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We are concerned with the study of a multistep iterative scheme with errors involving
a finite family of nonexpansive nonself-mappings. We approximate the common fixed
points of a finite family of nonexpansive nonself-mappings by weak and strong conver-
gence of the scheme in a uniformly convex Banach space. Our results extend and improve
some recent results, Shahzad (2005) and many others.
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1. Introduction

Let K be a subset of a real normed linear space E and let T be a self-mapping on K. T is
said to be nonexpansive provided [|Tx — Ty|| < |lx — y|| forall x, y € K.

Fixed-point iteration process for nonexpansive mappings in Banach spaces includ-
ing Mann and Ishikawa iteration processes has been studied extensively by many au-
thors to solve the nonlinear operator equations in Hilbert spaces and Banach spaces;
see [3, 7, 10, 11, 15, 16]. Tan and Xu [15] introduced and studied a modified Ishikawa
process to approximate fixed points of nonexpansive mappings defined on nonempty
closed convex bounded subsets of a uniformly convex Banach space E. Five years later,
Xu [18] introduced iterative schemes known as Mann iterative scheme with errors and
Ishikawa iterative scheme with errors. Takahashi and Tamura [14] introduced and stud-
ied a generalization of Ishikawa iterative schemes for a pair of nonexpansive mappings
in Banach spaces. Recently, Khan and Fukhar-ud-din [6] extended their scheme to the
modified Ishikawa iterative schemes with errors for two mappings and gave weak and
strong convergence theorems. On the other hand, iterative techniques for approximat-
ing fixed points of nonexpansive nonself-mappings have been studied by various au-
thors; see [4, 8, 13, 19]. Shahzad [12] introduced and studied an iteration scheme for
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2 Weak and strong convergence

approximating a fixed point of nonexpansive nonself-mappings (when such a fixed point
exists) and gave some strong and weak convergence theorems for such mappings.

Inspired and motivated by these facts, we introduce and study a multistep iterative
scheme with errors for a finite family of nonexpansive nonself-mappings. Our schemes
can be viewed as an extension for two-step iterative schemes of Shahzad [12]. The scheme
is defined as follows.

Let K be a nonempty closed convex subset of a uniformly convex Banach space E,
which is also a nonexpansive retract of E. And let Ty, T5,..., Ty : K — E be nonexpansive
mappings, the following iteration scheme is studied:

xl = P(oc,ﬁTlx,, +Blx, + yiui,),

2 2 1 2 2.2
X, = P(ochzx,, +Bixn + ynun>,

(1.1)

Xnp1 = XY =P((x£l\’TNxﬁI— 1+ﬁﬁ’xn+ynNufj)

with x; € K, n > 1, where P is a nonexpansive retraction with respect to K and {al},
{o2},.. . Lol 3, {BLYLABRY, . ABY Y, i) {y2),... . {y)} are sequences in [0,1] with &, +
Bi+yi=1foralli=1,2,...,N,and {ul},{u},...,{ul } are bounded sequences in K.

ForN=2,Ti1 =T, =T, fn=al, ay,=a2,and y} = y2 =0, then (1.1) reduces to the
scheme for a mapping defined by Shahzad [12]:

x1 =x €K,

(1.2)
X1 = P((1 = an)xn+ oy TP (1 = Bn)xn + PuTxn]),

where {a,}, {,} are sequences in [0, 1].
For N=2,T,,T,: K- K, T1 =T, T, =S, and y, = x}, then (1.1) reduces to the
scheme with errors for two mappings defined by

x1 =x€K,
_ 1 1 1.1
Yn = (anxﬂ +ann+yn”n’ (13)

2 2 2 2,2
Xn+l = Xy = 0, SYn + BuXn + Yuthy

where {a}}, {a2}, {BL}, {B2}, {yL}, {y2} are sequencesin [0, 1] withal + Bl +pl=1=0a2 +
B2+7y2and {u}}, {u2} are bounded sequences in K.

It is our purpose in this paper to establish several weak and strong convergence
theorems of the multistep iterative scheme with errors for a finite family of nonexpansive
nonself-mappings. More precisely, we prove weak convergence of these implicit iteration
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processes in a uniformly convex Banach space which has the Kadec-Klee property. The
results presented in this paper extend and improve the corresponding ones announced
by Shahzad [12], and many others.

2. Preliminaries

In this section, we recall the well-known concepts and results.

Let E be a real Banach space. A subset K of E is said to be a retract of E if there exists
a continuous map P : E — K such that Px = x for all x € K. Amap P: E — E is said to be
a retraction if P2 = P. It follows that if a map P is a retraction, then Py = y for all y in
the range of P. A mapping T : K — E is called demiclosed with respect to y € E if for each
sequence {x,} in K and each x € E, x, — x and Tx, — y imply thatx € Kand Tx = y. A
Banach space E is said to satisfy Opial’s condition [9] if for any sequence {x,} in E, x, — x
implies that

limsupl||x, — x|| < limsup||x, — y|| (2.1)

n— oo n— o0

for all y € E with x # y. A Banach space E is said to have the Kadec-Klee property if for
every sequence {x,} in E, x, — x and ||x, || — [|x]| together imply ||x, — x|l — 0. A family
{Ti:i=1,2,...,N} of N nonself-mappings of K (i.e., T; : K — E)with F = N, F(T}) + @
is said to satisfy condition (B) on K if there is a nondecreasing function f : [0,00) — [0, )
with f(0) = 0and f(r) >0 for all r € (0, 0) such that for all x € K,

max {|}x—Tix|[} > f (d(x, F)). (2.2)

The family {T;:i=1,2,...,N} is said to satisfy condition (AN) if (2.2) is replaced by
1/N Zfil llx — Tix|l > f(d(x,F)) for all x € K. Note that condition (B) reduces to condi-
tion (AN) when |lx — Tix|| = llx — Tox|| = - - - = |lx — Tnx|l.

A mapping T': K — E is called semicompact if any sequence {x,} in K satisfying ||x, —
Tx,ll — 0 as n — oo has a convergent subsequence.

Lemma 2.1 (Tan and Xu [15]). Let {s,}, {t.} be two nonnegative sequences satisfying
Spi1 <Sptty, Vn>1. (2.3)

If X0ty < o0, then lim,_.cs, exists. Moreover, if there exists a subsequence {sn;} of {su}
such that s,; — 0 as j — o, then s, — 0 asn — oo,

LemMa 2.2 (Xu [17]). Let p > 1 and R > 0 be two fixed numbers and E a Banach space.
Then E is uniformly convex if and only if there exists a continuous, strictly increasing, and
convex function g : [0,00) — [0,00) with g(0) = 0 such that [[Ax + (1 = A)y[|? < Allx||? +
A =Mliyll? = W,(A)g(llx = yll) for all x,y € Br(0) = {x € E: |lx|| <R}, and A € [0,1],
where W,(A) = AM(1 = A)P +AP(1 - Q).

LemMma 2.3 (Kaczor [5]). Let E be a real reflexive Banach space such that its dual E* has the
Kadec-Klee property. Let {x,} be a bounded sequence in E and x*, y* € w,,(x,); here w,,(x,)
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denote the set of all weak subsequential limits of {x,}. Suppose lim,,_ || tx, + (1 —t)x™ — y*||
exists for all t € [0,1]. Then x* = y*.

LemMma 2.4 (Browder [1]). Let E be a uniformly convex Banach space, K a nonempty closed
convex subset of E, and T : K — E a nonexpansive mapping. Then I — T is demiclosed at
zero.

3. Main results

In this section, we prove weak and strong convergence theorems of the iterative scheme
given in (1.1) for a finite family of nonexpansive mappings in a Banach space. In order to
prove our main results, the following lemmas are needed.

LemMa 3.1. Let E be a uniformly convex Banach space and K a nonempty closed con-
vex subset of E which is also a nonexpansive retract of E. Let Ty, T5,...,Tn : K — E be
nonexpansive mappings. Let {x,} be the sequence defined by (1.1) with ;" |y, < oo for
eachi=1,2,...,N. Ifﬂf\il F(T;) # &, then lim,—. || x, — x* || exists for all x* € ﬂf-i] F(T;).

Proof. For each n > 1, we note that

[l = [ < [ Taxn = o ||+ Bl low = ([ + y 4y, — %7

N

oty [ = 5[ + Bl = x| + |y — x| (3.1)

< fxn = x*[| +
where dY = plllul — x*||. Since >, y} < 00, 377 dY < c0. Next, we note that

s = || < gl Toaey, — ||+ Bl e — ™[] + yzluz — x|
< atpl ey — o ||+ Balln — x* [+ yal oy — | 52
3.2
= (oy + Bo) [l — ™[+ ondyy + il |y, — x|
< lxn = x| + s
where d} = a2d) + y2|lu2 — x*||. Since >, d) < o and X7 | y2 <00, > ¥ d} < co. Simi-
larly, we have
oy = x| < gl = ™[ + Bl lan — x| + ey, — x|
< oty [[on — x|+ dp ] + Bal e — x* || + yal [, — x| (3.3)

<l = [ + aqdy, + yallu, = x| = || — x*[| + 5,

where d2 = ajd} +y;llu) —x* ||, 50 X, d2 < co.
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By continuing the above method, there exists a nonnegative real sequence {d’ '} such
that X" | di-! < co and

[l —x*|| < |0 — x*||+dY, Va1, Vi=1,2,...,N. (3.4)
Thus [|x,1 — 2% = Ix) — x*|| < |lx, — x* || + dY~! for all n € N. Hence, by Lemma 2.1,
limy,— o [, — x*|| exists. This completes the proof. O

LEMMA 3.2. Let E be a uniformly convex Banach space and K a nonempty closed convex
subset of E which is also a nonexpansive retract of E. Let T, T5,...,Tn : K — E be nonex-
pansive mappings. Let {x,} be the sequence defined by (1.1) with 3., ¥}, < o0 and {ai} =
le,1 —¢] forall i=1,2,...,N, for some € € (0,1). If ﬂf\ilF(Ti) + &, then lim,—«llx, —
Tixyll =0 foralli=1,2,...,N.

Proof. Let x* € ﬂfil F(T;). Then, by Lemma 3.1, lim,—« |[x, — x™ || exists. Let lim,_ ||
Xp —x*|| = r. If r = 0, then by the continuity of each T; the conclusion follows. Sup-
pose that r > 0. Firstly, we are now to show that lim,_.. | Tnx, — x,[l = 0. Since {x,} and
{ul} are bounded for all i = 1,2,...,N, there exists R > 0 such that x,, — x* + ¥/, (u, — x,,),
Tixi ' — x* +y! (ul, — x,) € Br(0) for alln > landforalli=1,2,...,N. Using Lemma 2.2,
we have

[l — x| < [0 Tyl ="+ B + pNul) — x*||?

N N () = x)) + (1= a) (e — % + N () = x,)) |

= || (T

<l [Ty " = 4y () =) |I” + (1= oY) [w =+ () — )|
~ Wa(og))g (| Ty ™" = xall)

<l (e = [y [l =l 1)+ (1= @)l = [y Nl = al])?
— Wa (o)) (| Ty ™" = xall)

<o (e = o[+ 24y ) =] ])
(1= o)) (fen = x|+ 2y sl = ]

= Wa (e )g (| Ty ™ = xull)

= (Il = 2| +2372)° = W2 (@) (Il T~ = xall),
(3.5)

where AN =2 := dl=2 + yN||ul — x*||. Observe that & Wg(ocﬁ’) now (3.5) implies that
€ g(IITNxN U—xpll) < Ml — x*112 = llxper — x* 112 + p =2, where pY =2 := 2052 ||x, —

x*)12 + (AV72)2. Since >, dY "2 < o0 and > YN 2 < o0, we get > le 2 < 0. This
implies that lim,—cg (| TnxY ! — x,|) = 0. Since g is strictly increasing and continuous
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at 0, it follows that lim,, .« [| TyxY ! — x, [l = 0. Note that

[l = 2 < e = Tovaey ||+ T = x|
(3.6)
< len = Ty ™|+ [l = 2],

foralln > 1. Thus r = lim,— llx, — x*[| < liminf, o [|x) ™1 = x*|| <limsup,,_, lx)~! -

x*|| < r and therefore lim,_|[x)~! — x*|| = r. Using the same argument in the proof
above, we have

[l =1 — s [* < (|72 = ¥ N - )
(1= ) ([t = |+ Y a1 = ] ])?
= Wa(a g ([ Tn-1) "2 = xal])
< a7 ([fa = |+ A2 pN [ - ) (3.7)
(1= a ™) (flan = x|+ a2+ N | = x]))?
= Wa (o g ([ Trv-1y 2 = x]])

<l = x* |79 = Wa (o ) g (1| Tam1 2 = ] ).

This implies that > g(|| Tn—1x) 2 — x4 ) < llx, — x*[12 = [[xV1 = x* |2 + p} =3 and there-

fore lim,—. o || Ty—1xY 2 — x,,| = 0. Thus, we have

[126n = Tl | < [t = Tvaey ™|+ || Ty ™" = Tl
< len = Ty 1+ [l ™" = |
= [t = Tovae |+ 1P ()™ Tyoa) =2+ B oy ™' aa ™) = Py

< len = Ty ™|+ 00 ™l = Ty [+ 90 e ™ = -
(3.8)

Since limy—llx, = TnxY 71l = 0, limy—cllx, — Tn—1xY 72 =0, and >, V7! < oo, it
follows that lim,,—«llx, — Tnx,ll = 0. Similarly, by using the same argument as in the
proof above, we have lim, .|lx, — Tn_2xV 3| = lim, o llx, — Ty_3xY 74| =,...,=
lim,, . o ||, — Tox} | = 0. This implies that lim,, .« || x,— Ty — 1%, || =1imy, - [|X, — Ty 2%l =

seens=1liMy— o llx, — T5x,]| = 0. It remains to show that

>

lim,— |2, — T1x4|| = 0, lim,,— ||, — Tox,|| = 0. (3.9)
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Note that

[ = 11 <t ([ en = %[+ g, = 1)
(1= ) (e = [yl = 11)” = Wa (o) (1| Toen = 1)

= (lbea = x|+ ylliey, = 1) = Wa (o) (1| Tuxen = ).
(3.10)

Thus, we have &g([|Tix, — x411) < (1%, — x* | + pLllul — x*[1)? =[x} — x*||* and there-
forelim,,—.co | Ty, — x|l = 0. Since [|x, — Toxu |l < |l — Tox Ll + bl Tioxy — xull + pLllul —
xnll, it implies that lim, .. || T2x,, — x4l = 0. Therefore lim, .|| Tix, — x4/l = 0 for all
i=1,2,...,N. O

THEOREM 3.3. Let E be a uniformly convex Banach space and let K be a nonempty closed
convex subset of E which is also a nonexpansive retract of E. Let Ty, T»,...,Tn : K — E be
nonexpansive mappings which are satisfying condition (B). Let {x,} be the sequence defined
by (1.1) with 3., 1y, < 0 and {ai,} < [e,1 —¢] forall i =1,2,...,N for some ¢ € (0,1). If
F:= ﬂfil F(T;) + &, then {x,} converges strongly to a common fixed point in F.

Proof. By Lemma 3.2,1im,,_. || Tix, — x,1| = 0 foralli = 1,2,...,N. Now by condition (B),
f(d(xs,F)) < My, := max i<y U Tixy — x|} for all n € N. Hence lim,—« f (d(x4,F)) =
0. Since f is a nondecreasing function and f(0) = 0, therefore lim,_d(x,,F) = 0.

Now we can choose a subsequence {x, N of {x,} and a sequence {y;} € F such that
s, = pill < 271, By the following method of the proof of Tan and Xu [15], we get that
{y;}is a Cauchy sequence in F and so it converges. Let y; — y. Since F is closed, therefore
y € F and then Xn; — . By Lemma 3.1, lim, . llx, — x*|| exists for all x* € F, x,, — y €
F. |

ForN=2,T1=T,=T,pB,=al,a, =a2, and y} = y2 = 0 in Theorem 3.3, we obtain
the following results.

COROLLARY 3.4 (see [12, Theorem 3.6]). Let E be a real uniformly convex Banach space
and K a nonempty closed convex subset of E which is also a nonexpansive retract of E. Let
T :K — E be a nonexpansive mapping with F(T) + &. Let {a,} and {,} be sequences
in [&,1 — €] for some ¢ € (0,1). From arbitrary x| € K, define the sequence {x,} by the
recursion (1.2). Suppose T satisfies condition (A'). Then {x,} converges strongly to some
fixed point of T.

When N =2,8=T,, T=T,:C— C, and y, = x, in Theorem 3.3, we obtain strong
convergence theorem as follows.

CoROLLARY 3.5. Let E be a uniformly convex Banach space and let C be a nonempty
closed convex subset of E which is also a nonexpansive retract of E. Let S, T be nonexpan-
sive mappings of C into itself satisfying condition (A?), and let {x,} be sequence defined
by (1.3) with X 1yt <00, 37 1 y2 <0 and 0<d< ab, a2 <1-8<1forallneN. If
F:=F(S)NF(T) # &, then {x,} converges strongly to a common fixed point of S and T.
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THEOREM 3.6. Let E be a uniformly convex Banach space and let K be a nonempty closed
convex subset of E which is also a nonexpansive retract of E. Let Ty, T»,...,Tn : K — E be
nonexpansive mappings. Suppose that one of the mappings in {T;:i=1,2,...,N} is semi-
compact. Let {x,} be the sequence defined by (1.1) with 3., yi, < 0o and {ai,} < [e,1 — €]
foralli=1,2,...,N forsomee € (0,1). IfF := ﬂfilF(T,-) # &, then {x,} converges strongly
to a common fixed point in F.

Proof. Suppose that Tj, is semicompact for some iy = 1,2,...,N. By Lemma 3.1, we have
limy, . ||, — Tjyxull = 0. So there exists a subsequence {x,;} of {x,} such that x, —
x* € K as j — co. Now Lemma 3.2 guarantees that limjﬁoollx,,j - szn]. || =0 forall l=
1,2,...,N and so ||[x* — Tix*|| = 0 for all ] = 1,2,...,N. This implies that x* € F. By
Lemma 3.1, lim,, .o [|x, — x| exists and then lim,, .« [l2, — x* || = lim; .o s, — x* Il = 0.
This completes the proof. O

THEOREM 3.7. Let E be a uniformly convex Banach space satisfying the Opial’s condition
and K a nonempty closed convex subset of E which is also a nonexpansive retract of E. Let
T1,Ty,...,Tn : K — E be nonexpansive mappings and let {x,} be a sequence defined by (1.1)
with > 1y < o0 and {ai} < [e,1 —¢] for all i = 1,2,...,N for some ¢ € (0,1). If F :=
NN, F(T;) # @, then {x,} converges weakly to a common fixed point in F.

Proof. Let x* € F. Then as proved in Lemma 3.1, lim,_. [|x, — x*|| exists. Now we prove
that {x,} has a unique weak subsequential limit in F. To prove this, let x,, — z; and
Xn; = 22 for some subsequences {x,,}, {xn; } of {x,}. By Lemma 3.2,

Zhﬁrg”xni—Tkxn,,|| =O=Jl£r£10||xnj—Tkxﬂj|| (3.11)

for all k = 1,2,...,N and by Lemma 2.4 insures that I — T} are demiclosed at zero for
all k = 1,2,...,N. Therefore we obtain Tyz; = z; and Txz, = z, for all k = 1,2,...,N.
Then z,2z, € F. Next, we prove the uniqueness. Suppose that z; # z,, then by the Opial’s
condition lim,, . [[x, — 21| = lim; - |, — 21| <limj o [[Xy, — 22| = lim;j o llxn, — 22l <
limjaoollx,,j —z1ll = lim,_llx, — z1|l. This is a contradiction. Hence {x,} converges
weakly to a point in F. O

LemMA 3.8. Let E be a real uniformly convex Banach space and K a nonempty closed convex
subset of E which is also a nonexpansive retract of E. Let Ty, T5,..., Tn : K — E be nonexpan-
sive mappings. From arbitrary x, € K, define the sequence {x,} by the recursion (1.1) with
foreachi=1,2,...,N, ¥ yi, < o If F:= (L, F(T;) # @, then for all u,v € F, the limit

%iligo||txn+(1—t)u—v|| (3.12)

exists for all t € [0, 1].

Proof. By Lemma 3.1, we have lim,,—« ||x,, — x*|| exists for all x* € F. This implies that
{x,} is bounded. Observe that there exists R > 0 such that {x,} C C:= Br(0) N K, and
hence C is a nonempty closed convex bounded subset of E. Let a,(f) := [ltx, + (1 —t)u—vl.
Then lim,,—. 0 a,(0) = ||lu — v||, and from Lemma 3.1, lim,,_. a, (1) = lim,_ | x, — V|| ex-
ists. Without loss of generality, we may assume that lim,_«llx, — ull = r >0 and



S. Plubtieng and K. Ungchittrakool 9
t€(0,1). Forany n > 1 and for alli = 1,2,...,N, we define A}, : C — C by
Al :=P(a)Ti + B +yhul),

AZ:=

ne

P(a;ToA, + Bal +yus),
(3.13)

AY = P Tw A+ BT+ ).

Thus, for all x,y € K, we have [|[Aix — ALyl < o [|A71x — Al Lyl + Bl llx — yll for all
i=2,...,N,and [|[Alx — ALyl <alllx — yll +BLIlx — yll. This implies that

|ANx - AN y|| < llx =yl (3.14)

Set Sppm:=AN AN . AN m > 1,and by = 1Sy (txn + (1 — ) — (¢S mXn +
(1—=1)Snmu)ll. It easy to see that An Xn=Xn+1> SmmXn = Xnam> a0d | S mX = Spm v Il < llx—yll.

We show first that, for any x* € F, ||S,,,ux* —x*|| — 0 uniformly forall m > 1 asn —
co. Indeed, for any x* € F, we have

(AL =[] < e[| o = x [+ ylfas, — x| (3.15)

foralli=2,...,N,and [|[Alx* —x*|| < p}llul — x*||. Therefore

AN = x| < ogyalluy = x* ||+ onynlloa — [+ - -+ oy = ™! = x|

(3.16)
+yn ||M —X*H <MZYW

i=1

for all n > 1, where M = max{supn>1{\|u —x*1,.. ,supn%{\luﬁ’ —x*||}} and ok =
Y, «i. Hence

||Sﬂ>mx* —X*H ||An+m 1 51\I+m—2 t Alr:] * An+m 1 111\I+m72 t 'A£1\1+1x*||

N N N N N *
+||An+m 1An+m 2° An+1x An+m lAn+m 2" An+2x ||

+||An+m 1% _x*”

<||Af1\]x* *||+||An+1x _x*||+. +||An+m X x*H (3.17)

N
<Mz Yn+))n+1+ +y;1+m—1)

—_

D=0y

k=n

M=

<M

Il
—

i
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Since Y., yi,<oo, forall i=1,2,...,N, we have §%" —0 as n— o0 and hence ||S,, ,x* —x* || -0
as n — o0. Observe that

Ansm(t) = |[tSnmxn + (1 — )u —v||
<N|ESnmxn + (1 = )u— Sy (tx, + (1 = H)u) ||
+[Sum (t2n + (1 = t)u) — v||
= |[tSumxn + (1 = t)Symth — Snm (t20 + (1 — O)u) + (1 — ) (0 — Spmr) ]
+|[Sum (£ + (1 = )u) — v||

(3.18)
< b +[[Snm (830 + (1= O)1e) = ][+ (1= )] |0 = Sy |
< by + ||Sum (80 + (1= £)u) — S| |+ ||Snymv — ||
+ (1= 1)||u— Spmull
K bpm +an(t) +||Sumv —v|| + (1 = )|t — Spmu|
<bum+an(t)+8;,+(1—-1)5.
By using [2, Theorem 2.3], we have
bum < @' ([lxn = ul| = [|Snmxn = Snmul[)
= ¢ llon = uall = [ — 1+ 1= Sy mutl]) (3.19)
<o ([l = ull = (llxnsm — wall = [Snmee = ul])),

and so the sequence {b,,,,} converges uniformly to 0 as n — co for all m > 1. Thus, fixing
n and letting m — o in (3.19), we have

limsup a,m(t) < ¢! <||xn —ul| - (rllllago |2 — u|| = 83)) +a,(t)+8)+(1—1)8"

) (3.20)

and again letting n — oo,
limsupa,(t) < ¢ '(0) + liglli;lfan(t) +0+0= liglglfan(t). (3.21)
This completes the proof. U

THEOREM 3.9. Let E be a real uniformly convex Banach space such that its dual E* has the
Kaded-Klee property and K a nonempty closed convex subset of E which is also a nonexpan-
siveretract of E. Let Ty, Ty,..., Ty : K — E be nonexpansive mappings with F := (X, F(T;) #
@. From arbitrary x; € K, define the sequence {x,} by the recursion (1.1) with for each
i=1,2,....N, X7yl < oo and ai, € [e,1 — €] for some ¢ € (0,1). Then {x,} converges
weakly to some fixed point of T.

Proof. Lemma 3.1 guarantees that {x,} is bounded. Since E is reflexive, there exists a
subsequence {xn; } of {x,} converging weakly to some x* € K. By Lemma 3.2, we have
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limj_oollxn}. - T,-x,,jll =0 foralli=1,2,...,N. Now Lemma 2.4 guarantees that I — T} is
demiclosed at zero for all i = 1,2,...,N. This implies that Tyx* = x* foralli = 1,2,...,N,
hence this means that x* € F. It remains to show that {x,} converges weakly to x™*. Sup-
pose {x,,} is another subsequence of {x,} converging weakly to some y*. Then y* € K
and so x*, y* € w,(x,) N F. By Lemma 3.8, the limit

lim [[tx, + (1 = )™ = || (3.22)

exists for all t € [0, 1]. By Lemma 2.3 we have x* = y*. As a result, w,,(x,) N F is a single-
ton, and so {x,} converges weakly to some fixed point of T. O

CoRroLLARY 3.10 (see [12, Theorem 3.5]). Let E be a real uniformly convex Banach space
such that its dual E* has the Kadec-Klee property and K a nonempty closed convex subset of
E which is also a nonexpansive retract of E. Let T : K — E be a nonexpansive mapping with
F(T) # &. Let {a,} and {f,} be sequences in [&,1 — €] for some € € (0,1). From arbitrary
x1 € K, define the sequence {x,} by the recursion (1.2). Then {x,} converges weakly to some

fixed point of T.
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