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We prove Browder’s type strong convergence theorems for infinite families of nonexpan-
sive mappings. One of our main results is the following: let C be a bounded closed convex
subset of a uniformly smooth Banach space E. Let {T,, : n € N} be an infinite family of
commuting nonexpansive mappings on C. Let {a,} and {t,} be sequences in (0,1/2)
satisfying lim,, t, = lim, a,,/t} = 0 for £ € N. Fix u € C and define a sequence {u,} in C
by u, = (1 — ) (1 = S} ) Thuy + S5 t5Ths1u,) + ayu for n € N. Then {u,} con-
verges strongly to Pu, where P is the unique sunny nonexpansive retraction from C onto
ﬂ:;ozl F(Tn)-
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1. Introduction

Let C be a closed convex subset of a Banach space E. A mapping T on C is called a non-
expansive mapping if || Tx — Ty|l < |lx — y|| for all x, y € C. We denote by F(T) the set of
fixed points of T. We know that F(T') is nonempty in the case that E is uniformly smooth
and C is bounded; see Baillon [1]. When E has the Opial property and C is weakly com-
pact, F(T) is also nonempty; see [11, 13]. See also [4, 5, 10] and others. Fix u € C. Then
for each & € (0, 1), there exists a unique point x, in C satisfying x, = (1 — a) Tx, + au be-
cause the mapping x — (1 — &) Tx + au is contractive; see [2]. In 1967 Browder [6] proved
the following strong convergence theorem.

THeOREM 1.1 (Browder [6]). Let C be a bounded closed convex subset of a Hilbert space E
and let T be a nonexpansive mapping on C. Let {a,} be a sequence in (0,1) converging to 0.
Fix u € C and define a sequence {u,} in C by

u, = (1—a,)Tu, +a,u (1.1)

forn € N. Then {u,} converges strongly to the element of F(T) nearest to u.
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2 Infinite families of nonexpansive mappings

Reich extended this theorem to uniformly smooth Banach spaces in [17]. Using the
notion of Bochner integral and (invariant) mean, Shioji and Takahashi in [18] proved
Browder’s type strong convergence theorems for families of nonexpansive mappings

Very recently, the author proved the following Browder’s type strong convergence the-
orem for one-parameter nonexpansive semigroups. This is a generalization of the results
in [19, 25]. We remark that we do not use the notion of Bochner integral.

THEOREM 1.2 [24]. Let C be a weakly compact convex subset of a Banach space E. Assume
that either of the following holds:
(i) E is uniformly convex with uniformly Gateaux differentiable norm;
(ii) E is uniformly smooth; or
(iii) E is a smooth Banach space with the Opial property and the duality mapping J of E
is weakly sequentially continuous at zero.

Let {T(t) : t = 0} be a one-parameter nonexpansive semigroup on C. Let T be a nonnegative
real number. Let {a,} and {t,} be sequences of real numbers satisfying 0 < a, <1, 0 < T+ 1,
and t, # 0 for n € N, and lim, t, = lim, a,,/t, = 0. Fix u € C and define a sequence {u,} in
C by

= (1—0a,)T(T+t,)uy +anu (1.2)

for n € N. Then {u,} converges strongly to Pu, where P is the unique sunny nonexpansive
retraction from C onto (o F(T(¢)).

Also, very recently, the author proved Krasnoselskii and Mann’s type convergence the-
orems for infinite families of nonexpansive mappings in [21]. See also [20]. In this paper,
using the idea in [21], we prove Browder’s type strong convergence theorems for infinite
families of nonexpansive mappings without assuming the strict convexity of the Banach
space. We remark that if we assume the strict convexity, its proof is very easy because the
set of common fixed points of countable families of nonexpansive mappings is the set of
fixed points of some single nonexpansive mapping; see Bruck [8]. We also remark that
we do not use the notion of (invariant) mean.

2. Preliminaries

Throughout this paper, we denote by N, Z, @, and R the set of all positive integers, all
integers, all rational numbers, and all real numbers, respectively.
Let {x,} be a sequence in a topological space X. By the axiom of choice, there exist a
directed set (D, <) and a universal subnet {x¢(,): v € D} of {x,}, that is,
(i) f is a mapping from D into N such that for each n € N there exists vy € D such
that v = v, implies f(v) = n;
(ii) for each subset A of X, there exists vy € D such that either {x):v= v} CAor
{xf() v =7} C X\ Aholds.
In this paper, we often use {x, : v € D} instead of {xy(,) : » € D}, for short. We know that
if a net {x,} is universal and g is a mapping from X into an arbitrary set Y, then {g(x,)}
is also universal. We also know that if X is compact, then a universal net {x,} always
converges. See [12] for details.
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Let E be a real Banach space. We denote by E* the dual of E. E is called uniformly
convex if for each ¢ > 0, there exists § >0 such that [|[x+ yll/2<1—-6 for all x,y € E
with x| = llyll =1 and ||x — y|| > €. E is said to be smooth or said to have a Gdteaux
differentiable norm if the limit

+tyll —
i 1N = Nl 2.1)
t—0 t
exists for each x, y € E with [|x|| = || yll = 1. E is said to have a uniformly Gateaux differ-

entiable norm if for each y € E with || y|| = 1, the limit is attained uniformly in x € E with
x|l = 1. E is said to be uniformly smooth or said to have a uniformly Fréchet differentiable
norm if the limit is attained uniformly in x, y € E with |lx|| = ||y|| = 1. E is said to have
the Opial property [14] if for each weakly convergent sequence {x,} in E with weak limit
X0,

liminf |x, — xo|| < liminf ||x, — x| (2.2)

holds for all x € E with x # xy. We remark that we may replace “liminf” by “limsup.”
That is, E has the Opial property if and only if for each weakly convergent sequence {x,}
in E with weak limit xg,

limsup ||x, — xo|| < limsup||x, — x|| (2.3)
n—oo

holds for all x € E with x # xo.
Let E be a smooth Banach space. The duality mapping J from E into E* is defined by

2
|

(x,J(x)) = llx[I* = || (x) (2.4)

for all x € E. ] is said to be weakly sequentially continuous at zero if for every sequence
{x,} in E which converges weakly to 0 € E, {J(x,)} converges weakly* to 0 € E*.

A convex subset C of a Banach space E is said to have normal structure [3] if for every
bounded convex subset K of C which contains more than one point, there exists z € K
such that

supllx —z|l < sup [lx—yll. (2.5)
xeK x,yeK

We know that compact convex subsets of any Banach spaces and closed convex subsets
of uniformly convex Banach spaces have normal structure. Turett [27] proved that uni-
formly smooth Banach spaces have normal structure. Also, Gossez and Lami Dozo [11]
proved that every weakly compact convex subset of a Banach space with the Opial prop-
erty has normal structure. We recall that a closed convex subset C of a Banach space E
is said to have the fixed point property for nonexpansive mappings (FPP, for short) if for
every bounded closed convex subset K of C, every nonexpansive mapping on K has a
fixed point. So, by Kirk’s fixed point theorem [13], every weakly compact convex subset
with normal structure has FPP.
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Let C and K be subsets of a Banach space E. A mapping P from C into K is called sunny
(7] if

P(Px+t(x — Px)) = Px (2.6)

for x € C with Px+1 (x — Px) € C and t > 0. The following is proved in [15].

LemMa 2.1 (Reich [15]). Let E be a smooth Banach space and let C be a convex subset of
E. Let K be a subset of C and let P be a retraction from C onto K. Then the following are
equivalent:

(i) (x—=Px, J(Px—y)) =0 forallx € Cand y € K;

(ii) P is both sunny and nonexpansive.
Hence, there is at most one sunny nonexpansive retraction from C onto K.

The following lemma is proved in [24]. However, it is essentially proved in [16]. See
also [26].

LemMa 2.2 (Reich [16]). Let C be a nonempty closed convex subset of a Banach space E
with a uniformly Gateaux differentiable norm. Let {x,: « € D} be a net in E and let z € C.
Suppose that the limits of {||x4 — ylI} exist for all y € C. Then the following are equivalent:
(i) limgep [y — zll = minyeclimgep llxe — yll;
(ii) limsup,cp{y — 2, J(x4 —2)) <0 forall y € C;
(iii) liminfaep(y — 2, J(xo —2)) <0 forall y € C.

The following lemma is well known.

LemMA 2.3. Let {uy,} be a sequence in a Banach space E and let z belong to E. Assume
that every subsequence {uy,} of {u,} has a subsequence converging to z. Then {u,} itself
converges to z.

From Lemma 2.3, we obtain the following.

LeEMMA 2.4. Let {u,} be a sequence in a Banach space E. Assume that {u,} has at most one
cluster point, and every subsequence of {u,} has a cluster point. Then {u,} converges.

Proof. Since {u,} is a subsequence of {u,}, {u,} has a cluster point z € E. Let {u,,} be
an arbitrary subsequence of {u,}. Then by assumption {u,,} has a cluster point w € E.
Since w is also a cluster point of {u,}, we have w = z. Hence, {u,,} has a cluster point
z € E. That is, there exists a subsequence of {u,,} converging to z. So, by Lemma 2.3,
{un} converges to z. This completes the proof. O

3. Fixed point theorem

The following theorem is one of the most famous fixed point theorems for families of
nonexpansive mappings.

TaeoreM 3.1 (Bruck [9]). Suppose a closed convex subset C of a Banach space E has the
fixed point property for nonexpansive mappings, and C is either weakly compact, or bounded
and separable. Then for any commuting family S of nonexpansive mappings on C, the set of
common fixed points of S is a nonempty nonexpansive retract of C.
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Using Theorem 3.1, we prove the following fixed point theorem.

TaeoreM 3.2. Let C be a closed convex subset of a Banach space E. Let A be a weakly
compact convex subset of C. Assume that A has the fixed point property for nonexpansive
mappings. Let {T,, : n € N} be an infinite family of commuting nonexpansive mappings on
C such that

e

Ti(A) C A, Tos (A N (ﬂF(Tk))) cA (3.1)
k=1

for all € € N. Then there exists a common fixed point zo € A of {T, : n € N}J.

Proof. We put By := AN (-, F(Tx)) for € € N. We first show B, is nonempty and there
exists a nonexpansive retraction P, from A onto B, for all £ € N. From the assumption of
T1(A) C A, there exists a fixed point z; € A of Ty, that is, B; # &. By Theorem 3.1, there
exists a nonexpansive retraction P; from A onto B;. We assume B, is nonempty and there
exists a nonexpansive retraction P, from A onto B, for some € € N. From the assumption
of Te+1(Be) C A, we have that Ty o P is a nonexpansive mapping on A. We note that
Bpi1 = F(Te41 © Pp). Indeed, Beiy C F(Tp41 o Pp) is obvious. Conversely, we assume z; € A
satisfies T¢y1 © Ppzo = z5. For k € N with k < €, we have

Txzy = Ti o Toy1 0 Pezy = Tpr1 0 Ty © Pezy = Tyy1 © Pezy = 2, (3.2)
that is, z, € B, and hence P,z, = z,. Thus, we also have
Ter122 = Tor1 © Pezy = 2. (3.3)

Therefore z, € Bpy1 and hence By D F(Tpyq o Pp). We have shown Bpyy = F(Tpy1 0 Pp).
Since A has the fixed point property, we have

By = F(T€+1 °P€) #+ . (3.4)

By Theorem 3.1 again, there exists a nonexpansive retraction Pgy; from A onto Byy;. So,
by induction, we have shown that B, is nonempty and there exists a nonexpansive retrac-
tion P, from A onto By for all € € N. Define a sequence {Q, : n € N} of nonexpansive
mappings on A by

Qu:=PyoP, 10o---0P)oP (3.5)
for n € N. Since P,,x = P, o P,,x for x € A, m,n € N with m > n, we have
QneQy= max{m,n} OPmax{m,n}fl o---0PyoP (36)

for all m,n € N and hence Q,, © Q, = Q,, 0 Q, for all m,n € N. So, by Theorem 3.1, there
exists a common fixed point zy € A of {Q, : n € N}. Let us prove that z, is also a common
fixed point of {T, : n € N}. Since

P1zy = Q129 = 2o, (3.7)
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we have zy € By, that is, T1zy = zo. We assume
le() = TzZ() == TgZ() =20 (38)

for some ¢ € N. Then
20 = Qe120 = Pgr1 o Ppo--- 0Py 0Pz

(3.9
=Ppy1oPpo---0Pyzg =+ =Ppi0Ppzy=Ppi120

and hence zy € Byy1, that is, Tp120 = 2p. So, by induction, zj is a common fixed point of
{T, : n € N}. This completes the proof. O
4. Lemmas

In this section, we prove some lemmas which are used in the proofs of our main results.

LEmMMA 4.1. Let C be a closed convex subset of a Banach space E. Let {T,, : n € N} be an
infinite family of commuting nonexpansive mappings on C with a common fixed point. Let
{ay} and {t,} be sequences in (0,1/2) satisfying lim, t, = lim, &/t = 0 for € € N. Let {I,,}
be a sequence of nonempty subsets of N such that I,, C L4y forn € N, and U, I, = N. For
I cNandte (0,1/2) with I + @, define nonexpansive mappings S(I,t) on C by

S(I,t)x := ((I—Ztk> T1x+Ztka+1x) (4.1)
kel kel

for x € C. Fix u € C and define a sequence {u,} in C by
Uy = (1—0,))S(y, ) thy + ayut (4.2)

forn e N. Let {un/3 : B € D} be a subnet of {u,,}. Then the following hold.
(i) limsupﬁ ||Mn,3 —Tix|| < limsupﬁ ||unﬁ —x|| forx € C.
(ii) If x € C satisfies T\ x = x, then limsupﬁ lltns — Tox|l < limsupﬁ lltdns — xII.
(iii) If x € C satisfies T\x = Tox = - -+ = Tp_1x = x for some € € N with € = 3, then
limsupﬁ IIunﬁ — Tex|| < limsupﬁ IIunﬂ —x|.

Proof. Let v be a common fixed point of {T}, : n € N}. It is obvious that S(I,t)v = v for
all] c Nandt € (0,1/2) with I # &. For x € C and k € N, we have

[|Tix|| < || Tex = v|| + VIl = || Trx = Tev|| + IvI] < llx = vIl + vl (4.3)

Hence, {Trx : k € N} isbounded for every x € C. Therefore S(I, ) is well defined for every
I cNandt e (0,1/2) with I # &. It is obvious that S(I,¢) is a nonexpansive mapping on
C for every I and ¢. Since

[lun —v|| = [|(1 = @n) S(Ls t) thy + i — v||
= (1 7“n)||s(1mtn)”n *V” + o llu— vl (4.4)

< (1= an)||ttn — || + anllu—vll,
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we have ||u, — v|| < |lu—v|| for n € N. Therefore {u,} is bounded. Since
|| Truin|| < || Tiwn — v|| + 1111 < [|un — V|| + 11VI] < [Jun|| + 211V (4.5)

for all n,k € N, {Txu, : n,k € N} is also bounded. We fix x € C and we put

swnn%mmmmmnﬂ@<w (4.6)

A«:mu@mmwmwmwm,
neN n,keN keN

It is obvious that ||S(I,t)u,|| < M and ||S(I,t)x|| < M foralln e N,] c Nand t € (0,1/2)
with I # &. From the assumption, we have

S(Imtn)”n —Up = Ay (S(Imtn)”n - ”) (4.7)
for n € N. We have

[ttny = Troxl] < |ty = S(Lugs tug ) thng || + [[S (Tngs tg ) thng = S (Lgs tg ) ||+ [|S (Lngs tg ) x — Trx]|

< g ||S(Tngo tg ) thmy — ul| + | |thny — x[[ +]| = D tﬁﬁT1x+ > tﬁﬂTka

keI,,ﬁ kelnﬁ
tn
< 2Maty; + ||ty — x|| +2M D tln‘ﬁ < 2Maty, + ||ty — x|| +2M —ﬂt
kelnﬁ g ( )
4.8
for f € D and hence
limsup ||u,, — T1x|| < limsup||u,, — x||. (4.9)
peD peD

This is (i). We next show (ii). We assume that Tix = x. Then T) o Tox = Ty o T1x = Thx.
For fe Dwith 1,2 € L, we have

[ttny — Tax|| < |[ttng = S(Lugs tug) thn || + ||S (g tug ) thy — Toxll

< (Xn/;”S(In/g)tnﬁ)unﬁ — u|| + (1 — Z tﬁﬁ) ||T1un5 — sz”
kel
"B

+tn’3||T2Mn’3 —T2X||+ Z t’,jﬁHTkﬂunﬁ —T2X||
kEInﬂ\{l}

< 2Matng + (1 = tug) || Tyt — Tox|| + tug |un, — x|| +2M > tﬁﬂ

kel \ {13
ths
< 2Matyg + (1= tyg) || Tyt — T 0 Tox|| + tg |14 —x||+2M1 -
g
tas
< 2Matpy + (1 = tg) [ty — Tox| |+t |4 — x| +2M1 —
g

(4.10)
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and hence
1ty — Toxl| < 2M %% 4 |y, — x|| + 2M—"5—. (4.11)
5 tug b 1 -ty
Therefore we obtain
limsup ||u,, — Tox|| < limsup||u,, — x||. (4.12)
peD peD
Let us prove (iii). We assume Tix = Tox = - -+ = Tp_1x = x for some £ € N with £ >

3. Then T, o Tex = Te o Tyyx = Tex for every m € N with 1 < m < ¢. For § € D with
1,2,...,€ — 1€ I,;, we have

||uflﬂ - Tgx” = ||un/3 - S(Inﬂ’tﬂﬂ)unp” + ||S(Ii’lﬂ)tn;;)uﬂﬂ - TgX”

< ocnﬁ||S(Inﬁ,tnﬁ)un5 —ul|+ (1 — z tﬁﬂ) ||T1unﬁ — Tox||
kel,
B
-2
+ >t | Tonsrtbng — Tex| [+ 15| Tortn, — Tex||
m=1

S T, - Toxl]
kEI,,[j \{1,2,...,6—1}

o1
<2Ma,, + (1 - Z tﬂz) ||T1unﬁ — Tox||
m=1

-2
+ >t | T thng — Tex|| + 15 || — x| +2M > t,
me1 kElng\(1,2,...6-1}

-1
<2Ma,, + (1 - Z t,’j;) [ T1n — Ty o Tex||
m=1

-2 te
+ 3 | Tt = T Texl| 15, =]+ 2M 12
m=1 )
-1
<2May, + (1 -> t;';)||unp — Tox||
m=1
-2 . . t}[;ﬁ
3l ~ Tesl 6l e 200
-1 -1 tﬁg
20+ (11, o~ T 1 i 200

(4.13)
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and hence
||ttny — T, ||<2M“”‘* + ||t — ||+2Mi (4.14)
tng — Tox|| < = Ung — X 6, .
Therefore we obtain
limsup |1, — Tex|| < limsup||u,, — x||. (4.15)
peD peD
This completes the proof. U

Remark 4.2. Let g be a strictly increasing mapping on N. Then it is obvious that lim,, t(,,
= lim,, ocg(n)/tg(n) =0forall £ € N, Iy(n) C Ig(ns1) for n € N, and U, I(n) = N. Thus, the
same conclusions of Lemmas 4.3—4.6 also hold for {ug(,)}.

LEMMA 4.3. Let E, C, {Ty}, {an}, {ta}, {1}, u, and {u,} be as in Lemma 4.1. Assume that
{un} converges strongly to some point x € C. Then x is a common fixed point of {T,, : n € N}.

Proof. From Lemma 4.1(i), we have

limsup||u, — Tix|| s%&rglo||unfx|| =0. (4.16)

n— oo

This means {u,} converges to Tix and hence T)x = x. We assume that T1x = --- =
Tr_1x = x for some £ € N with £ > 2. Then from Lemma 4.1(ii) and (iii), we have

limsup ||u, — Tex|| g%ijl;Hun—xH = 0. (4.17)

n—oo

This means {u,} converges to Tpx and hence Tpx = x. So, by induction, we obtain T,x = x
for all n € N. This completes the proof. O

LEMMA 4.4. Let E, C, {T,}, {an}, {tn}, {In}, u, and {u,} be as in Lemma 4.1. Assume that
E is smooth and z € C is a common fixed point of {T, : n € N}. Then

(tn — ] (un —2)) <0 (4.18)
foralln e N.

Proof. Since ot (1 — 1) = (1 — 00,) (S(I, t) thyy — Uy,), We have

Ay
1—ay

(ttn = 14, J (st = 2)) = (S (L ) tty — ] (11— 2))
= (S(Ls )t = 2] (1t = 2)) + (2 = 4 ] (u — 2))
= (S(Lustu)tt = S ta) 2] (14— 2)) = g —2|F (4.19)
< 18 (T )t = $(Las ) 2| |4 — 2| = ||t — 2]

< llun = 2lI* = lluw = 2II* = 0.
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Thus we obtain
(tp—t, J(un—2)) <0 (4.20)

forall n € N. O

LemMa 4.5. LetE, C, {T,}, {an}, {t,}, {1}, u, and {u,} be as in Lemma 4.1. Assume that
E is smooth. Then {u,} has at most one cluster point.

Proof. We assume that a subsequence {u,,} of {u,} converges strongly to x, and that
another subsequence {u,,} of {u,} converges strongly to y. Applying Lemma 4.3 to the
subsequences {u,,} and {u,, }, we have that x and y are common fixed points of {T}, : n €
N}. So, by Lemma 4.4, we have

Ct, — t T 1t~ )} <0 (421)
for all i € N. Therefore we obtain
(x—u, J(x—y)) <0. (4.22)
Similarly we can prove

(y—uJ(y-x) =<0. (4.23)
So we obtain
lx=yl> = (x =y, J(x = y))
=(x—u J(x=y)+{u—y, J(x—y)) (4.24)
=(x—uJx-y)+{y—uJ(y-x) <0
This implies x = y. This completes the proof. O

LEMMA 4.6. Let E be a reflexive Banach space with uniformly Gateaux differentiable norm
and let C be a closed convex subset of E with the fixed point property for nonexpansive map-
pings. Let {Tyn}, {an}, {tn}, 1In}, 4, and {u,} be as in Lemma 4.1. Then {u,} has a cluster
point which is a common fixed point of {T, : n € N}.

Proof. From the proof of Lemma 4.1, we have that {u,} is bounded. Take a universal
subnet {u, : v € D} of {u,}. Define a continuous convex function f from C into [0, %)

by
() := lim|fu, - ]| (4.25)
for all x € C. We note that f is well defined because {|lu, — x||} is a universal net in some

compact subset of R for each x € C. From the reflexivity of E and lim |-« f(x) = oo, we
can put r := minyec f(x) and define a nonempty weakly compact convex subset A of C

by
A:={xeC: f(x)=r} (4.26)
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We will prove that A satisfies the assumption of Theorem 3.2. For each x € A, by Lemma
4.1(i), we have

r< f(Tix) = LiEnD1||uv - Tx|| < }/iGrBHuV —x||=fx)=r (4.27)

and hence Tx € A. This implies A is T;-invariant. Fix x € A with T1x = - - - = T,x for
some ¢ € N. Then by Lemma 4.1(ii) and (iii), we have

r < f(Tpx) = lviEmDHu,, — Toix|| < lvi6n3||u,, —xl|=fx)=r (4.28)
and hence T¢,1x € A. Thus we obtain Ty, (AN (ﬂile(Tk))) C A for all £ € N. So, by

Theorem 3.2, there exists a common fixed point z of {T, : n € N} in A. We next prove
that such z is a cluster point of {u,}. By Lemma 4.4, we have

(ty —u, J(uy —2)) <0 (4.29)
for all v € D. On the other hand, from z € A, we have

lim(u—2z, J(u,—2)) <0 (4.30)

veD

by Lemma 2.2. Hence,

. 2 .
lylerglluwZII —lvlerg(uwz, J(uy —2))

(4.31)
=lim (u, —u, J(u, —2)) +lim{u—z, J(u, —2)) <0
veD veD
holds. Therefore
liminf ||u, — z|| slin};|\uv—z|| =0, (4.32)
n—oo ve
that is, z is a cluster point of {u,}. This completes the proof. O

LemMa 4.7. LetE, C, {T,}, {an}, {ta}, {1}, u, and {u,} be as in Lemma 4.1. Assume that
E is smooth. For each u € C, define a sequence {Q(u,n)} in C by

Q(u,n) = (1= o) S(Ins ta) Q(us 1) + atyu (4.33)
for n € N. Suppose that for every u € C, {Q(u,n)} converges strongly. Then

Pu= ,115]30 Q(u,n) (4.34)

holds for every u € C, where P is the unique sunny nonexpansive retraction from C onto
(e F(T).

Proof. We put F(¥) :=(N,,_, F(T,). Define a mapping P on C by Pu := lim, Q(u,n) for
u € C. We will prove that such P is the unique sunny nonexpansive retraction from C
onto F(¥). By Lemma 4.3, we note that Px € F(¥) for all x € C. For z € F(¥), since

z=(1-0a,)S(Ity)z+ anz (4.35)
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for all n € N, we have Q(z,n) = z for all n € N. Hence, we obtain Pz = z. Therefore we
have shown that P? = P, that is, P is a retraction from C onto F(¥). Fix x € C and yE
F(¥). Then, from Lemma 4.4, we have

(Qx,n) —x, J(Q(x,n) — y)) <0 (4.36)
for all n € N. Since {Q(x,n)} converges strongly to Px, we obtain
(Px—x, J(Px—y)) <0. (4.37)

So, by Lemma 2.1, such mapping P is the unique sunny nonexpansive retraction from C
onto F(&). This completes the proof. O

5. Main results
In this section, we prove our main results. We put F(¥) := (\,_, F(T,).

THEOREM 5.1. Let E be a reflexive Banach space with uniformly Gateaux differentiable
norm and let C be a closed convex subset of E with the fixed point property for nonexpansive
mappings. Let { Ty}, {an}, {tn}, {1}, u, and {u,} be as in Lemma 4.1. Then {u,} converges
strongly to Pu, where P is the unique sunny nonexpansive retraction from C onto F(¥).

Proof. Applying Lemma 4.6 to a subsequence of {u,}, we have that every subsequence
of {u,} has a cluster point. So, by Lemmas 2.4 and 4.5, we obtain that {u,} converges
strongly. So, by Lemma 4.7, we obtain the desired result. O

THEOREM 5.2. Let E be a smooth reflexive Banach space with the Opial property and let C
be a closed convex subset of E. Assume that the duality mapping J of E is weakly sequentially
continuous at zero. Let { Ty}, {an}, {tu}, {I,}, u, and {u,} be as in Lemma 4.1. Then {u,}
converges strongly to Pu, where P is the unique sunny nonexpansive retraction from C onto

F(¥).

Proof. From the proof of Lemma 4.1, we have that {u,} is bounded. Let {u,} be an
arbitrary subsequence of {u,}. Since E is reflexive, there exists a subsequence {uni}_} of
{un,} which converges weakly to some point z € C. We put z; := Un, for j € N. Applying
Lemma 4.1(i) to {z;}, we have

limsup||zj — T1z|| < limsup||z; — z||. (5.1)
j—~oo j—»oo
Since E has the Opial property, we obtain Tz = z. We assume that Tyz = --- =T,z =z

for some ¢ € N. Then, by Lemma 4.1(ii) and (iii), we have

limsup||zj — Tes12|| < limsup||z; — 2]|. (5.2)

J—e ]
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By the Opial property of E again, we obtain T¢,;z = z. Thus, by induction, z is a common
fixed point of {T}, : n € N}. By using Lemma 4.4, we have

Iz =2ll’ = (2~ 2 T (z; - 2))
=(zj—u,J(zj—2)) +{u—=z J(zj—2)) (5.3)
<(u-2zJ(zj-2))

for all j € N. Since ] is weakly sequentially continuous at zero, {z;} converges strongly
to z. Hence, {u,,} has a cluster point z. So, by Lemmas 2.4 and 4.5, {u,} itself converges
strongly. Thus, by Lemma 4.7, we obtain the desired result. O

Remark 5.3. In Theorems 5.1 and 5.2, from the proofs of Lemma 4.6 and Theorem 5.2,
we may replace the condition of the reflexivity of E by the weaker condition that C is
locally weakly compact.

By Theorems 5.1 and 5.2, we obtain the following.

THEOREM 5.4. Let C be a weakly compact convex subset of a Banach space E. Assume that
either of the following holds:

(1) E is uniformly smooth; or

(ii) E is a smooth Banach space with the Opial property and the duality mapping | of E

is weakly sequentially continuous at zero.

Let {T, : n € N} be an infinite family of commuting nonexpansive mappings on C. Let {a,}
and {t,} be sequences in (0,1/2) satisfying lim, t, = lim, a,/t’ = 0 for £ € N. Let {I,,} be a
sequence of nonempty subsets of N such that I, C Iiyy forn € N, and U, _, I, = N. Fixu e C
and define a sequence {u,} in C by

Uy, = (1-ay) ((1 — Z t’,j) T u, + z t’,kaHun) +a,u (5.4)
kel, kel,

for n € N. Then {u,} converges strongly to Pu, where P is the unique sunny nonexpansive
retraction from C onto F(Y).

Remark 5.5. By Theorem 3.1, we know F(¥) # @.

Example 5.6. Define sequences {«a,} and {,} by a,, := 1/n" and t,, := 1/n for n € N. Then
{a,} and {t,} satisfy lim, t, = lim, a,/t} = 0 for £ € N.

COROLLARY 5.7. Let E, C, {T,}, {a,}, {ta}, and P be as in Theorem 5.4. Fix u € C and
define sequences {u,} and {v,} in C by

n n
uy, = (1-ay) ((1 -> tﬁ) Titn+ Y. t,’kaHun) + oy,

k=1 k=1
(5.5)
vp=(1- ocn)<<1 - Z t’n‘) Tyv, + Z t’,kaﬂvn) +o,u
k=1 k=1

for n € N. Then {u,} and {v,} converge strongly to Pu.
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From the proofs of lemmas in Section 4, we also obtain the following.

TueoreM 5.8. Let E and C be as in Theorem 5.4. Let {T, : n = 1,2,...,£} be a finite fam-
ily of commuting nonexpansive mappings on C. Let {a,} and {t,} be sequences in (0,1/2)
satisfying lim, t, = lim, a,/t{™! = 0. Fix u € C and define a sequence {u,} in C by

e-1 -1
U, = (l—ocn)<<1— Ztﬁ)Tlun+ZtﬁTk+1un> + U (5.6)

k=1 k=1

for n € N. Then {u,} converges strongly to Pu, where P is the unique sunny nonexpansive
retraction from C onto ﬂizl F(Ty).

6. {-parameter nonexpansive semigroups

In this section, we apply Theorem 5.8 to £-parameter nonexpansive semigroups. We recall
that a family of mappings {T(p) : p € [0,0)¢} is said to be an £-parameter nonexpansive
semigroup on a closed convex subset C of a Banach space E if the following are satisfied.
(i) For each p € [0,0)¢, T(p) is a nonexpansive mapping on C.
(ii) T(p+q) = T(p) > T(q) forall p,q € [0,00)°.
(iii) For each x € C, the mapping p — T(p)x from [0, %)’ into C is continuous.
The following is proved in [22]. See also [23].

THEOREM 6.1 [22]. Let {T(p): p € [0,00)¢} be an €-parameter nonexpansive semigroup
on a closed convex subset C of a Banach space E. Let p,pa,...,pe € [0,0)¢ such that
{P1>P2>-..> pe} is linearly independent in the usual sense. Let B1,[5,...,5¢ € R such that
{L,B1,B25...,Be} is linearly independent over Q, that is,

’V()+’V1ﬁ1+1/2ﬁ2+' : "I”V@ﬂgZO impliesvo=v1 =V =--=7=0 (6.1)
for vo,v1,V2,...,ve € Z. Suppose po:=P1p1+Papa+ -+ -+ Pepe € [0,00)°. Then

() F(T(p)) = F(T(po)) N F(T(p1)) NF(T(p2)) N -+ NF(T(pe)) (6.2)

pe[0,00)¢

holds.
By Theorems 5.8 and 6.1, we obtain the following.

THEOREM 6.2. Let E and C be as in Theorem 5.4. Let {T(p)}, {po> p1>P25--->Pe}> 1B1>B2- o
Be} be as in Theorem 6.1. Let {a,} and {t,} be sequences in (0,1/2) satisfying lim, t, =
lim, a,/t¢ = 0. Fix u € C and define a sequence {u,} in C by

e ¢
U, = (1-ay) ((1 — Z t’n‘) T(po)un+ z tﬁT(pk)un> +a,u (6.3)
k=1 k=1

for n € N. Then {u,} converges strongly to Pu, where P is the unique sunny nonexpansive
retraction from C onto (ye(0,00)t F(T(P)).
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When ¢ = 1, Theorem 6.2 becomes the following, which differs from Theorem 1.2.

CoROLLARY 6.3. Let E and C be as in Theorem 5.4. Let {T(t) : t = 0} be a one-parameter
nonexpansive semigroup on C. Let {a,} and {t,} be sequences in (0,1/2) satisfyinglim, t, =
lim, an/t, = 0. Let 0 and 1 be positive real numbers satisfying o/t ¢ Q. Fix u € C and define
sequences {u,} and {v,} in C by

up = (1= ) (1= 1) T(0)tt + £, T(T) ) + &ty
6.4
Vo= 1=ty —a,)T(0)vy + 1, T(T)vy + ayu (64

forn € N. Then {u,} and {v,} converge strongly to Pu, where P is the unique sunny nonex-
pansive retraction from C onto (-0 F(T(1)).

Proof. We remark that

vn=(1—(xn)<<l— b )T(O’)Vn+ b T(T)vn>+(xnu,
l—«

1-ay, n
(6.5)
. . 1-
lim — % _ Jim SL=0)
n—ot,/(1 —a,) n—o ty
From this thing, we can obtain the desired result. O
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