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1. Introduction

Let E be a real Banach space and let E* be the dual of E. Let C be a closed convex subset of E.
Let A: C — E* be an operator. The classical variational inequality problem for A is to find

X € C such that

(Ax,y-x)>0, VyeC

The set of solutions of (1.1) is denoted by VI(A, C). Such a problem is connected with the
convex minimization problem, the complementarity, the problem of finding a point x € E

satisfying 0 = AX, and so on. First, we recall that

(1) an operator A is called monotone if

(Ax-Ay,x-y)>0, VYx,yeC
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(2) an operator A is called a-inverse-strongly monotone if there exists a constant a > 0
with

(Ax - Ay,x - y) > a||Ax - Ay|]*, Vx,yeC. (1.3)

Assume that

(C1) A is a-inverse-strongly monotone,
(C2) VI(A,C) #£2,
(C3) |Ay|l £ [|JAy — Au|| forally € Cand u € VI(A,C).

liduka and Takahashi [1] introduced the following algorithm for finding a solution
of the variational inequality for an operator A that satisfies conditions (C1)-(C3) in a 2-
uniformly convex and uniformly smooth Banach space E. For an initial point x; = x € C,
define a sequence {x,} by

Xpi1 = e (Jxp = \Axy), Vn>1, (1.4)

where | is the duality mapping on E, and Il¢ is the generalized projection from E onto
C. Assume that A, € [a,b] for some a,b with 0 < a < b < c*a/2 where 1/c is the p-
uniformly convexity constant of E. They proved that if | is weakly sequentially continuous,
then the sequence {x,} converges weakly to some element z in VI(A,C) where z =
1imn—>ooHVI(A,C) (xn)‘

The problem of finding a common element of the set of the variational inequalities
for monotone mappings in the framework of Hilbert spaces and Banach spaces has been
intensively studied by many authors; see, for instance, [2-4] and the references cited therein.

Let f : CxC — Rbe abifunction. The equilibrium problem for f is to find x € C such
that

f(x,y) >0, VyeC. (1.5)

The set of solutions of (1.5) is denoted by EP(f).
For solving the equilibrium problem, let us assume that a bifunction f satisfies the
following conditions:

(Al) f(x,x) =0forallx € C;
(A2) f is monotone, thatis, f(x,y) + f(y,x) <0forall x,y € C;
(A3) forallx,y,z € C,

limsupf(tz+ (1-t)x,y) < f(x,y); (1.6)
an

(A4) forallx € C, f(x,-)is convex and lower semicontinuous.
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Recently, Takahashi and Zembayashi [5], introduced the following iterative scheme
which is called the shrinking projection method:

xo=x€C, Cop=C,
Yn = ]_1 (‘xn]xn + (]- - an)]Txn)/
u, € C such that f(u,, y) + rl(y — Uy, Jun— Jyn) >0, VyecC, (1.7)

Cn+1 = {Z € C-,l : ¢(Z/ un) < (i)(z/xn)}/

xXpi1 = 1Ilc,,, x0, Yn 20,

n+l

where ] is the duality mapping on E and Il is the generalized projection from E onto C. They
proved that the sequence {x,} converges strongly to g = Ilr(r)nep(r)Xo under appropriate
conditions.

Very recently, Qin et al. [6] extend the iteration process (1.7) from a single relatively
nonexpansive mapping to two relatively quasi-nonexpansive mappings:

xo € E, chosen arbitrarily,

Ci=¢C x1 = Ic, xo,

Yn = ]71 (an]xn + pn]Txn + Yn]sxn)l

(1.8)
u, € C such that f(u,y) + rl(y—un,]un -Jyn) 20, VyecC,

Cue1 = {2 €Cr: Pz,un) < P(2,x0)},

Xn41 = Ic,,, x0.

Under suitable conditions over {a,}, {f,}, and {y,}, they obtain that the sequence {x,}
generated by (1.8) converges strongly to g = I1r)nr(s)nep(f) Xo-

The problem of finding a common element of the set of fixed points and the set of
solutions of an equilibrium problem in the framework of Hilbert spaces and Banach spaces
has been studied by many authors; see [5, 7-16].

Motivated by liduka and Takahashi [1], Takahashi and Zembayashi [5], and Qin
et al. [6], we introduce a new general process for finding common elements of the set of
the equilibrium problem and the set of the variational inequality problem for an inverse-
strongly monotone operator and the set of the fixed points for relatively quasi-nonexpansive

mappings.
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2. Preliminaries

Let E be a real Banach space and let U = {x € E : ||x|| = 1} be the unit sphere of E. A Banach
space E is said to be strictly convex if for any x,y € U,

x#y implies ||——| < 1. (2.1)

It is also said to be uniformly convex if for each € € (0, 2], there exists &6 > 0 such that for any
x,yel,

<1-6. (2.2)

X — > ¢ implies
[|x -yl p

It is known that a uniformly convex Banach space is reflexive and strictly convex; and we
define a function 6 : [0,2] — [0, 1] called the modulus of convexity of E as follows:

) X+
6(5):1nf{1—||Ty“: %y €E, |xl=|ly| =1 |lx-y]| 25}. (2.3)

Then E is uniformly convex if and only if 6(¢) > 0 for all ¢ € (0,2]. Let p be a fixed real
number with p > 2. A Banach space E is said to be p-uniformly convex if there exists a constant
¢ > 0 such that 6(¢) > ce” for all € € [0,2]; see [17-19] for more details. A Banach space E is
said to be smooth if the limit

hmw (2.4)

t—0 t
exists for all x,y € U. It is also said to be uniformly smooth if the limit (2.4) is attained
uniformly for x,y € U. One should note that no Banach space is p-uniformly convex for
1 < p < 2; see [19]. It is well known that a Hilbert space is 2-uniformly convex, uniformly
smooth. For each p > 1, the generalized duality mapping J, : E — 2F" is defined by

Jo(x) = {x" € B (x,x") = xlP, I1x°] = 1P~} (2.5)

forall x € E. In particular, J = J, is called the normalized duality mapping. If E is a Hilbert space,
then J = I, where I is the identity mapping. It is also known that if E is uniformly smooth,
then J is uniformly norm-to-norm continuous on each bounded subset of E. See [20, 21] for
more details.

Lemma 2.1 (See [18, 22]). Let p be a given real number with p > 2 and E a p-uniformly convex
Banach space. Then, for all x,y € E, jx € J,(x) and j, € J,(y),

. . cP
(X =Y, jx = jy) 2 T llx -yl (2.6)

where J, is the generalized duality mapping of E and 1/ c is the p-uniformly convexity constant of E.
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Let E be a smooth Banach space. The function ¢ : E x E — Ris defined by
(xy) = 2l =2, Ty) + [y I (2.7)

for all x, y € E. In a Hilbert space H, we have ¢(x, y) = ||x - y||* for all x,yy € H.
Recall that a mapping T : C — C is called nonexpansive if |[Tx — Ty|| < ||x — y|| for all
x,y € C and relatively nonexpansive if T satisfies the following conditions:

(1) F(T) # @, where F(T) is the set of fixed points of T;
(2) ¢(p, Tx) < Pp(p,x) forallp € F(T) and x € C;
(3) F(T) = F(T), where F(T) is the set of all asymptotic fixed points of T;

see [10, 23, 24] for more details.

T is said to be relatively quasi-nonexpansive if T satisfies the conditions (1) and (2). It
is easy to see that the class of relatively quasi-nonexpansive mappings is more general than
the class of relatively nonexpansive mappings [9, 25, 26].

We give some examples which are closed relatively quasi-nonexpansive; see [6].

Example 2.2. Let E be a uniformly smooth and strictly convex Banach space and A C E x E*
be a maximal monotone mapping such that its zero set A”'0# 2. Then, J, = (J +rA) " Jisa
closed relatively quasi-nonexpansive mapping from E onto D(A) and F(J,) = A™10.

Example 2.3. Let Ilc be the generalized projection from a smooth, strictly convex, and
reflexive Banach space E onto a nonempty closed convex subset C of E. Then, I'l¢ is a closed
relatively quasi-nonexpansive mapping with F(Ilc) = C.

Lemma 2.4 (Kamimura and Takahashi [27]). Let E be a uniformly convex and smooth Banach
space and let {x,}, {y,} be two sequences of E. If (x,, y,) — 0and either {x,} or {y,} is bounded,
then ||x, — Y|l — 0asn — oo.

Let C be a nonempty closed convex subset of E. If E is reflexive, strictly convex and
smooth, then there exists xg € C such that ¢(xg,x) = ming(y,x) for x € E and y € C. The
generalized projection Ilc : E — C defined by I'lcx = x¢. The existence and uniqueness of
the operator I'l¢ follows from the properties of the functional ¢ and strict monotonicity of the
duality mapping J; for instance, see [20, 27-30]. In a Hilbert space, I'l¢ is coincident with the
metric projection.

Lemma 2.5 (Alber [28]). Let C be a nonempty closed convex subset of a smooth Banach space E and
x € E. Then xo = Icx if and only if (xo -y, Jx — Jxo) > 0 forall y € C.

Lemma 2.6 (Alber [28]). Let C be a nonempty closed convex subset of a reflexive, strictly convex
and smooth Banach space E and let x € E. Then

¢(y, Tex) + ¢(Ilex, x) < P(y,x), VyeC. (2.8)

Lemma 2.7 (Qin et al. [6]). Let E be a uniformly convex, smooth Banach space, let C be a closed
convex subset of E, let T be a closed and relatively quasi-nonexpansive mapping from C into itself.
Then F(T) is a closed convex subset of C.
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Lemma 2.8 (Cho et al. [31]). Let E be a uniformly convex Banach space and let B,(0) be a closed

ball of E. Then there exists a continuous strictly increasing convex function g : [0,00) — [0, 00)
with g(0) = 0 such that

llacx + By + y=[|” < allxl® + BllylI” + Izl - apg (llx - ), (2.9)

forall x,y,z € B,(0), and a, B,y € [0, 1] witha+ p+y = 1.

Lemma 2.9 (Blum and Oettli [7]). Let C be a closed convex subset of a smooth, strictly convex, and
reflexive Banach space E, let f be a bifunction from C x C to R satisfying (A1)—(A4), and let r > 0
and x € E. Then, there exists z € C such that

f(z,y)+%<y—z,1z—1x> >0, VyeC (2.10)

Lemma 2.10 (Qin et al. [6]). Let C be a closed convex subset of a uniformly smooth, strictly convex,
and reflexive Banach space E, and let f be a bifunction from C x C to R satisfying (A1)—(A4). For all
r > 0and x € E, define a mapping T, : E — C as follows:

Tx = {zeC:f(z,y) + %(y—z,]z—]x} >0, Vy e C}. (2.11)

Then, the following hold:

(1) T, is single-valued;
(2) T, is a firmly nonexpansive-type mapping [32], that is, for all x,y € E,

(Thx-Tyy, JT,x - JTyy) <(Trx-Tyy, Jx = Jy); (2.12)

(3) F(T;) = EP(f);
(4) EP(f) is closed and convex.

Lemma 2.11 (Takahashi and Zembayashi [14]). Let C be a closed convex subset of a smooth,
strictly, and reflexive Banach space E, let f be a bifucntion from C x C to R satisfying (A1)—(A4), let
r > 0. Then, for all x € E and q € F(T,),

#(q, Trx) + ¢(Trx, x) < (g, x). (2.13)
We make use of the following mapping V studied in Alber [28]:
V(2" = flcll® = 20, 27) + [l (214)

for all x € E and x* € E*, thatis, V(x, x*) = ¢(x, J 71 (x*)).
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Lemma 2.12 (Alber [28]). Let E be a reflexive, strictly convex, smooth Banach space and let V be as
in (2.14). Then

V(x,x*) +2(J 7 (x") —x,y*) < V(x,x* +y*) (2.15)

forall x € E and x*,y* € E*.

An operator A of C into E* is said to be hemicontinuous if for all x, y € C, the mapping
F of [0,1] into E* defined by F(t) = A(tx + (1 — t)y) is continuous with respect to the weak”
topology of E*. We define by N¢(v) the normal cone for C at a point v € C, that is,

Nc(v) ={x* € E*: (v-y,x*) 20, Yy € C}. (2.16)

Theorem 2.13 (Rockafellar [33]). Let C be a nonempty, closed convex subset of a Banach space E
and A a monotone, hemicontinuous operator of C into E*. Let T, C E x E* be an operator defined as
follows:

T,v = (2.17)

Av+ Nc(v), veC
, otherwise.

Then T, is maximal monotone and T;'0 = VI(A,C).

3. Strong Convergence Theorems

Theorem 3.1. Let E be a 2-uniformly convex, uniformly smooth Banach space, let C be a nonempty
closed convex subset of E. Let f be a bifunction from C x C to R satisfying (A1)—(A4), let A be an
operator of C into E* satisfying (C1)—(C3), and let T, S be two closed relatively quasi-nonexpansive
mappings from C into itself such that F := F(T)NF(S)NEP(f)NVI(A,C) #@. For an initial point
xo € E with x; = Il¢,xo and C1 = C, define a sequence {x,} as follows:

Zn = chil(jxn - )‘nAxn)/
Yn = ]_1 (‘Xn]xn + ﬁn]Txn + Yn]SZn)/

u, € C suchthat f(u,y)+ %(y — Uy, Jun—Jyn) >0, VyeC, (3.1)

Cus1 = {Z €Cy:d(z,un) < ¢(Z/xn)}1

Xn+1 = HC X0, Vn > ]-/

n+l

where | is the duality mapping on E. Assume that {a,},{fn}, and {y,} are sequences in [0,1]
satisfying the restrictions:

Bl) ay+pPn+yn=1

(B2) liminf,, ,anfn > 0, liminf, _, a,y, > 0;
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(B3) {r,} C [s, ) for some s > 0;

(B4) {A,} C [a,b] for some a,b with 0 < a < b < c®a/2, where 1/c is the 2-uniformly
convexity constant of E.

Then, {x,} and {u,} converge strongly to q = I1rxy.
Proof. We divide the proof into eight steps.

Step 1. Show that ITrxg and I'lc,,, x¢ are well defined.

It is obvious that VI(A, C) is a closed convex subset of C. By Lemma 2.7, we know that
F(T) N F(S) is closed and convex. From Lemma 2.10 (4), we also have EP(f) is closed and
convex. Hence F := F(T)NF(S)NEP(f)NVI(A,C) is anonempty, closed, and convex subset
of C; consequently, ITrxg is well defined.

Clearly, C; = C is closed and convex. Suppose that Cy is closed and convex for k € N.
For all z € Ck, we know ¢(z, yi) < ¢(z, xx) is equivalent to

2(z, Jxk — Jyie) < Il = el (3.2)

So, Ck41 is closed and convex. By induction, C,, is closed and convex for all n > 1. This shows
that I'lc . xg is well-defined.

n+l

Step 2. Show that F ¢ C,, foralln € N.

Put v, = J'(Jx, — \,Ax,). First, we observe that u,, = Ty, ynforalln>1and F C C; =
C.Suppose F C Cy for k € N. Then, for all u € F, we know from Lemma 2.6 and Lemma 2.12
that

¢(u, zx) = p(u, lcvy)

< 4’(”/ Uk)
= ¢ (u, )7 Ui = Ax))
= V(u, ]xk - )LkAxk) (3.3)

SV(u, (Jxx — A\ Axy) + A Axy) — 2<]_1(]xk - M Axy) —u, )LkAxk>

=V (u, Jxi) = 20 (vx — u, Axy)
= P (u, xx) = 2N (X — 1, Axie) + 2(0k — Xie, —A Axy ).

Since u € VI(A, C) and from (C1), we have

2N {xp —u, Axg) = —2A(xx —u, Axx — Au) — 20 (xx — u, Au)
(3.4)
< —2aMi || Axi — Aul*
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From Lemma 2.1 and (C3), we obtain
2(vk = xk, Ak Axg) = 2] (Joeg = M Axg) — T (Jxk), =M Axy)
< 2||77 i = A = 7 x| I Al

< S O - deAm) - 717 e kA

4 (3.5)
= C—2||(]xk = M Ax) = (Jxi) [l Ak Axk ||

4
= C—zf\i”AkaZ
< 220 Axs - Aulp
=2 k k .
Replacing (3.4) and (3.5) into (3.3), we get

P(u, z) < P(u, xi) + uk(f—zxk - cx> | Axx — Aull* < ¢p(u, xx). (3.6)

By the convexity of || - |I%, for each u € F c Cx, we obtain

p(u,uk) = ¢(u, Tr, yk)

< ¢(u,yk)

= ¢ (1, J7 (ki + B Tk + 1S Sz )

= llull® = 2k Cu, Jxi) = 2w, JTxi) = 2y, J Szie)
+ |l T xx + BT Txic + v ) Sz ||

< [[ull? = 2t (e, Joer) = 2Bi(u, JTxic) = 2y(u, Szic)
+ o || Txicl® + Bl T Tkl + yil ] Szl

= (1, xi) + Prp (1, Txk) + Yiep (1, Szic)

< ad(u, xic) + Prep(u, xi) + yep(u, zk)

< ¢(u, x).

(3.7)

This shows that u € Cy1; consequently, F C Cy,1. Hence F ¢ C,, foralln > 1.

Step 3. Show that lim,,_, ., (x,,, x0) exists.
From x,, = I'lc,x¢ and x,41 = Ilc,,,x0 € Cpi1 C Cy, we have

n+l

P(xn, x0) < P(xpi1,%0), Y > 1. (3.8)
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From Lemma 2.6, we have

¢ (xn, x0) = p(Tlc, x0, x0) < P(u, x0) = P(u, xn) < P, X0)- (3.9)

Combining (3.8) and (3.9), we obtain that lim,, _, ¢ (x,,, Xp) exists.

Step 4. Show that {x,} is a Cauchy sequence in C.
Since x,, = Ilc,,x0 € Cpy C C,, for m > n, by Lemma 2.6, we also have

¢ (Xm, xn) = §(xm, Uc,x0)
S ¢(xm/ xo) - (i)(HCnxO/ xo) (310)
= ¢(xm, x0) — P(xn, X0).
Taking m,n — oo, we obtain that ¢(x,,, x,) — 0. From Lemma 2.4, we have ||x,, — x,|| — 0.

Hence {x,} is a Cauchy sequence. By the completeness of E and the closedness of C, one can
assume that x, — g € C asn — oo. Further, we obtain

lim ¢ (xy41, x,) = 0. (3.11)
n—oo
Since x,41 = I1c,,, x0 € Cpi1, we have
(;b(xn+1/ un) < ¢(xn+1/ xn) — 0, (312)

asn — oo. Applying Lemma 2.4 to (3.11) and (3.12), we get
pplying &

nli_l:f(}o”un - x|l = 0. (3.13)

This implies that u, — g asn — oo. Since J is uniformly norm-to-norm continuous on
bounded subsets of E, we also obtain

lim ||Ju, — Jx,|| = 0. (3.14)

Step 5. Show that x, — g € F(T) N F(S).
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Let r = sup, ., {[|xull, ITxull, [|Szx[|}. From (3.6) and Lemma 2.8, we know that there
exists a continuous strictly increasing convex function g : [0,00) — [0, o0) with g(0) = 0 such
that

P, un) = ¢(u, Ty, yn)
< ¢(u,yn)
= ¢ (1, )" (@nJ % + P T + Y] S7) )
= [[ull* = 26t (w, ) = 2B (14, JTXn) = 2Yn(1t, ] S2Zn)
+ T 2 + Bud Txn + yu) Sz ||

< Null® = 2, (1, Txn) = 2B, JTx) = 2yn(1t, JS2zy)

) s ) (3.15)
+ “n”]xn” + ﬁn”]Txn” + Yn”]sznll
— anfug (1] Xn = JTxnl])
=, (U, x,) + Pnp(u, Txy) + v (u, Sz,)
- anﬁng(”]xn - ]Txn”)
2
< (1, Xn) + 2fnhn <§An - a) | Ax, — Aul?
- anﬂng(“]xn - ]Tan)'
This implies that
P8 (1Jxn = JTxnl) < p(u, x1) = p(u, un)
= ||xn||2_ ”un”2_2<u/]xn_]un> (3.16)
<Hloen = | (xnll + lonll) + 21ullll 20 = Joaul|-
It follows from (3.13), (3.14), and (B2) that
Tim g, ~ JTx])) = 0. (3.17)
By the property of g, we also obtain that
lim || Jx, — JTx,| = 0. (3.18)
Since J is uniformly norm-to-norm continuous on bounded sets, so is J~!. Then
lim [, = x| = Jim [| 7 ) = T U T) | = 0. (3.19)
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In the same manner, we can show that

lim ||x, — Sz,|| = 0.
n— oo
Again, by (3.15), we have
2 , 1
2a( a - Eb |Ax, — Au||” < Y—((ﬁ(u,xn) - P(u,uy)),

which yields that

lim || Ax, — Au|| = 0.
n—oo

From Lemma 2.6, Lemma 2.12, and (3.5), we have

$(xn, 2n) = p(xn, TIcvn)
< ¢(xn, vn)
= ¢ (30, ] Jw = LA )
=V (xn, Jxn — AnAxy)
< Vixy, (Jx, — AyAxy) + 1, Axy,)
= 2(J 7 (Jxtn = AnAxp) = X, Ay Axy)
= @(xn, Xn) +2(Vn = X, ~Ay AXy)

= 2(0, — Xn, — Ay AXy) < %bZHAxn - Aul.
It follows from Lemma 2.4 and (3.22) that
Jim [|x, — zy || = 0.
Hence z, — gasn — oo and
lim [[Jx, = Jzall = 0.

Combining (3.20) and (3.24), we also obtain

lim ||Sz, — z,|| = 0.
n—oo

From (3.19), (3.26) and by the closedness of T and S, we get g € F(T) N F(S).

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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Step 6. Show that x,, — g € EP(f).
From (3.15), we see

¢ (1, Yn) < P, xn).

From (3.16), we observe
lim ¢ (u, x,,) — p(u, u,) = 0.
Note that u, = T}, y,. From (3.27) and Lemma 2.11, we have

¢ (ttn, Yn) = ¢(Tr, Y, Yn)
<P, yn) = ¢ (u, Ty, yn)
< ¢, xn) = $(u, Ty, yn)
= P(u, xn) — P, ).

From (3.28), we get lim,, _, . (144, y») = 0. By Lemma 2.4, we obtain
[[ttn = yul| — 0
asn — oo. Since r,, > s, we have

Vo~ Tall

Tn

asn — oo. From u, = T, y, we have

1
flun,y) + r—<y—un,]un—]yn> >0, VyeC

By (A2), we have

ia = Tl
- =2

1
> r_<y_un/]un_]yn>

> ~f (un, y)
> f(y,un), VyeC.

13

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

From (A4) and u, — g, we get f(y,q) <Oforally € C.For 0 <t < 1and y € C. Define
yt = ty + (1 — t)q, then y; € C, which implies that f(y;,q) < 0. From (Al), we obtain that
0=fyuy) <tfyny) + A =0f(y,q) < tf(y,y). Thus, f(y1,y) > 0. From (A3), we have

f(q,y) > 0forall y € C. Hence g € EP(f).
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Step 7. Show that x, — g€ VI(A,CQC).
Define T, C E x E* be as in (2.17). By Theorem 2.13, T, is maximal monotone and

T;'0 = VI(A,C). Let (v,w) € G(T,). Since w € T,v = Av + Nc(v), we get w — Av € N¢(v).
From z,, € C, we have

(v—2zy,w—Av) > 0. (3.34)

On the other hand, since z,, = ITcJ ! (Jx,~1,Ax,). Then, by Lemma 2.5, we have (v-2z,, ] z,-
(Jxn — ApAx,)) > 0 and thus

<v — 2, @ - Ax,,> <0. (3.35)

It follows from (3.34) and (3.35) that

<'U - Zn/w> > <'U - Zn/AU>

> <U - anA'U) + <U - an@ - Ax”>

= <U— Zn/AU_Axn> + <U_Z"’@>

= (v~ 2y, AV — Azp) + (v — 2, Azy — AXy) (3.36)
]xn_]zn>

+ <U Zn/ )tn

Zp — Xn Jxn = Jzn

B N R L

Z_]\/I<Hzn_xn” + ”]xn_]Z"”),
o a

where M = sup,.,{[|v - zx||}. By taking the limit as n — oo and from (3.24) and (3.25), we
obtain (v — g, w) > 0. By the maximality of T,, we have g € T,'0 and hence g € VI(A, C).

Step 8. Show that g = ITpxo.
From x, = I'lc, x9, we have

(Jxo = Jxn,xp —2z) 20, Vz €Cy. (3.37)

Since F c C,,, we also have

<]x0_]xmxn_u> >0, VYueF (338)

By taking limit in (3.38), we obtain that

(Jxo-Jq,q-u)>0, VueF. (3.39)
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By Lemma 2.5, we can conclude that g = ITrxy. Furthermore, it is easy to see that u, — g as
n — oo. This completes the proof. O

As a direct consequence of Theorem 3.1, we obtain the following results.

Corollary 3.2. Let E be a 2-uniformly convex and uniformly smooth Banach space, and let C be a
nonempty closed convex subset of E. Let f be a bifunction from C x C to R satisfying (A1)—(A4) and
let T be a closed relatively quasi-nonexpansive mapping from C into itself such that F(T)NEP(f) # @.
Assume that {a,} C [0,1] satisfies liminf, _, ,a,(1 — a,) > 0 and {r,} C [s, 0) for some s > 0.
Then the sequence {x,} generated by (1.7) converges strongly to q = Irr)ngp(f) Xo.

Proof. Putting S = T and A = 0 in Theorem 3.1, we obtain the result. O

Remark 3.3. If A = 0 in Theorem 3.1, then Theorem 3.1 reduces to Theorem 3.1 of Qin et al.
[6].

Remark 3.4. Corollary 3.2 improves Theorem 3.1 of Takahashi and Zembayashi [5] from
the class of relatively nonexpansive mappings to the class of relatively quasi-nonexpansive
mappings, that is, we relax the strong restriction: F(T) = F(T). Further, the algorithm in
Corollary 3.2 is also simpler to compute than the one given in [14].

4. Applications

Next, we consider the problem of finding a zero point of an inverse-strongly monotone
operator of E into E*. Assume that A satisfies the conditions:

(D1) A is a-inverse-strongly monotone,

(D2) A N0={u€cE: Au=0}#02.
Theorem 4.1. Let E be a 2-uniformly convex, uniformly smooth Banach space. Let f be a bifunction
from E x E to R satisfying (A1)—(A4), let A be an operator of E into E* satisfying (D1) and (D2),
and let T, S be two closed relatively quasi-nonexpansive mappings from E into itself such that F :=

F(T)NF(S)NEP(f) N A™'0# @. For an initial point xo € E with x; = T1¢,x0 and C; = E, define a
sequence {x,} as follows:

Zp = ]71 (]xn - )‘nAxn)/
Yn = ]_1 (‘xn]xn + ,Bn]Txn + Yn]SZn)/

u, € E suchthat f(u,,y) + rl(y — Uy, Jun—Jy,) >0, Vy€E, 4.1)

Cus1 = {Z €Cy:d(z,un) < (;b(zrxn)}l

Xn+1 = HC Xo, Vn > ]-/

n+l

where | is the duality mapping on E. Assume that {a,},{fn}, and {y,} are sequences in [0,1]
satisfying the conditions (B1)—(B4) of Theorem 3.1.
Then, {x,} and {u,} converge strongly to q = ITpxy.
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Proof. Putting C = E in Theorem 3.1, we have Ilg = I. We also have VI(A,E) = A™!0 and
then the condition (C3) of Theorem 3.1 holds for all y € E and u € A™'0. So, we obtain the
result. O

Let K be a nonempty, closed convex cone in E, A an operator of K into E*. We define
its polar in E* to be the set

K*={y*€E*: (x,y*) >0, Vx € K}. (4.2)
Then the element u € K is called a solution of the complementarity problem if

Au € K*, (u, Au) = 0. (4.3)

The set of solutions of the complementarity problem is denoted by C(K, A).
Assume that A is an operator satisfying the conditions:

(E1) A is a-inverse-strongly monotone,

(E2) C(K, A) # 2,

(E3) ||Ay|| £ ||Ay — Au|| forall y € K and u € C(K, A).
Theorem 4.2. Let E be a 2-uniformly convex, uniformly smooth Banach space, and K a nonempty,
closed convex cone in E. Let f be a bifunction from K x K to R satisfying (A1)—(A4), let A be an
operator of K into E* satisfying (E1)-(E3), and let T, S be two closed relatively quasi-nonexpansive

mappings from K into itself such that F :== F(T) N F(S)NEP(f) N C(K, A) # @. For an initial point
xo € E with x1 = I¢,xg and Cy = K, define a sequence {x,} as follows:

Zn = I_II<]71 (]xn - /\nAxn)/
Yn = ]_1 (‘xn]xn + ,Bn]Txn + Yn]SZn)/

u, € K such that f(u,,y) + %(y—un,]un -Jyn) >0, Vyek, (4.4)

Cus1 = {Z €Cy:d(z,un) < (i)(z/xn)}/

Xn+1 = 1_-[C,Hle/ Vn > ]-/
where | is the duality mapping on E. Assume that {ay}, {fn} and {y,} are sequences in [0,1]
satisfying the conditions (B1)—(B4) of Theorem 3.1.

Then, {x,} and {u,} converge strongly to q = I1rxy.

Proof. From [20, Lemma 7.1.1], we have VI(K, A) = C(K, A). Hence, we obtain the result. [
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