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Suppose K is a nonempty closed convex subset of a real Banach space E. Let S,T: K — K
be two asymptotically quasi-nonexpansive maps with sequences {u,}, {v,} C [0, ) such
that >, ju, <o and 3 v, <oo,and F=F(S)NF(T):={x€K:Sx =Tx=x} + Q.
Suppose {x,} is generated iteratively by x; € K, xp41 = (1 — at) x5 + 0, S"[(1 — )Xy +
BnT"x,], n = 1, where {a,} and {f,} are real sequences in [0,1]. It is proved that (a)
{x,} converges strongly to some x* € F if and only if liminf,_.d(x,,F) = 0; (b) if X is
uniformly convex and if either T or S is compact, then {x,} converges strongly to some
x* € F. Furthermore, if X is uniformly convex, either T or S is compact and {x,} is
generated by x1 € K, X41 = apXy + BnS" [0}, + 3, T" %0 + y7,2,] + Ynzn, 0 = 1, where {z,},
{z,,} are bounded, {a,}, {Bn}, {yn}, Lo}, 1B}, 1y, } are real sequences in [0,1] such that
Wn+But+yn=1=a,+p,+y, and {y,}, {y,} are summable; it is established that the
sequence {x,} (with error member terms) converges strongly to some x* € F.

Copyright © 2006 N. Shahzad and A. Udomene. This is an open access article distributed
under the Creative Commons Attribution License, which permits unrestricted use, dis-
tribution, and reproduction in any medium, provided the original work is properly cited.

1. Introduction

Let K be a nonempty subset of a real normed linear space E. Let T be a self-mapping
of K. Then T is said to be asymptotically nonexpansive with sequence {v,} C [0,c0) if
lim,_ v, = 0 and

[|[T"x = T"y|| < (1+va)llx = yll (1.1)

for all x,y € K and n > 1; and is said to be asymptotically quasi-nonexpansive with se-
quence {v,} C [0,00) if F(T):={x € K:Tx =x} # &, lim;_ v, =0 and

[|[T"x — x*|| < (14 v,)llx —x*|| (1.2)
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2 Approximating common fixed points

forallx € K, x* € F(T) and n = 1. The mapping T is called nonexpansiveif || Tx — Tyl <
lx — yll for all x,y € K; and is called quasi-nonexpansive if F(T) # @ and || Tx —x*|| <
lx —x*| for all x € K and x* € F(T). It is therefore clear that a nonexpansive mapping
with a nonempty fixed point set is quasi-nonexpansive and an asymptotically nonexpan-
sive mapping with a nonempty fixed point set is asymptotically quasi-nonexpansive. The
converses do not hold in general. The mapping T is called uniformly (L,y)-Lipschitzian if
there exists a constant L >0 and y > 0 such that

[|T"x — T"y|| < Lllx -yl (1.3)

forallx,y € Kand n = 1.

The class of asymptotically nonexpansive maps was introduced by Goebel and Kirk [3]
as an important generalization of the class of nonexpansive maps. They established that if
K is a nonempty closed convex bounded subset of a uniformly convex Banach space E and
T is an asymptotically nonexpansive self-mapping of K, then T has a fixed point. In [4],
they extended this result to the broader class of uniformly (L, 1)-Lipschitzian mappings
with L < A, where A is sufficiently near 1.

Iterative techniques for approximating fixed points of nonexpansive mappings and
their generalizations (asymptotically nonexpansive mappings, etc.) have been studied by
a number of authors (see, e.g., [1, 12—15] and references cited therein), using the Mann
iteration method (see, e.g., [7]) or the Ishikawa-type iteration method (see, e.g., [5]).

In 1973, Petryshyn and Williamson [8] established a necessary and sufficient con-
dition for a Mann iterative sequence to converge strongly to a fixed point of a quasi-
nonexpansive mapping. Subsequently, Ghosh and Debnath [2] extended Petryshyn and
Williamson’s results and obtained some necessary and sufficient conditions for an
Ishikawa-type iterative sequence to converge to a fixed point of a quasi-nonexpansive
mapping. Recently, in [9, 10], Qihou extended the results of Ghosh and Debnath to the
more general asymptotically quasi-nonexpansive mappings. More precisely, he obtained
the following result.

TaEOREM 1.1 [9, Theorem 1, page 2]. Let K be a nonempty closed convex subset of a Ba-
nach space E and T : K — K an asymptotically quasi-nonexpansive mapping with sequence
{vn} C [0,00) such that >.;> v, < oo, and F(T) + @. Let {a,} and {f,} be real sequences
in [0, 1]. Then the sequence {x,} generated from arbitrary x, € K by

Xpr1 = (1 —an)xn +anT"[(1 = Bn)xn + BuT"x4], n=>1, (1.4)

converges strongly to some fixed point of T if and only if liminf, .. d(x,,F(T)) = 0, here
d(y,C) denotes the distance of y to a set C, that is, d(y,C) = inf{d(y,x) : x € C}.

Furthermore, in [11], Qihou also established sufficient conditions for the strong con-
vergence of the Ishikawa-type iterative sequences with error member for a uniformly
(L,y)-Lipschitzian asymptotically nonexpansive self-mapping of a nonempty compact
convex subset of a uniformly convex Banach space. In [6], Khan and Takahashi studied
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the problem of approximating common fixed points of two asymptotically nonexpansive
mappings and obtained the following result.

THEOREM 1.2 [6, Theorem 2, page 147]. Let E be a uniformly convex Banach space and K a
nonempty compact convex subset of E. Let S, T : K — K be two asymptotically nonexpansive
mappings with sequence {k, — 1} C [0, 00) such that >, | (k, — 1) < 00, and F(S) N F(T) #
D. Let {a,} and {B,} be real sequences in [€,1 — €] for some € € (0,1). Then the sequence
{x,} generated from arbitrary x, € K by

Xn1 = (1= an)xn +0nS"[(1 = Br)xn+PuT"xn], n=1 (1.5)

converges strongly to some common fixed point of S and T.

The purpose of this paper is to establish:

(i) necessary and sufficient conditions for the convergence of the Ishikawa-type itera-
tive sequences involving two asymptotically quasi-nonexpansive mappings to a common
fixed point of the mappings defined on a nonempty closed convex subset of a Banach
space, and

(ii) a sufficient condition for the convergence of the Ishikawa-type iterative sequences
involving two uniformly continuous asymptotically quasi-nonexpansive mappings to a
common fixed point of the mappings defined on a nonempty closed convex subset of a
uniformly convex Banach space. Further, we establish, as corollaries, the cases with error
member terms. Our results are significant generalizations of the corresponding results of
Ghosh and Debnath [2], Petryshyn and Williamson [8], Qihou [9-11], and of Khan and
Takahashi [6].

2. Preliminaries

In what follows, we will make use of the following lemmas.

LEMMA 2.1 (see, e.g., [13]). Let E be a uniformly convex Banach space and {a,} a se-
quence in [€,1 — €] for some € € (0,1). Suppose {x,,} and {y,} are sequences in E such that
limsup,_., lx,ll <7, limsup,,_., ly.ll <1, and limsup,_ ., llanx, + (1 — ) yull = 7 hold
for some r > 0. Then lim,,—.« 1%, — yull = 0.

LEmMMA 2.2 (see, e.g., [16]). Let p > 1 and R > 1 be two fixed numbers and E a Banach space.
Then E is uniformly convex if and only if there exists a continuous, strictly increasing, and
convex function g : [0,00) — [0,00) with g(0) = 0 such that [|Ax + (1 = A)yll? < Allx||? +
A =MDliyll? = Wy(D)g(llx — yll) for all x,y € Br(0) = {x € E: [|x[| <R}, and A € [0,1],
where W,(A) = A(1 = )P +AP(1 = 1).

LEmMA 2.3 (see, e.g., [14]). Let {A,} and {0,} be sequences of nonnegative real numbers
such that Aysy < Ay +0,, V0> 1and ) 0, < co. Then lim,_.« A, exists. Moreover, if there
exists a subsequence {A,,} of {A,} such that A, — 0 as j — oo, then A, — 0 asn — co.
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3. Main results

Let K be a nonempty closed convex subset of a real Banach space E. Let S,T: K — K
be two asymptotically quasi-nonexpansive mappings. The following iteration scheme is
studied:

X1 = (1= an)xn + 0 S" [ (1= ) xn + T 0], (3.1)

with x; € K, n > 1, where {a,} and {f,} are sequences in [0, 1].

TaeoreM 3.1. Let E be a real Banach space and K a nonempty closed convex subset of
E. Let S,T : K — K be two asymptotically quasi-nonexpansive mappings with sequences
{un}, {va} C[0,00) suchthat >, ju,<coand > v, <o, and F=F(S)NF(T):={x €
K:Sx=Tx=x} # @. Let {a,} and {,} be sequences in [0,1]. Starting from arbitrary
x1 € K, define the sequence {x,} by the recursion (3.1). Then
(1) Nlxps1 —x*l = A+ by)llxy —x*|| for all n = 1, x* € F, and for some sequence {b,}
of numbers with > | b, < .
(2) There exists a constant M > 0 such that ||x,4m — x*|| < Mllx, — x*|| for all n,m > 1
and x* € F.

Proof. (1) Letx* € Fand y, = (1 — B,)xy + $,T"x,. Then

(et = [ = [1(1 = o) + a8y — x|
< (1= an) [|xn — ™[+ an (1 + wa) [y — 2™,
[yn = x| = [[(1 = Bu)xn + Bu T"xn — x| (3.2)
(1= B lloew = x| + B (1 + vi) 200 — x|

=< (1) |loen = x*|.

IA

Using (3.2), we obtain

21 — x*|| < [1+ an (tn + Vi) + @ntinva ] |0 — x*|

< [14up+ vy +ugva]||x, — x*|| (3.3)
< (1+by)||xn — x*|]

where by, = u, + v, + uyv, with 3. b, < o0,
(2) Notice that for any n,m > 1

||xn+m _X*H <(1 +bn+m—l)||xn+m—1 —X*||

< exp (buem—1)|[Xnm-1 — x*||

nt+m—1
<. Sexp< > bk>||xn—x*||.
k=n

(3.4)
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Let M = exp(>.;, bx). Then 0 < M < o0 and

[|%n4m — x*|| < M||x, — x*]]. (3.5)
(Il

THEOREM 3.2. Let E be a real Banach space and K a nonempty closed convex subset of E. Let
S,T: K — K be two asymptotically quasi-nonexpansive mappings (S and T need not be con-
tinuous) with sequences {uy,},{v,} C [0,00) such that >, u, < o and 3., v, < o, and
F=FS)NF(T):={xeK:Sx=Tx=x}# D. Let {a,} and {S,} be sequences in [0,1].
From arbitrary x| € K, define the sequence {x,} by the recursion (3.1). Then {x,} converges
strongly to some common fixed point of S and T if and only if liminf, . d(x,,F) = 0.

Proof. It suffices that we only prove the sufficiency. By Theorem 3.1, we have [|x,+1 —
x* < (1+b,)llx, —x*| foralln > 1 and x* € F. Therefore, d(x,+1,F) < (1+b,)d(x,,F).
Since >, by < o0 and liminf, . d(x,,F) = 0, it follows by Lemma 2.3 that lim,,—  d(x;,
F) = 0. Next we will show that {x,} is a Cauchy sequence. Since lim,,_.., d(x,, F) = 0, given
any € > 0, there exists a natural number n such that d(x,,F) < €/4M for all n > ny. Here
M > 0 is the constant in Theorem 3.1(2). So we can find w* € F such that [|x,, — w*|| <
€/3M. Using Theorem 3.1(2), we have for all n > ny and m > 1 that

Xt = xull < [[%nsm — w* || + |20 — w*]
< M|xn, — w* [ + M|, — w*|| (3.6)

= 2M||xn, — w*|| < €.

This implies that {x,} is a Cauchy sequence and so is convergent, since X is complete.
Let limy—c x, = y*. Then y* € K. It remains to show that y* € F. Let € > 0 be given.
Then there exists a natural number n; such that |lx, — y*|| < €/2max{2+u;,2+v,} for
all n > n,. Since lim,,. , d(x,,F) = 0, there exists a natural number #n, > n; such that for
all n > n, we have d(x,,F) < €/3max{2+ u;,2+v;} and in particular we have d(x,,,F) <
€/3max {2+ uy,2+v1}. Therefore, there exists z* € F such that ||x,,, — z*|| < €/2max{2+
u1,2 +v1}. Consequently we have

1Sy* = y*Il = ||Sy* — 2% + 2% = x, + x, — y*||
< ISy* — 2%l +]|2* — i, || + [, — ¥
< (L+w)lly* = 2%l +|l2* = 2, || + [Jn, — y*]|

S(2+u1)||y*_xn2||+(2+“1)||xﬂ2_2*” (37)

€ (2+u) €

<(2+ +
( ul)Zmax{2+u1,2+v1} 2max{2+u;,2+v}

<€

This implies that y* € F(S). Similarly, y* € F(T). Hence y* € F. This completes the
proof. O
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THEOREM 3.3. Let E be a real uniformly convex Banach space and K a nonempty closed
convex subset of E. Let S,T : K — K be two uniformly continuous asymptotically quasi-
nonexpansive mappings with sequences {uy},{v,} C [0,00) such that >,  u, < c and
Swqvn< oo, and F=F(S)NF(T):={x €K :Sx=Tx=x} + Q. Let {a,} and {f,} be
sequences in [€,1 — €] for some € € (0,1). From arbitrary x, € K, define the sequence {x,}
by the recursion (3.1). Then

%Ll‘l;lo %0 = T"xa|| = 0= ;1151010 |20 = §"x,]- (3.8)

Proof. Letx* € F. Then, by Theorem 3.1(1) and Lemma 2.3, lim,_. ||, — x*|| exists. Let
lim, .o llx, —x*[| = r. If r = 0, then by the continuity of S and T the conclusion follows.
Now suppose > 0. We claim

%ijglo||8”xn—xn|| =0=£ij£10||T"xn—xn||. (3.9)

Set ¥, = (1 = Bn)xn + BuT"x,. Since {x,} is bounded, there exists R >0 such that x,, —
x*, ¥, —x* € Bg(0) for all n > 1. Using Lemma 2.2, we have that

||y,,—x*||2: || 1_/371 xn+/3,,T”x,,—x*||2
<ﬁn||Tnxn_x*|| + 1_/311 ||xn_x*|| _WZ ||T"x,,—xn||
Sﬁn(1+vn ||xn_x*|| + l_ﬂn ||xn_x*~| = 1+Vn ||xn_x*|| .
(3.10)
From Lemma 2.2, it follows that
e = [1° = [1(1 = o) + 08"y — ¥
<(l—-a) ||xn_x>k||2"""n(l"’“n)zn)’n_x*”2
— Wa( ‘xn ||Sn}’n_xn||
(3.11)

)

* 2 2 *112

S(1_"% ||xn_x || +“n(1+un) (1+Vn) ||xn_x H
— W) ( “n ||S }’n—an)

< [ = x*|I* + cuR% = Wi () g (1S — x4l )

where ¢, = (1 — €)[2(uy +vy) + (U2 + dupv, +v2) + 2(u,v2 + u2v,) + v2v2]. Observe that
Wa(a,) = €% and 3, ¢, < o0. Now (3.11) implies that

€ g(lI8"yn—xal]) < |1 = x*[P + R > ¢ < . (3.12)
n=1 n=1

Therefore, we have lim,,—.. (118" ¥, — x,|l) = 0. Since g is strictly increasing and continu-
ous at 0, it follows that

lim [[$" y — || = 0. (3.13)
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Since S is asymptotically quasi-nonexpansive, we can get that
[lxn = x* || < [lxn = "yl + (14 1) [y — x*]], (3.14)
from which we deduce that r < liminf, .« ||y, —x*[|. On the other hand, we have

yn = x*[] < [[(1 =) xn+ BuT"x0 — x|
:||(1_/3n)(xn_x )+ﬁn T"x, — x* ||

< (1Bl <1+ (1 v)Bil b '] 1)
= ||xn — x* || + Buvallxn — x*|| < (1+va)||xn — x*]],
which implies limsup,,_ , [y, —x*|| < r. Therefore, lim,_« ||y, —x* || = r and so
Lim [|B, (T"20 = ™) + (1= Ba) (200 — ™) || = 7. (3.16)
Since limsup,,_, IT"x, — x*|| <, it follows from Lemma 2.1 that
lim || 7"x, — x| = 0. (3.17)
Also, we have
118" %0 = xul| < 1" %0 = "yl [ + ISy = xa. (3.18)

Since S is uniformly continuous and |[x, — y,Il — 0 as n — oo, it follows from (3.18) that
limy—« [1S"x, — x4l = 0. This completes the proof. O

THEOREM 3.4. Let E be a real uniformly convex Banach space and K a nonempty closed
convex subset of E. Let S,T : K — K be two uniformly continuous asymptotically quasi-
nonexpansive mappings with sequences {u,},{v,} C [0,00) such that >, u, < c and
SwiVn< oo, and F=F(S)NF(T):={x€K:Sx=Tx=x} + D. Let {a,} and {f,} be
sequences in [€,1 — €] for some € € (0,1). From arbitrary x, € K, define the sequence {x,}
by the recursion (3.1). Assume, in addition, that either T or S is compact. Then {x,} con-
verges strongly to some common fixed point of S and T.

Proof. By Theorem 3.3, we have
lim [[8"x, — x| = 0 = lim || T"x, — x| (3.19)
and also
lim ||, = 8"ynl| = 0. (3.20)
If T is compact, then there exists a subsequence { T"x,, } of { T"x,} such that T"x,, — x*

as k — oo for some x* € K and so T"*x, — Tx* as k — 0. From (3.19), we have x,, —
x* as k — oo. Also 8™y, — x™ as k — oo by (3.20). Since [|xp+1 — Xu || < 1%, = S™ y, |l
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it follows that x,,, 11 — x* as k — c0. Again, from (3.20), we have "y, ., — x*. Next we
show that x* € F. Notice that

[l = T || < 2™ = s [+ | Pemers = T x|

3.21

[Ty — T o, ||+ || T xy,, — Tx*. (3.21)
Since T is uniformly continuous, taking the limit as k — co and using (3.19), we obtain
that x* = Tx* and so x* € F(T). Notice also that

e = 5411 = [l st [l = $%* |

3.22
R e
Letting k — oo, we also have that x* = Sx* and so x* € F(S). Thus x* € F. Hence, by
Lemma 2.3, x, — x* € F since lim,_« ||x, — x™ || exists. If S is compact, then essentially
the same arguments as above give the conclusion. This completes the proof. O

CoROLLARY 3.5. Let E be a real uniformly convex Banach space and K a nonempty compact
convex subset of E. Let S, T : K — K be two continuous asymptotically quasi-nonexpansive
mappings with sequences {u,},{v,} C [0,00) such that 3, u, < 0 and >, v, < o0, and
F=F(S)NF(T):={xeK:Sx=Tx=x}+ . Let {a,} and {B,} be sequences in [€,] —
€] for some € € (0,1). From arbitrary x; € K, define the sequence {x,} by the recursion
(3.1). Then {x,} converges strongly to some common fixed point of S and T.

COROLLARY 3.6. Let E be a real uniformly convex Banach space and K a nonempty compact
convex subset of E. Let T : K — K be a continuous asymptotically quasi-nonexpansive map-
ping with sequence {v,} C [0,00) such that >, v, < oo. Let {a,} and {B,} be sequences
in [€,1 — €] for some € € (0,1). From arbitrary x|, € K, define the sequence {x,} by the
recursion

Xpe1 = (1= an)xn +an T"[ (1 = ) xn + BuT" x4 ] (3.23)

with n = 1. Then {x,} converges strongly to some fixed point of T.

Remarks. (1) Corollary 3.5 extends Theorem 1.2 to the more general class of mappings
considered in this paper. It is worth noting that Theorem 1.2 is proved for two asymptot-
ically nonexpansive mappings having the same sequence {u,} (here u, = k, — 1). How-
ever, in our results S and T have separate sequences {u,} and {v,}, respectively.

(2) Theorem 3.2 contains as special cases Theorem 1.1, the main result of Qihou [9],
together with [9, Corollaries 1 and 2], which are themselves extensions of the results of
Ghosh and Debnath [2] and Petryshyn and Williamson [8].

(3) Theorem 3.7 and Corollary 3.8 below are easily provable since the sequences {y,},
{y,} in [0,1] are assumed summable and the sequences {z,}, {z; } in K are bounded. Usu-
ally, once a convergence result has been established for an iteration scheme without errors,
such as (1.4) or (3.1), it is not always difficult to establish the corresponding result for the
case with errors such as the main theorem of [11] or Theorem 3.7 and Corollary 3.8 below,
once {y,}, {y,} are assumed summable and the sequences of error terms are bounded.
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TaeorEM 3.7. LetE, K, S, T and F be as in Theorem 3.4. Let {at,}, {Bn}, {yn} {0}, B},
and {y,} be sequences in [0,1] with o, + By +yn = &, + B, + 7y, =1 for all n = 1. From
arbitrary x; € K, define the sequence {x,} by

Xn+1 = OnXp +ﬂnsnyn + VYnZn,

’ ’ o (3.24)
Yn = &yXn +;8nTnle + Ynzn’

where {z,} and {z,} are bounded sequences in K. Suppose (i) for some € € (0,1), B, +yn €
[e,1—¢€]and B, +y, € [e,1 —€] forall n> 1, and (ii) >, 1 yn < 0, 2.1 ¥ < . Then
{x,} converges strongly to some common fixed point of S and T.

CoroLLARY 3.8. Let E, K, S, T and F be as in Corollary 3.5. Let {x,} be defined as in
Theorem 3.7 and let the sequences {an}, {Sul, {yn}> {0, }, {Bn}, and {y,} satisfy the same
conditions as in Theorem 3.7. Then {x,} converges strongly to some common fixed point of
Sand T.

Remarks. (4) Corollary 3.8 extends the results of Qihou [11] to the more general class of
continuous asymptotically quasi-nonexpansive mappings on a compact convex subset of
a uniformly convex Banach space.

(5) In Theorems 3.3, 3.4 and Corollaries 3.5, 3.6, the prototypes for the sequence {a,, }
and {B,} are a, = 1/2 = f,, for all n = 1. In this case € = 1/4 satisfies the conditions given
therein.

(6) In Theorem 3.7 and Corollary 3.8, the prototypes for the sequences {a,}, {1},
{ya}, {a,}, (B}, and {y,} are a, =3/4— 1/(n+1)> =a); Bu=1/4= B yu = /(n+
1)2 =y, for all n > 1. In this case, € = 1/4 satisfies the conditions given therein.

(7) Theorems 3.1, 3.2, 3.3, 3.4, 3.7 and Corollaries 3.5, 3.6, 3.8 remain true for the
subclass of asymptotically nonexpansive mappings.
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