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We discuss convergence theorems of modified Ishikawa and Mann iterative sequences
with errors for asymptotically pseudocontractive and asymptotically nonexpansive map-
pings in Banach spaces, and the boundedness of the domain and range can be dropped,
generalizing theorems of Chang.
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1. Introduction and preliminaries

Throughout this paper, we assume that E is a real Banach space, E* is the topological dual
space of E, (-,-) is the dual between E and E*, D(T) and F(T) denote the domain of T
and the set of all fixed points of T, respectively, and J : E — 2F" is the normalized duality
mapping defined by

Jx)={f € E*: (e, f) = llxl - L FIL I fll = lIxll}, x€E. (1.1)

Definition 1.1. Let T : D(T) C E — E be a mapping.
(1) T is said to be asymptotically nonexpansive if there exists a sequence {k,} in (0, )
with lim,,— « k,, = 1 such that

[|T"x — T"y|| < kallx — yll (1.2)

forallx,y e D(T)and n=1,2,....

(2) T is said to be asymptotically pseudocontractive if there exists a sequence {k,}
in (0,00) with lim,_.k, = 1, and for any x,y € D(T) there exists j(x — y) € J(x — y)
such that

(T"x = T"y, j(x—=y)) <kallx = ylI? (1.3)
foralln=1,2,....
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3 1S said to be unitorm -Lipschitzian if there exists L > 0 such that
(3) T is said to be uniformly L-Lipschitzian if th ists L h th
||[T"x — T"y|| < Lllx— yl| (1.4)

forallx,y e D(T)and n=1,2,....
The following proposition follows from Definition 1.1 immediately.

ProrosiTioN 1.2. (1) If T : D(T) C E — E is nonexpansive, then T is an asymptocially
nonexpansive mapping with a constant sequence {1}.

(2) If T: D(T) C E — E is asymptotically nonexpansive, then T is a uniformly L-Lip-
schitzian, where L = sup,,., {k,} and asymptotically pseudocontractive mapping.

Definition 1.3. (1) Let T: D(T) C E — E be a mapping, let D(T) be a nonempty convex
subset of E, let xo € D(T') be a given point, and let {a,}, {$.}, {yx}, and {5,} be four
sequences in [0, 1]. Then the sequence {x,} defined by

Xn+l = (1 — 0y — )/n)xn +05nTnyn + VYnln,

Vn=0, 1.5
yfl:(l_ﬁn_sn)xn"'ﬁnTnxn_f'(Snvm " ( )

is called the modified Ishikawa iterative sequence with errors of T, where {u,} and {v,}
are two bounded sequences in D(T).

(2)In(1.5)iff, =0and§, =0,n=0,1,2,..., then y, = x,. The sequence {x,} defined
by

Xne1 = (1= @ = Yn) Xn + 0n T" %0 + Yuthy, Vn>0, (1.6)

is called the modified Mann iterative sequence with errors of T.

In this paper, we discuss convergence theorems of modified Ishikawa and Mann itera-
tive sequences with errors for asymptotically pseudocontractive and asymptotically non-
expansive mappings in Banach spaces, and the boundedness of the domain and range can
be dropped, generalizing theorems of Chang [1].

LEMMA 1.4 [4]. Let {A,}, {By}, and {C,} be sequences of nonnegative real numbers satis-
fying the inequality
Ap1 < (1+4By)A,+C,, Vn=0. (1.7)

If > 0By <+ooand Y, (Cy < +oo, thenlim, . A, exists.

2. Main results

LemMa 2.1. Let E be an arbitrary real Banach space, let D be a nonempty closed convex
subset of E, let T : D — D be a uniformly L-Lipschitzian asymptotically pseudocontractive
mapping with a sequence {k,} C [1,00), > ((k, — 1) < +oo. Let {an}, {fu}, {yn}, and
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{64} be four sequences in [0, 1] satisfying the following conditions:
(D) ay+yn<1LBu+0, < 1L;
(ii) By < ap, On < yp, foralln = 0;
(iii) 3, yn < +o0o;
(iv) 2o ap < +oo.

Let xo € D be any given point and let {x,} and {y,} be the modified Ishikawa iter-
ative sequence with errors defined by (1.5). If F(T) # @, then for any given g € F(T),
lim, . [lx, — ql| exists.

Proof. Set M = max{sup,.,llt, — qll, sup,., llva —qll}.
Since T is asymptotically pseudocontractive, for all x,y € D, there exists j(x — y) €
J(x — y) such that

(T"x = T"y, j(x—y)) <kallx = ylI>. (2.1)
Then from inequality (2.1), we obtain

((kal = T")x = (koI = T")y, j(x=y)) = knllx = ylI> = (T"x = T"y, j(x = y)) = 0,
(2.2)

and it follows from Kato [2] that
lx—yll < |Jx— y+A[ (keI = T")x — (koI = T") ]|,  Vx,y € D, A>0. (2.3)

Set a, := a, + yu. Then from the recursive formula (1.5), we have x,+1 = (1 — a,)x, +
anT"yn — Yn(T"yu — uy). It follows that

Xn = (1+an) Xnt1 + an(knI = T") Xps1 — @nknxn + a5 (1+ k) (X, = T"yn)
(2.4)
+ay (T"xni1 — T"yn) + Yul 1+ an(1+kn) | (T" yu — un).

Observe that
q=1+a,)q+an(ksd —T")q — anknq. (2.5)
So that

Xn—q = (1+an) (xne1 — q) + an[ (keI = T") xp1 — (knl — T")q] — ankn(xn — q)

+a2(1+ky) (X0 = T ) + @n(T %1 — T"yn) + Yl 1+ an(1+ka) | (T" yn — un).
(2.6)
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Hence

b = all = (14 @) s = g+ T2 [T = T %001 = (k= T3] | - kil g

1+ an
—ay (14 k) [0 = T" | = @nl | T" 510 = T"y,|
— Pl 1+ an(1+ k) ||| Ty — |

= (1+an) |[xner = qll = ankallxn — gll = ag (1+ k) 10 = T" |

— an||T" %41 = Tyl = yul1+an (1 + ko) 1| Ty — ua|.
(2.7)

So

s =all = [ 1+ 72 (= 1) [l = all .02 (1 o) = 770

(2.8)
+ an||T" %01 — Tyl | + Yl 1+ an (14 Ka) Y| T" v — wa]-

Furthermore, set b, := f8, + &,. Then from recursive formula (1.5), we have y, = (1 —
bu)xy + b, T"x, — 6,(T"x,, — v,). By condition (ii), we have b, < a,, for all n > 0. We make
the following estimates:

yn =gl = [[(1 = b2) (xn = q) +ba(T"%5 = q) = 8 (T"x5 = v) |
< [14 b4 (L = 1)]|xn — gl| + 8[| T"x — v
(2.9)

< Ll|x — qll + 8uLllxn — ql| + 8,M
= L(1+6,) ||xn — qll + 8:M,

[ = T"yall < |10 = gl + LIl y» = 4|
<||xn — gl| + L*(1 4 8,) || — ql| + LS. M
< [1+L2(1+64)]|xn — qll + L8uM,

Ty = tunl| < L||yn = ql[ +[|un — gl
<L*(1+48,)||xn—ql|+ 1+ L5, )M

T"%ns1 = T"yull < Lllns1 = yull

= Ll[xn = yn+ an(T"yn = %n) = yu(T"yn = tn) |
< Lllxw = yull + Lan|[T" yu = xall + Lyu| [ T" yn — |
=L||by(x0 — T"x,) + 8, (T %, — vi) ||

+ Lay||T" yn — xu|| + Lya| | T" yu — |
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< Lby||xy — T™xn|| + LS| | T"x — v
+Lay||T"yn = xul[ + Lyl T" yn — un|
< La,(1+L)||x, — q| + L*8,||x. — ql|
+L8,M +La,[1+L*(1+8,)]||x: — ql]

+ L2, 8,M + L2y, (1+68,)||x0 — || + Lyn (14 LS,) M.
(2.10)

Using (2.9) and (2.10) in (2.8), we obtain the following estimation:

a
s —all = | 1+ 77

(k= 1) [l = qll+2 (14 Kn) [1+ 221+ 8) g

+a2(1+k,) L8, M+ La% (14 L) ||xn — q|| + L*an8,||xn — q|| + La,6,M
+Laz[1+L*(1+68,)]||xn — || + L2a28,M + L*any, (1 + 8,) |0 — ql|
+Lany, (1+ L) M+ yu[1+a,(1+k,) |L*(148,)||x. — ql|

+yall+an(1+k,) ] (1+L8,) M

= {1+ 1:1_” (kn—1)+a2(1+k,)[1+L*(1+8,)] +La’(1+L) +L*a,d,

n

+Las[1+L*(1+68,) ]+ L’any,(1+6,)
+yn[1+an(1+k,,)]L2(1+6n)}||xn—q||
+ {ai(l +k,)L8,M + La,6,M + L*a%8,M

+Lany,,(1+L8n)M+y,,[1+an(1+kn)](1+L8n)M}.

(2.11)

Set

An:=lxn — 4,

B, := lj"an (ky — 1) +a2(1+k,) [1+L2(1+6,) ] +La2 (1 +L) +L2a,0,
+La2[1+L2(1+68,) ]+ L2ayy, (1+8,) +yu[1+a,(1+k,) L2 (1+6,), (2.12)

Cp:=a’(1+k,)L8,M + La,86,M + L*a8,M + La,y, (1 + LS,) M

+yull+an(1+k,)](1+L5,) M,
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then inequality (2.11) is equal to
Apr1 < (14 By)A, +C,. (2.13)

By conditions (ii), (iii), and (iv), we know >.> (B, < 4+, >." , C, < +00. By Lemma 1.4,
we know lim,,_« [|x, — g|| exists. O

THEOREM 2.2. Let E be a real uniformly smooth Banach space, let D be a nonempty closed
convex subset of E, and let T : D — D be a uniformly L-Lipschitzian asymptotically pseu-
docontractive mapping with a sequence {k,} C [1,00), >.° ((k, — 1) < +o0. Let {a,}, {Bu},
{yn}, and {8,} be four sequences in [0,1] satisfying the conditions (i)—(iv) in Lemma 2.1.

Let xo € D be any given point and let {x,}, {y,} be the modified Ishikawa iterative
sequence with errors defined by (1.5).

(1) If {x,} converges strongly to a fixed point q of T'in D, then there exists a nonde-
creasing function ¢ : [0,00) — [0,00), ¢(0) = 0 such that

(T~ ] (9 —a)) <kallyn —all* = ¢(|lyn —4ll), (*)

forall n > 0.
(2) Conversely, if there exists a strictly increasing function ¢ : [0,00) — [0, 0), $(0) =0
satistying condition (*), then x,, — q € F(T).

Proof. Since E is uniformly smooth, the normalized duality mapping J : E — E* is single-
valued and uniformly continous on any bounded subset of E.

(1) Letx,, — g€ F(T). From conditions (ii)—(iv) in Lemma 2.1, we have 3, — 0, §, — 0.
Besides noticing ||y, — gll < L(1+8,)llx, — qll +8,M in (2.9) of Lemma 2.1, we have

Yn—¢q (n— o). (2.14)

The rest of the proof is the same as Chang’s [1, Theorem 2.1].

(2) By Lemma 2.1, we know lim, .« |lx, — gl exists. So {x,} is bounded. And by the
proof of Lemma 2.1, we can also get {T"y, — yu}, {x, — T"x,}, {xn — vu}, and {u, — yu};
all are bounded. So the rest of the proof is the same as Chang’s [1, Theorem 2.1]. O

Remark 2.3. (1) Theorem 2.2 removes the restriction on D which is bounded in Chang
[1, Theorem 2.1].

(2) Respectively, we can get Chang [1, Theorems 2.2, 2.3, and 2.4], but without the
restriction on D which is bounded.

(3) In Osilike and Akuchu [3], they discussed the common fixed points of a family of
asymptotically pseudocontractive maps. Our paper is different from it.
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