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We show the existence of a week solution in Wé PO (€2) to a Dirichlet problem for —A,xu = f(x, u)
in Q, and its localization. This approach is based on the nonlinear alternative of Leray-Schauder.

1. Introduction

In this work, we consider the boundary value problem

“Dpu = f(x,u) inQ,

)
u=0 on 0Q,

where Q ¢ RN, N > 2, is a nonempty bounded open set with smooth boundary 0Q, A,xu =
diV(|Vu|p(x)_2Vu) is the so-called p(x)-Laplacian operator, and (CAR): f : QxR — Risa
Caratheodory function which satisfies the growth condition

|f(x,s)] <a(x)+ Cls|?®/4™  for ae. x e Qand all s € R, (1.1)

with C = const. >0, 1/g(x) +1/4q'(x) = 1 forae. x € Q,and a € LT™(Q), a(x) > 0 for a.e.
x € Q.

We recall in what follows some definitions and basic properties of variable exponent
Lebesgue and Sobolev spaces LP®(Q), W#®)(Q), and Wg’p(x) (). In that context, we refer
to [1, 2] for the fundamental properties of these spaces.
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Set

L?(Q) = {p 1p € L*(Q), ess giznfp(x) > 1}.
X€E

(1.2)

For p € LY(Q), let p1 := ess infreqp(x) < p(x) < p2 := ess sup, op(x) < oo, for a.e.

x € Q.

Let us define by %(€Q) the set of all measurable real functions defined on Q. For any

p € L¥(Q), we define the variable exponent Lebesgue space by

LPO(Q) = {u € UQ) : ppxy (u) = fg [u(x) [P dx < oo}.

We define a norm, the so-called Luxemburg norm, on this space by the formula

. u
l[4lly) = mf{6 >0 pp) <5> < 1},

and (LPF)(Q), | - Il,,(x)) becomes a Banach space.
The variable exponent Sobolev space W#®)(Q) is

WP (Q) = {u € P (Q) s—;‘ e LP®(Q), i=1,. N}
i

and we define on this space the norm

l[ell = {2l ey + 11V 2ell

for all u € WP (Q). The space Wé’p(x) (Q) is the closure of C2(Q) in W™ (Q).

(1.3)

(1.4)

(1.5)

(1.6)

Proposition 1.1 (see [1, 2]). If p € L¥(Q), then the spaces LP™(Q), WPX(Q), and

Wg’p(x) (Q) are separable and reflexive Banach spaces.

Proposition 1.2 (see [1,2]). Ifu € LP¥)(Q) and p, < oo, then we have

@) lul,py <=L >1) © pp(u) <1(=1; >1),

) Nl > 1= [l < ppeo (@) < 1l
P2

(i) Nl <1=>

< poio ) < [l

(iv) ||u||p(x) =a>0e pp(u/a) =1
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Proposition 1.3 (see [3]). Assume that Q is bounded and smooth. Denote by C.. Q) ={heCQ):
hy > 1}.

(i) Let p,q € C.(Q). I

Np(x) .
P N,
q(x) <p*(x) = { N-p() re < (1.7)
+00 if p(x) 2 N,

then (Wg’p(x)(Q), | - |I) is compactly imbedded in L1 (Q).
(ii) (Poincaré inequality, see [1, Theorem 2.7]). If p € C,(Q), then there is a constant C > 0

such that
1,
el < CUIVEllyy, Yo € Wo "2 (). (1.8)
Consequently, |[ully ) = NIVl and |lull are equivalent norms on W;’p(x)(Q), In
what follows, Wé’p(x)(Q), withp € C, (ﬁ), will be considered as endowed with the norm
2l ) -

Lemma 1.4. Assume that r € L*(Q) and p € C.(Q). If [u|"™® e LP®)(Q), then we have

onin {2170 100 } < < max{ el Nl ] 19)

p(x)

Proof. By Proposition 1.2 (iv), we have

p(x)
uf
1= f — dx
o[
p(x)
I Hulfi"i"ixi
r(x)p(x
) dx 1.10
p(x)
r1ip(x) np(x
3 f O max{lul e el )
> Q ”u”r(x)p(x) |||u|r(x) p(x)
p(x)
By the mean value theorem, there exists ¢ € Q such that
r1ip(¢) rp(¢)
max{ [l Nl | I e
. © dx (1.11)
P ”u”r(x)p (x)

(I

p(x)
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and we have

(x) T T
[ e max {1l o 11400 | (1.12)
Similarly
: rip(é) r2p($)
min{ |l {50 Nl )
p)
L@
(x) ; r r
a1 ) 2 il 10 -
O
Remark 1.5. If r(x) = r = const., then
” |u|7'||p(x) = ||u||:p(x) (114)
For simplicity of notation, we write
X=w,"@), x=W""Q@), Y=1@Q), Y =L19@),
(1.15)

Flix = Mlpey, Iy = g

In [4], a topological method, based on the fundamental properties of the Leray-
Schauder degree, is used in proving the existence of a week solution in X to the Dirichlet
problem (P) that is an adaptation of that used by Dinca et al. for Dirichlet problems with
classical p-Laplacian [5]. In this work, we use the nonlinear alternative of Leray-Schauder and
give the existence of a solution and its localization. This method is used for finding solutions
in Holder spaces, while in [6], solutions are found in Sobolev spaces.

Let us recall some results borrowed from Dinca [4] about p(x)-Laplacian and
Nemytskii operator Ny. Firstly, since g(x) < p(x) < p*(x) for all x € Q, X is compactly
embedded in Y. Denote by i the compact injection of X in Yand by i* : Y* — X*,i*v=voi
for all v € Y*, its adjoint.

Since the Caratheodory function f satisfies (CAR), the Nemytskii operator Ny
generated by f, (Nfu)(x) = f(x,u(x)), is well defined from Y into Y*, continuous, and
bounded ([3, Proposition 2.2]). In order to prove that problem (P) has a weak solution in
X it is sufficient to prove that the equation

—Ap(x)u = (i*Nfi)u (1.16)

has a solution in X.
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Indeed, if u € X satisfies (1.16) then, for all v € X, one has
(=Bpt, V) y . = ((("Nysi)u, )y (. = (Ng(iu),iv), . (1.17)
which rewrites as

J‘ |Vu|p(x)Vqudx=J‘ fodx (1.18)
Q Q

and tells us that u is a weak solution in X to problem (P).
Since —Ap(x) is a homeomorphism of X onto X*, (1.16) may be equivalently written as

u= (D) (*Nyi)u. (1.19)

Thus, proving that problem (P) has a weak solution in X reduces to proving that the
compact operator

K = (~Ay0) (Ni) X — X (1.20)

has a fixed point.
Theorem 1.6 (Alternative of Leray-Schauder, [7]). Let B[O, R] denote the closed ball in a Banach
space E, {u € E : ||u|| < R}, and let K : B[O, R] — E be a compact operator. Then either

(i) the equation AKu = u has a solution in B[O, R] for A = 1 or
(ii) there exists an element u € E with ||u|| = R satisfying AKu = u for some A € (0,1).

2. Main Results

In this work, we present new existence and localization results for X-solutions to problem (P),
under (CAR) condition on f. Our approach is based on regularity results for the solutions of
Dirichlet problems and again on the nonlinear alternative of Leray-Schauder.

We start with an existence and localization principle for problem (P).

Theorem 2.1. Assume that there is a constant R > 0, independent of A > 0, with ||u||x # R for any
solution u € X to

—Apu=Af(x,u) inQ,

(Py)
u=0 on oQ

and for each A € (0,1). Then the Dirichlet problem (P) has at least one solution u € X with |lul|x < R.

Proof. By [3, Theorem 3.1], —A,() is a homeomorphism of X onto X*. We will apply
Theorem 2.1 to E = X and to operator K : X — X,

Ku = (-Apw) " (i*Nyi)u, (2.1)



6 Fixed Point Theory and Applications

where i*Nyi : X — X" is given by (Nsu)(x) = f(x,u(x)). Notice that, according to a well-
known regularity result [4], the operator (—A,))~" from X to X is well defined, continuous,
and order preserving. Consequently, K is a compact operator. On the other hand, it is clear
that the fixed points of K are the solutions of problem (P). Now the conclusion follows from
Theorem 1.6 since condition (ii) is excluded by hypothesis. O

Theorem 2.2 immediately yields the following existence and localization result.

Theorem 2.2. Let Q ¢ RN, N > 2, be a smooth bounded domain and let p,q€Cy (ﬁ) be such that
g(x) < p(x) for all x € Q. Assume that f : Q x R — R is a Caratheodory function which satisfies
the growth condition (CAR).

Suppose, in addition, that

1
Cll Ny - x- max{ 11y 1% | <1 (22)

where C is the constant appearing in condition (CAR). Let R > 1 be a constant such that

1/(p1-1)

¥
> Iy caly. _ 23)
. 11— 1192~
1= Clli*lly- - x- max{ Iil% ., 115 |

Then the Dirichlet problem (P) has at least a solution in X with |lul|x < R.

Proof. Let u € X be a solution of problem (P,) with |lully = R > 1, corresponding to some
A € (0,1). Then by Propositions 1.2, 1.3, and Lemma 1.4, we obtain

ull? < J; [Vul®dx = A (i Nyi)u,u)y . = Ny (i), iu),,.
< A e IN G0 - el
ullx (llally. +Cmax{liull} ™, il }) (2.4)

. -1 q-1
< Ayl (lally- + Cllul ™ max{ il 117 })

< Aji*

Y*— X*

. -1
< Al el (Hally- + Cllulle™ max{ 1l = 117 })-
Therefore, we have
- Ml x- lally-
il

-1 } ’ (25)

1Al max{ [l il
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Substituting ||u|ly = R in the above inequality, we obtain

1/(p1-1)
R< Uil oxcloly. , .
1= ACH# - . mac{ il 1% )
which, taking into account (2.3) and A € (0, 1), gives
1/(p1-1)
R < \1/p-1) [y x-llally-
= . A R
1= CAi*lly- - x- max{ il 115 |
VD) (2.7)
< \1/p-1) "1y x-llally-
= . T R
1= Cllitlly- e max{ 1% 2 1% }
<AV/PUR <R,
a contradiction. Theorem 2.1 applies. O
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