma 3.4 remains still valid if the equation w(1) = ¢; + c2¢(1) has a mani-
fold of solutions on the interval (0, o).

LemMA 3.7 (see [6]). Let {pn}, {an}, {fu} and {y,} be sequences of non-negative real
numbers satisfying the recurrence inequality

,un+l = ,“n - ‘xnﬂn + Yn- (320)
Assume that
Zocn:oo, zy,,<00. (3.21)
n=1 n=1

Then
(1) there exists an infinite subsequence {B¢,} C {B,} such that

1
ﬁenﬁ l,

- (3.22)
zj:1“j

and, consequently, lim, .. B¢, = 0;
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(ii) if limy,— a0y = O and there exists a constant k > 0 such that

|ﬁn+l - /J)n | = Ky (3.23)
foralln =1, thenlim,_« 8, = 0.
4. Convergence analysis of the iterations (1.10) with total asymptotically

weakly contractive mappings

In this section, we are going to prove the strong convergence of approximations generated
by the iterative process (1.10) to fixed points of the total asymptotically weakly contractive
mappings T : K — K, where K < E is a nonempty closed convex subset. In the sequal, we
denote a fixed point set of T by N(T), thatis, N(T) := {x € K: Tx = x}.

THEOREM 4.1. Let E be a real linear normed space and K a nonempty closed convex subset
of E. Let T : K — K be a mapping which is total asymptotically weakly contractive. Suppose
that N(T) # @ and x* € N(T). Starting from arbitrary x, € K define the sequence {x,} by
the iterative scheme (1.10), where {0, } =1 C (0,1) such that > &, = co. Suppose that there
exist constants my, my >0 such that kﬁ,l) < my, kﬁzz) < my,

i YOV

Alj’l;m >my (41)

and the equation y(A) = my$(A) + m, has the unique root Ay.. Then {x,} converges strongly
to x*.

Proof. Since K is closed convex subset of E, T : K — K and {a,,},>1 C (0,1), we conclude
that {x,} C K. We first show that the sequence {x,} is bounded. From (1.10) and (1.13)
one gets
%01 = x*|| < |[(1 = o) 0 + @ T"x, — x|

< (1= ) = 5" |+ [T, — 77| (42)

< [ = x* || + ki (e = (1) = @ty ([on = x*[]) + atak 2.
By Lemma 3.4, we obtain that {x, — x*} is bounded, namely, ||x, — x*|| < C, where

C =max {||x; —x*||, A + m1p(As) + ma}. (4.3)

Next the convergence x, — x* is shown by the relation

[t =[] < [ = 2 || = qy (llon — (1) + €kl (C) + ks, (44)

applying Lemma 3.2 to the recurrent inequality (3.5) with A, = [|x,, — x*||. O
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In particular, if y(t) is convex, continuous and non-decreasing, ¢(t) = t, kﬁ,z) =0 for
alln>1,>", k) < oo, then there holds the estimate

n—1
[|x, — x*|| < RO™! (®(||x1 —x*)-Q+a) > ai>, (4.5)
i-1

where aky) <aand ITZ | (1+a,k) < R< 0, @ is defined by the formula ®(£) = [ (dt/y(t))
and ®~! is the inverse function to ®. Observe that a and R exists because the series
> ankl" is convergent.

THEOREM 4.2. Let E be a real linear normed space and K a nonempty closed convex subset
of E. Let T : K — K be a mapping which is total asymptotically weakly contractive. Suppose
that N(T) # @ and x* € N(T). Starting from arbitrary x, € K define the sequence {x,} by
(1.10), where {an}n=1 C (0,c] with some ¢ > 0 such that >, a, = co. Suppose that kﬁ,l) <1,
and there exists M > 0 such that $(A) < w(A) for all A = M. Then {x,} converges strongly to

x*.

Proof. Since ¢ and y are increasing functions, we have
$() = d(M) +y (). (4.6)
Then
[ltwer = 21| < llow = x| = € (1= kD) (e = 2[]) + 0k V(M) + kD, (4.7)

and the result follows from Lemma 3.2 again. O

The following theorem gives the sufficient convergence condition of the scheme (1.10)
which includes ¢(A) = A#, 0 < p < 1, regardless of what v is.

THEOREM 4.3. Let E be a real linear normed space and K a nonempty closed convex subset
of E. Let T : K — K be a mapping which is total asymptotically weakly contractive. Suppose
that N(T) # @ and there exist positive constants My and M > 0 such that $(1) < MA for all
A > M. Starting from arbitrary x; € K define the sequence {x,} as (1.10), where {a,} =1 C
(0,1) such that 3" a, = 0. Suppose that 3.7 a,k'V) < 0o, Then {x,} converges strongly to

x*.

Proof. We follow the proof scheme of Theorem 4.1 to show that {x,} is bounded. Since
¢(A) < MoyA for all A = M, one can deduce from (4.2) the inequality

[ocne1 — x*]| < (14 Mookl ||, — x* || — aawr (|50 — x*|]) + MMoa, kD + a0, k2. (4.8)

Then Lemma 3.3 implies the assertion. O
We now combine Theorems 4.2 and 4.3 and establish the following theorem.

THEOREM 4.4. Let E be a real linear normed space and K a nonempty closed convex subset of
E.Let T : K — K be a mapping which is total asymptotically weakly contractive. Suppose that
N(T) # @ and x* € N(T). Starting from arbitrary x; € K define the sequence {x,} by the
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formula (1.10), where {6} =1 C (0,1) such that 3.3 a, = co. Suppose that 3.5 a,ky < oo,
Z‘lwocnkﬁlz) < oo, and there exists M >0 such that ¢(A) < m~'y(1) + MoA for all A > M,
where m 1= max{k;(ql) Yn=1. Then {x,} converges strongly to x*.

Proof. Since ¢(A) < m~y (1) + MyA for all A > M, we have
kD) = (1) <k $ (M) + Mok L. (4.9)
Then from (4.2) one gets
|01 — x| < (1+ Moa,kiV) [y — x| | + a0uk D (M) + o, kP (4.10)

Due to Lemma 3.1, the sequence {x,} is bounded because >}’ ocﬂkfll) <oand X7 ay 2) <

oo. Therefore, using (4.2) again, we derive the inequality
[oenr1 = x*|| < || — x*|| = @ (|20 — x*]]) + aak Y $(C) + @,k (4.11)

By Lemma 3.2, ||x,, — x*|| — 0 as n — o0, and the theorem follows. O

If in Theorems 4.1-4.4, the sequence {x,} is assumed to be bounded, in particular, if
K is bounded, then the following corollary appears.

COROLLARY 4.5. Let E be a real linear normed space and K a nonempty closed convex subset
of E. Let T : K — K be a mapping which is total asymptotically weakly contractive. Suppose
N(T) # @ and x* € N(T). Let {ay}n=1 C (0,1) be such that 3.7 a, = oo. Starting from
arbitrary x, € K define the sequence {x,} by (1.10). Suppose that {x,} is bounded. Then
{xn} converges strongly to x*.

Remark 4.6. The estimates of convergence rate are calculated as in [4].

5. Auxiliary assertions for total asymptotically nonexpansive mappings

LeMMaA 5.1. Let E be a real linear normed space and K a nonempty closed convex subset
of E. Let T : K — K be a mapping which is total asymptotically nonexpansive and there ex-
ist constants Mo, M > 0 such that ¢$(A) < MoA for all A = M. Let x* € N(T):={x € K:
Tx = x} and {ap}n=1 C (0,1) for all n = 1. Starting from arbitrary x, € K define the se-
quence {x,} generated by (1.10). Suppose that >.7" ay W < 00 and Zf’(xnk,(f) < co. Then
limy, o ||x, — x*|| exists.

Proof. We first show that the sequence {x,} is bounded. From (4.2) one has
|1 — || < |[(1 = @) 20 + 0 T — x|
< (=) ||xn = || + 0 || T"2, — T"x* | (5.1)

= ||xn _x*” +‘xnk£¢1)¢(||xn _x*”) +0‘nk1(12)'
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Since ¢ is increasing function, it results that ¢(1) < ¢(M) if A < M and ¢(A) < My if
A > M. In either case we obtain

(Il = x*[1) = ¢(M) + Mo|lx, —x*|| Vn=1. (5.2)
Thus, (5.1) yields the following inequality:

l[xne1 — x*]] < (1+ Moo k{V) [, — x| + a0uk Dy (M) + a, kD). (5.3)

However, Zzo:locnkﬁ,l) < o and Zle(xnk,(f) < o0, therefore, due to Lemma 3.1, the se-
quence {[|x, —x*||} is bounded and it has a limit. This completes the proof. O

LeEmMMA 5.2. Let E be a real uniformly convex Banach space and K a nonempty closed convex
subset of E. Let T : K — K be a uniformly continuous mapping which is total asymptotically
nonexpansive. From arbitrary x; € K, define the sequence {x,} by the algorithm (1.10),
where {ay} =1 € (0,1]. Then the condition || T"x, — x,|| — 0 as n — co implies that

rlllf?o ||%ne1 — xu|| = 0, (5.4)
lim || T, — x| = 0. (5.5)

Proof. We have from (1.10) that
(1 = xull = [[ (1 = ) 2+ 00 T = x| = 0t | T"x = . (5.6)

Therefore, (5.4) holds. Also

%0 = Tul] < [ln = X || + o041 = T ot ||

[T e — T || 4 || T — T
(5.7)
= 2||x,, - xn+l|| +k,(11)¢>(||xn _xn+1||) +kr(12)

+|oner = T et ||+ | T xy — T .

Since T is uniformly continuous, there exists a continuous increasing function w : R — R
with w(0) = 0 satisfying the inequality

|| T" x, — Txn|| = || T(T"x,) — Txn|| < 0 (]| T"x, — x2]]). (5.8)
The hypotheses || T"x, — x,|| — 0 as n — oo implies that

1T = Txall =0, st = T | — 0 (59)

The result (5.4) and conditions on kY and k) allow us to conclude from (5.7) that (5.5)
follows. O

Next we assume that E is a Banach space.
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LEMMA 5.3. Let E be a real uniformly convex Banach space and K a nonempty closed con-
vex subset of E. Let T : K — K be a uniformly continuous mapping which is total asymptot-
ically nonexpansive and there exist Mo, M > 0 such that ¢$(A) < MoA for all A = M. Suppose
N(T) # @. From arbitrary x| € K, define the sequence {x,} by the algorithm (1.10), where
{an}n=1 is such that n; < &, < 1 — 1, with some 11,12 > 0. Suppose that >3 f,l) < o0 and
Sk < oo, Then || Tx, — %1l — 0 and || %1 — %ull — 0 as n — oo,

Proof. Let x* € N(T). By making use of Lemma 5.1, lim,_o |lx, — x™| exists. If
lim, .o llx, — x* || = 0, by continuity of T, we are done. Let lim,_« [lx, — x*|| =7 > 0.
Observe that {x,} is bounded. Therefore, there exists R > 0 such that ||x,|| < R for all
nx=1.

We claim that

5ij£10||T”xn—xn|| =0. (5.10)
Indeed, due to Lemma 2.3, one gets
[ %041 —x"‘||2 =|(1 - an)xp +a,T"x, —x"‘H2

= [1(1 = ) (30 = %) + 6 (T, = ) ||
, (5.11)
< (1= a)[ln — 17+t [loew — || + MK + K2

- (2L)'R*a, (1 — &) 85 (|| T"x,, — x4||/2R),

where M’ = ¢(R+ ||x*||). We deduce from this that there exists a constant M"" > 0 such
that

(2L)_1R2€1€285(||T”xn - .an/zR)

(5.12)
< [t = 2 |* = s — x|+ M" (1 - €2) (MK +K2).
Since YT ki < 00, YTk < 00 and
i(llxn = x| = e = 2*() = [y = 7| =12, (5.13)
we have
i&;(I!T”xn — %u||/2R) < co. (5.14)
1
This implies

lim & (|| 7", — x,||/2R) = 0. (5.15)
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Hence, (5.10) holds because of the properties of dg(€). Lemma 5.2 yields now the con-
clusions of the lemma. O

Remark 5.4. If in the inequality (1.11) k¥ = 0, then the operator T : K — K is uniformly
continuous.

6. Convergence analysis of the iterations (1.10) with total asymptotically
nonexpansive mappings

In this section, we study the weak and strong convergence of approximations generated
by the iterative process (1.10) to fixed points of the total asymptotically nonexpansive
mappings T : K — K. As before, we denote N(T) = {x € K: Tx = x}.

THEOREM 6.1. Let E be a real uniformly convex Banach space and K a nonempty closed
convex subset of E. Let T : K — K be a uniformly continuous and compact mapping which
is total asymptotically nonexpansive and there exist constants My, M > 0 such that ¢(A) <
Mo for all A = M. Suppose that N(T) # O@. Let {ay} =1 be such that 1 < o, < 1 — 1 for
all n = 1 with some 11,1, > 0. From arbitrary x; € K, define the sequence {x,} by (1.10).

Suppose that 3.7 ki < 00, 35 ) < oo. Then {x,} converges strongly to a fixed point of T.

Proof. Since T is continuous and compact on K, it is completely continuous. Moreover,
by Lemma 5.1, {x,} is bounded, say, ||x,|| < C. Consequently, if x* € N(T), then the
sequence {T"x,} is also bounded, in view of the relations

|| T"x, — x*|| = || T"x, — T"x*|| < ||xn — x*|| + MK + k2, (6.1)

where M = ¢(C+ |lx*||). Then we conclude that there exists a subsequence {T"/x,,} of
{T"x,} such that T”fxnj — y* as j — oo. Furthermore, by (5.10), one gets

[ T" %, = %n;|| — 0 (6.2)
which implies that x,; — y* as j — co. By Lemma 5.3, we also conclude that
[Ty, = x| — 0. (6.3)

Therefore, the continuity of T yields the equality T y* = y*. Finally, the limit of [|x,, — y* ||
exists as n — oo because of Lemma 5.1. Therefore, the strong convergence of {x,} to some
point of N'(T) holds. This accomplishes the proof. O

THEOREM 6.2. Let E be a real uniformly convex and uniformly smooth Banach space and K a
nonempty closed convex subset of E. Let T : K — K be a uniformly continuous and compact
mapping which is total asymptotically nonexpansive and there exist constants My, M > 0
such that (1) < MoA for all A = M. Suppose that N(T) # & and x* € N(T). Let {ap} =1 C
(0,1) be such that 3.7 a, = oo. Taking an arbitrary x; € K define the sequence {x,} by
(1.10). Suppose that ijankfﬁ) < 0, Zfocnk,(f) < 00, > pplay) < 0o and kY < Dy, and
kP < Dsa,. Assume that there exists a positive differentiable function g(e) :[0,2] — [0,1]
and positive constants ¢ >0 and Dy > 0, such that §g(€) = cg(e), and Ig’((—:)l < Dy for all
0 < € <2. Then {x,} converges strongly to a fixed point of T.
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Proof. We denote F" = I — T". Since T is total asymptotically nonexpansive, one can con-
sider without loss of generality that kY < ¢ and kY < c,. Consequently, by Lemma 2.3,
if x|l < Rand || y|| <R, then

177 = 1"y = |1(x = y) = (E"x — F"y) I
> [lx—ylI* = 2(J(x— y),F"x — F"y) (6.4)
+(2L) ' R*8x (||F"x — F"yl|/2R),
where R = 5R+¢;$(2R) + ¢2, because [l x — y|| < 2R and
[[(x—y)— (F"'x—F"y)|| < 5R+c1¢(2R) + c3. (6.5)
This means that

(J (6w — x*), F"%) = (4L) "' R205 (|| F"xa[/2R) — 27 (|| T — T *[* = ||t — %),
(6.6)

where x* € N(T). Let us evaluate the difference
1%, = T |]” = || — x| (6.7)

By Lemma 5.1, the sequence {x,} is bounded, say, ||x,|| < C. Therefore, |x, —x*| < C+
[lx*|l = Ry. Now it is not difficult to verify that

™| = [[F"x00 = PP || < 2| = x| + ki ([0 — x*|]) + K7
(6.8)
< 2R, +C1¢(R1) +c =R,
Then
[|xne1 — xn|| = @n||F"xn|| < Ryaty — 0. (6.9)

In addition, since ¢(A) < MM, + Mo\, we have
1T, — T[] < (14 Mok ()2 || — x|
(1 Mok(D) (MMok(D + k() 3, — x*[| + (MMok(V +k,<3>)2.
(6.10)
This implies the estimate
T = T = |20 — x*|* < s (6.11)

where

2
yn = 2REMok() + RIMZ (kD) + Ry (1+ Mok(V) (MMok(D + k) + (MMok(V + k).
(6.12)
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It follows from (6.4) that the inequality
(J(xn = x*),F"xy) = (4L) ' R3Ok (|| F"x4|[/2R5) — 271y,
holds, where R3 = 3Ry + ¢;¢(R;) + ;. Further,
[enr = x*[1° = [l = x|
<2(J (30 — x™ ), 001 — Xu) + 2{J (1 — ™) = J (%0 — ™), X1 — Xn)
=20t (J (o0 = x™), F"xn) + 2R pp (4R} [ F"x, )
< —(2L) " cR2ayd (||F"x,||/2R5) + 2R2pis (4R7 ' Rycty) + tp .
Let u, = llx, —x*|| and 3, = g(IIF”xn I/2R). Then the previous inequality gives

tni1 < pn — (2L) ' cR3a, B + 2R3 pr (4RT ' Roaty) + e

Since 8(¢) is differentiable, we derive for some 0 < 1 < 2 the following estimate:

| Bt = Bul < c(2Rs) ™ [& ()| [[IF™ ]| = [|F™,]|
< Do (2Rs) " (||F" X1 — F'x|)
< cDo(2R3) " (21wt = xall + KD P ([l 1 — xal) + 52

< cDy(2R3) (2R, + D1¢(Ryat,) + D1 ety < Caty,
where
C = cDy(2Rs) ' (2R, + D1¢(Ry) +D,) >0.
Due to Lemma 3.7,

lim &(][F"x,[|/2R5) = 0

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)

(6.18)

because of 3.1 pg(ay) < 00, 3.7 ankiY < 0o and 7 ank? < oo, By the properties of 8e),

lim l|xn — T"x,|| = 0.
Since >} pp(a,) < oo, we obtain that a,, — 0 and then, by (6.9),

lim | |41 — X4|] = 0.
n— 00

(6.19)

(6.20)

As it was shown by Lemma 5.2, the relations (6.19) and (6.20) yield (5.5). The rest of the

proof follows the pattern of Theorem 6.1.

O
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Remark 6.3. 1t is known that dg(€) = €°, s = 2, in spaces [P, LP and W,};, 1 < p < oo, that
is, 0g(€) = €°.

Remark 6.4. 1f 8 (€) is differentiable, then there is no need to introduce 5 (€). Moreover,
in this case, §’(€) is positive and bounded on [0,2].

If K is bounded, then Theorems 6.1 and 6.2 do not need constants M, and M satisfying
the inequality ¢(1) < MoA for all A > M. In particular, we have the following corollary.

COROLLARY 6.5. Let E be a real uniformly convex Banach space and K a nonempty closed
convex and bounded subset of E. Let T : K — K be a uniformly continuous and compact
mapping which is total asymptotically nonexpansive. Suppose N(T) # &. Let {oty}n=1 be
such that gy < ay <1 =1, for all n > 1 and with some n1,m2 > 0. Suppose that D7 k,(f) < 00
and 37 5,2) < oo, Taken an arbitrary x; € K, we define the sequence {x,} by (1.10). Then
{xn} converges strongly to a fixed point of T.

Further we omit the compactness property of T and study weak convergence of the
iterations (1.10).

THEOREM 6.6. Let E be a real uniformly convex and uniformly smooth Banach space and
K a nonempty closed convex subset of E. Let T : K — K be a uniformly continuous mapping
which is total asymptotically nonexpansive and there exist constants Mo, M > 0 such that
(L) < MoA for all A > M. Let N(T) # @ and {a,},=1 C (0,1) be such that >.7° a, = oo.
Taking an arbitrary x; € K define the sequence {x,} by (1.10). Assume that

Z(xnkﬁll) < o0, Zocnkﬁ,z) < 00, Zpg((xn) < o0, (6.21)
1 1 1

~

and there exist a positive differentiable function 8(€) : [0,2] — [0, 1] and positive constants
¢, D, Dy and Dy such that 8p(€) = cb(€), |8y(€)| <D for all 0 < € <2, k) < Dy, and
kY < Dyaty. If the operator F = I — T is demi-closed, then {x,} weakly converges to a fixed
point of T.

Proof. In Theorem 6.2, we have established that ||x,|| < C and lim,_« Fx, = 0. Every
bounded set in a reflexive Banach space is relatively weakly compact. This means that
there exists some subsequence {x,, } < {x,} that weakly converges to a limit point X. Since
K is closed and convex, it is also weakly closed. Therefore X € K. Since F = I — T is demi-
closed, X € N(T). Thus, all weak accumulation points of {x,} belong to N'(T). If N(T)
is a singleton, then the whole sequence {x,} converges weakly to X. Otherwise, we will
prove the claim by contradiction (see [9]). O
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