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Our aim is twofold: first, we want to introduce a partial quasiordering in cone uniform spaces with
generalized pseudodistances for giving the general maximality principle in these spaces. Second,
we want to show how this maximality principle can be used to obtain new and general results of
Ekeland and Caristi types without lower semicontinuity assumptions, which was not done in the
previous publications on this subject.

1. Introduction

The famous Banach contraction principle [1], fundamental in fixed point theory, has
been extended in many different directions. Among these extensions, Caristi’s fixed point
theorem [2] concerning dissipative maps with lower semicontinuous entropies, equivalent to
celebrated Ekeland’s variational principle [3] providing approximate solutions of nonconvex
minimization problems concerning lower semicontinuous maps, may be the most valuable
one.

These results are very useful, simple, and important tools for investigating various
problems in nonlinear analysis, mathematical programming, control theory, abstract econ-
omy, global analysis, and others. They have many generalizations and extensive applications
in many fields of mathematics and applied mathematics.

In the literature, the several generalizations of the variational principle of Ekeland
type, for lower semicontinuous maps and fixed point and endpoint theorem of Caristi type
for dissipative single-valued and set-valued dynamic systems with lower semicontinuous
entropies in metric and uniform spaces are given, and various techniques and methods of
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investigations (notably based on maximality principle) are presented. However, in all these
papers the restrictive assumptions about lower semicontinuity are essential. For details see
[4-29] and references therein. It is not our purpose to give a complete list of related papers
here.

A long time ago, we did not know how to define the distances in metric, uniform, or
cone uniform spaces, which generalize metrics, pseudometrics, or cone pseudometrics, which
are connected with metrics, pseudometrics, or cone pseudometrics, respectively, and which
have applications to obtaining the solutions of several new important problems in nonlinear
analysis. The pioneering effort in this direction is papers of Tataru [30] in Banach spaces,Kada
etal. [31], Suzuki [32], and Lin and Du [33] in metric spaces, and Valyi [34] in uniform spaces.
In these papers, among other things, various distances are introduced, and relations between
Tataru [30], and Kada et al. [31] distances and distances of Suzuki [32] and Lin and Du
[33] are established. For many applications of these distances, see the papers [30-48] where,
among other things, in metric and uniform spaces with generalized distances [30-34], the
new fixed point theorems of Caristi’ type for dissipative maps with lower semicontinuous
entropies and variational principles of Ekeland type for lower semicontinuous maps are
given.

In this paper, in cone uniform spaces [49, 50], the families of generalized pseudodis-
tances are introduced (see Section 2), a partial quasiordering is defined and the general
maximality principle is formulated and proved (see Section 3). As applications, in cone
uniform spaces with the families of generalized pseudodistances, the general variational
principle of Ekeland type for not necessarily lower semicontinuous maps and a fixed point
and endpoint theorem of Caristi type for dissipative set-valued dynamic systems with not
necessarily lower semicontinuous entropies are established (see Section 4). Special cases
are discussed and examples and comparisons show a fundamental difference between our
results and the well-known ones in the literature where the standard lower semicontinuity
assumptions are essential (see Section 5). Relations between our generalized pseudodistances
and generalized distances are described (see Section 6; the aim of this section is to prove
that each generalized distance [30-34] is a generalized pseudodistance and we construct the
examples which show that the converse is not true). The definitions, the results, the ideas
and the methods presented here are new for set-valued and single-valued dynamic systems
in cone uniform, cone locally convex and cone metric spaces and even in uniform, locally
convex, and metric spaces.

2. Generalized Pseudodistances in Cone Uniform Spaces

We define a real normed space to be a pair (L, || - ||), with the understanding that a vector space
L over R carries the topology generated by the metric (a,b) — |la-b|, a,b € L.

Let L be a real normed space. A nonempty closed convex set H C L is called a cone in
L if it satisfies (H1)Vse0,00){sH C H}, (H2)H N (-H) = {0}, and (H3) H # {0}.

It is clear that each cone H C L defines, by virtue of “a<ybifand onlyif b-a € H”,
an order of L under which L is an ordered normed space with cone H. We will write a <g b to
indicate that a<pg b but a#b.

A cone H is said to be solid if int(H) #@; int(H) denotes the interior of H. We will
write a < b to indicate that b — a € int(H).

The cone H is normal if a real number M > 0 exists such that for each a,b € H,
0<g a<g bimplies that ||a|| < M|b||. The number M satisfying the above is called the normal
constant of H.
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The following terminologies will be much used.

Definition 2.1 (see [49, 50]). Let X be a nonempty set and let L be an ordered normed space with
cone H.
(i) The family P = {p, : X x X — L, a € #}, #-index set, is said to be a P-family of
cone pseudometrics on X (-family, for short) if the following three conditions hold:

(P1) YacuVxyex{02u pa(x, y) ANx =y = pa(x,y) = 0};
(D2) YacuVxyex{pa(x,v) = pa(y,x)};
(p3) Vueetlvx,y,zex {pa (xr z) <H Pa (x, y) t Pa (y, z) }

(ii) If P is a P-family, then the pair (X, D) is called a cone uniform space.
(iii) A p-family p is said to be separating if
(p4) vx,yeX{x?fy = 3a€4{0<H pa(x/y) } }

(iv) If a p-family P is separating, then the pair (X, 0) is called a Hausdorff cone uniform
space.

Definition 2.2 (see [49, Definition 2.3]). Let L be an ordered normed space with solid cone H
and let (X, D) be a cone uniform space with cone H.

(i) We say that a sequence (w,, : m € N) in X is a [D-convergent in X, if there exists
w € X such that

VueJVcaeL,O«ca 3ng:ng(m,c,,,)eNvmeN;nggm {Pu (wm/ ZU) K Cq } . (21)

(ii) We say that a sequence (w,, : m € N) in X is a P-Cauchy sequence in X, if

Vcte‘s€lvc,,,€L,0<<cg, Elno:no(at,c,,,)ENvm,neN;no <im<n {Pa (wmr wn) K Cq } . (22)
(iii) If every p-Cauchy sequence in X is p-convergent in X, then (X, ) is called a p-
sequentially complete cone uniform space.
The following holds.

Theorem 2.3 (see [49, Theorem 2.1]). Let L be an ordered normed space with normal solid cone H
and let (X, P) be a Hausdorff cone uniform space with cone H.

(a) Let (wy, : m € N) be a sequence in X and let w € X. The sequence (wy, : m € N) is
P-convergent to w if and only if

vu64v5a>05|n0:n0(u,e,,)eNvmeN;nggm{ ”Pu (wm/ ’(,0) ” < &g } . (23)

(b) Let (w,y, : m € N) be a sequence in X. The sequence (w,, : m € N) is a [D-Cauchy sequence
if and only if

Vaeellvs,poElno:no(a,ea)eNvm,neN;no <m<n{ ”Pa(wmr wn) ” < &g } . (24)

(c) Each p-convergent sequence is a [)-Cauchy sequence.
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Definition 2.4. Let L be an ordered normed space with solid cone H. The cone H
is called regular if for every increasing (decreasing) sequence which is bounded from
above (below), that is, if for each sequence (¢, : m € N) in L such that
XHCOSH " 2HCm3H - Xub by 2gcn3H--2H 2=y c1)forsomeb € L, there exists
¢ € L such that lim,, _, o ||¢;n — ¢|| = 0.

Remark 2.5. Every regular cone is normal; see [51].

Definition 2.6. Let L be an ordered normed space with normal solid cone H and let (X, ) be
a Hausdorff cone uniform space with cone H.

(i) The family 2 = {J» : X xX — L, a € 4} is said to be a J-family of cone
pseudodistances on X (J-family on X, for short) if the following three conditions hold:

(91) vaEva,yeX {0 5H ]a (X, y) };
(92) Vaeeélvx,y,zeX { Ja (x/ Z) <H ]vc(x/ y) + ]vc(y/ Z) };
(23) for any sequence (w,, : m € N) in X such that

Vet Veu>0Tng=no (a,e2)eNVimneN; no<men (|| Ja (W, Wn)|| < €x}, (2.5)
if there exists a sequence (v, : m € N) in X satisfying
Vaeu¥e,>0Tnp=no(a,e2)eNVmeN; no<m A 1o (Wi, Om) || < €a}, (2.6)
then

Vueellve,x>03n0:n0(a,sa)eNvmeN; nggm{ ”Pa (wm/ Um) ” < é&x } . (27)

(ii) Let the family 2 = {J, : X x X — L,a € &#} be a J-family on X. One says that a
sequence (w,, : m € N) in X is a 2-Cauchy sequence in X if (2.5) holds.

Remark 2.7. Each p-family is a J-family.
The following result is useful.

Proposition 2.8. Let (X, D) be a Hausdorff cone uniform space with cone H. Let the 2-family 2 =
{(Jo: X xX — Lae#}bea Q-family. If Vacy{Ja(x,y) = OA Ju(y,x) =0}, then x = y.

Proof. Let x,y € X be such that Veey{Ja(x,y) = 0 A Ju(y,x) = 0}. By
(22), Vaculla(x,x)2m Ja(x,y) + Ja(y,x)}. By (21), this gives Vaecu{Ja(x, x) =
0} Thus, we get VaedvgpoEln():no(a,ga)eNvm,neN; nogmgn{”]u(wm/wn)” < 511} and
VaeleepoElno:no(a,gu)eNvmeN;nggm{”]u(wm/vm)“ < Ea} where w,, = x, v, = Yy, and

m € N, and, by (23), Vaedvsa>03no:ng(a,sa)eNvmeN;ng <m { ”pa (Wm,vm)ll < €4}, that is,
Vacu Ve s0{IPa(x, )| < €4}. Hence, Vacy {pa(x,y) = 0} which, according to (04), implies that
x=y. O
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3. Maximality (Minimality) Principle in Cone Uniform Spaces with
Generalized Pseudodistances

We start with the following result.

Proposition 3.1. Let L be an ordered Banach space with normal solid cone H, let (X,[) be a
Hausdorff cone uniform space with cone H and let 2 = {J, : X x X — L,a € A} be aJ-family on
X. Every 2-Cauchy sequence in X is [D-Cauchy sequence in X.

Proof. Indeed, assume that a sequence (w,, : m € N) in X is 2-Cauchy, that is, by
Definition 2.6(ii), assume that

Vuedlvga>0Elno:ng(a,e,x)eNvm,neN; np<m<n { ”]a (wm/ wn) ” < &y } . (31)

Hence vaedlvepoano:no(a,ea)eNVmeN; nogque[O}UN{ ”]a(wmr wq+m) ” < 50:}/ and ifip € N, jO S {0} U
N, ip > jo, and

Um = Wigtm, Um = Wjpsm for m €N, (3.2)
then
VaeuVe,>03np=no(a,e0)eNVmeN; ng<m {1 Ja (Wi, Um) || < €a A || Ja (Wi, Om) || < €4} (3.3)
By (23), (3.1) and (3.3),
Vaeu Ve, 50T no=no(@,e)eN Ymens no<m { || Pa (@i i) || < €a A ||Pa(@m, Om) || < €a}- (3.4)

If M is a normal constant of H, then (3.2) and (3.4) give

VaeedvgpoEln():no(a,sa)eNvmeN; nogm{ ”Pu (wm/ wio+m) ” < 25_]11\/1 A ”Pa (wm/ wj0+m) ” < 25_]‘\1/[ }
(3.5)

Leta € # and ¢, > 0 be arbitrary and fixed and let m, n € N satisfy ny < m < n. We may
suppose that n = iy +np and m = jy+ng for some iy € Nand jo € {0} UN such that iy > jo. Then,
by (P1)~(P3), Vaeu{0=y Pa (Wi, Wn) = Pa (wj(]+n()l Wiginy) <H Ptx(wnoz wj0+n0) + Pa (Wng) Wiginy) }-
Hence, using (3.5), Yacu {[|Pa (Wi, wi)|| < MI|pa(Wny, Wjgtn)|l + M[pa(wny, Wigin,) | < €a}
and, Consequenﬂy/ va64v£a>03no=n0(u,sa)eNvm,neN;n0<m<n{ ||pa (wmr wn) ” < &g } Therefore, by
Theorem 2.3(b), the sequence (w,, : m € N) is p-Cauchy. O

Let (A, <a) denote a directed set whose elements will be indicated by the letters A, 7,
and . In the sequel, A < 17 will stand for A <o 7and A #7.

The relation <x on X which is reflexive (i.e., for all x € X the condition x <x x holds)
and transitive (i.e., for all x,y,z € X the conditions x <x ¥ and y <x z imply that x <x z) is
called a quasiordering on X and the pair (X, <x) is called a quasiordering space. If, additionally,
relation <x satisfies, for all x, y € X, the conditions: x <x y and v <x x which imply that x = y,
then it is called a partial quasiordering on X and the pair (X, <x) is called a partial quasiordering
space. In the sequel, u <x v will stand for u<x v and u#wv.
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Definition 3.2. Let L be an ordered normed space with solid cone H, let (X, /) be a Hausdorff
cone uniform space with cone H andlet 2 = {J, : X x X — L,a € &/} be a J-family on X.

(i) One says that the net (wy, : A € A) in X is 2-Cauchy (p-
CWChy) n X if VDIEJVC,IEL,O<<CU, ElyrgeAVrl,yeA;yro SANSap { ]a (wrz/ wy) < Ca }
(VaEJVcaeL,O«C,, ElyroeAvrl,yeA;JrggArl<Ay {Pa (wrlr wy) K Ca } ) .

(ii) One says that the net (wy, : A € A) in X is J-convergent ([J-convergent ) in
X, if there exists w € X such that Yae Ve, e 0«c, 3menVnenmsny { Ja(wy, w) <
Ca } (vuedvcaeLD«ca ElyroeAvqu;yrogAq {pa (wqr ’(1)) <K Cq })

(iii) One says that (X, D) is complete, if every [p-Cauchy net (wy : A € A) in X is D-
convergent in X.

(iv) Let (X,p) be complete. For an arbitrary subset E of X, the closure of
E, denoted by cl(E), is defined as the set cl(E) = {w € X
EI(w,\:AEA)CEvaercaeL,O«ca ElyroeAvrlEA;yroSArl {Pa(wrlr w) < Ca} } The subset E of X is said
to be a closed subset in X if cl(E) = E.

(v) Let (X,<x) be a partial quasiordering space. One says that the net (w, : A €
A) in (X,<x) is increasing (decreasing) with respect to <x if ¥, ea{n<ap =
wy <x w/l} (Vq,/teA{rl <A P = Wy <x wq})

Of course, each pP-convergent net is a J)-Cauchy net. Also we show the following

Proposition 3.3. Let L be an ordered Banach space with a solid cone H and let (X, D) be a Hausdorff
cone uniform space with cone H. Let 2 = {J, : X x X — L,a € 4} be ad-family on X and let
(X, <x) be a partial quasiordering space.

(a) Assume that each increasing sequence (wy, : m € N) in X is 2-Cauchy ()-Cauchy). Then
each increasing net (w) : A € A) in X is 2 -Cauchy (-Cauchy).

(b) Assume that each decreasing sequence (w, : m € N) in X is 2-Cauchy ()-Cauchy). Then
each decreasing net (wy : A € A) in X is 2-Cauchy (-Cauchy).

Proof. (a) Suppose that there exists an increasing net (w) : A € A) in X which is not
2J-Cauchy, that is, which satisfies ¥, e {7 <a p = wy, <x w,} and

ElageedzlcaoeL, (S vyreAEIr[,yeA;JrgAqu‘u {]vco (wq/ w‘u) — Cay ¢ int(H) } (36)

Assume that o1y € A is arbitrary and fixed. By (3.6), there exist 1,1 € A,
a1 <A M1 <A pa, such that Jo (wy,, wy,) — cqy & int(H) and define v; = w,, and
vy = wy,. Next, for m = pi, by (3.6), there exist np, 42 € A, 72 <p 1254 Y2,
such that ], (wy,, wy,) — cq & int(H) and define v3 = wy, and vy = wy,. Now,
if vy are defined for k = 1,...,2(n — 1) and if o, = p,-1, then, by (3.6), there
exist 1, n € N, Ty <A My <A pin, such that Jo (wy,, wy,) — cay € int(H) and define
U1 = wy, and vy, = wy,. By induction, this gives Vuen{vm <x Um+1} and
E!bt()ee4lzlc,,,0EL,0<<C‘,0 vneNamg,ngeN; n<moy<ng {]ao (Um(]/ Ung) — Ca Q int(H) } Consequeﬂﬂ}’,
there exists an increasing sequence (v, : n € N) in X which is not 2-Cauchy.
By Remark 2.7, we get the claim.

(b) We use a similar argument as in (a). O
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Let (X, <x) be a partial quasiordering space. Set E C X which is called a chain in X
if any two elements of E are comparable, that is, x <x y or y <x x for all x,yy € E. The Zorn
lemma says that every partially ordered set in which every chain has an upper (lower) bound
contains at least one maximal (minimal) element.

The main result of this section is the following maximality (minimality) principle.

Theorem 3.4. Let L be an ordered Banach space with a normal solid cone H and let (X, ) be a
Hausdorff cone uniform space with cone H. Let 2 = {Jo : X x X — L,a € #A} be a2-family on X
and let (X, <x) be a partial quasiordering space.

(A) Assume that (a1) for each x € X, the set {y € X : x<x vy} is complete, and (ay) each
increasing sequence (w, : m € N) in X is 2-Cauchy. Then X contains at least one maximal
element.

(B) Assume that (by) for each x € X, the set {y € X : y<xx} is complete, and (b,) each
decreasing sequence (w,y, : m € N) in X is 2-Cauchy. Then X contains at least one minimal
element.

Proof. (A) The proof will be broken into five steps.

Step 1. Suppose (az) holds, that is, that each increasing sequence (wy, : m € N) in X is 2-
Cauchy. Then, by Proposition 3.1, each increasing sequence (w,, : m € N) in X is p-Cauchy
and, consequently, Proposition 3.3(a) gives that each increasing net (w) : A € A) in X is
p-Cauchy.

Step 2. Let an increasing net (w, : L € A) in X be arbitrary and fixed. In view of (a;) and
Step 1, (wy : A € A) is convergent to a w € X and, since X is Hausdorff, w is unique.

Step 3. Let E be a chain in (X, <x). If 3,cgVyer {v <x u}, then E has an upper bound in X.

Step 4. Let E be a chain in (X, <x). If VyegTvep {1 <x v}, then denoting A = E and w, = A for
each A € E, we can identify E with the increasing net (w, : A € A). Next, using, in particular,
Steps 1 and 2, we can show that Ve {w) <x w} where w is a unique limit of (w), : A € A);
which means that w is an upper bound of (w) : A € A). Indeed, let Ay € A be arbitrary and
fixed and define the sets Ay, Eg by Ag = {A € A : LSa)), Eo = {y € X @ wy, <xy}. By
assumption (a;), Eg is complete. Clearly, the net (w) : A € A) is increasing in X, -Cauchy,
convergent to w and w € Ey. This proves that w), <x w. Therefore, E has an upper bound in
X.

Step 5. Using Steps 3 and 4 and the Zorn lemma, we conclude that X contains at least one
maximal element.

(B) We use a similar argument as in (A). O

4. Variational Principle of Ekeland Type and Fixed Point and
Endpoint Theorem of Caristi Type in Cone Uniform Spaces with
Generalized Pseudodistances

Let 2% denote the family of all nonempty subsets of a space X. Recall that a set-valued dynamic
system is defined as a pair (X,T), where X is a certain space and T is a set-valued map
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T : X — 2%; in particular, a set-valued dynamic system includes the usual dynamic system
where T is a single-valued map.

Let L be an ordered Banach space with a cone H and let (X, D) be a cone uniform space
with cone H.

Let an element +oo & L be such that a<p + oo forall a € L. We say thatamap F: X —
LU {+o0} is proper if its effective domain, dom(F) = {x : w(x) # + oo}, is nonempty.

f2={Ja: XxX — L:ac#}isaJ-family, then

X =X)uUX}, (4.1)

where

Xg = {x eX: vaeJ{O = ]a(x/x)}}’
(4.2)
XE = {x € X : Jaeu{0<n Jal(x,x)}}.

Using Theorem 3.4(B), we can prove the following variational principle of Ekeland
type.

Theorem 4.1. Assume that

(a) L is an ordered Banach space with a reqular solid cone H;

(b) (X, p) is a Hausdorff complete cone uniform space with cone H;

(c) the family 2 = {Ja : X x X — L,a € A} isa J-family on X such that Xg #0;

(d) the family Q = {w, : X — H U {+o0}, a € #} satisfies Dg = ey dom(wy) #0;
(e) {ex, a € A} is a family of finite positive numbers;

(f) for each x € Xg, the set Qg q(x) defined by the formula

Q20(0) = {y € X5 : Veeu (@ (y) + eafu(x,y) 21 wa(x)}} (4.3)

is a nonempty closed subset in X.
Then, for each wy € Dg N XY, there exists w € Dg N Xg such that
(1) VYaes {wa(w) + €aJu(wo, w) g wa(wo) };
(i) VxeQ,awo)\ (w) Ipea{wp(w) <u wp(x) + ep)p(x, w) };
(iii) if w # wo, then Iyey{wy (W) <z wy(wyo) }.

Proof. The key observation in the proof is that (X, Z,gq) is a set-valued dynamic system
where

QQ,Q(.X) if xe Xg,

{x} if x € X}, 4

Zpa(x) = {

and, by assumption (f), for each x € X, Z5 o(x) is a closed subset in X.
The proof will be broken into five steps.
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Step 1. The following shrinking property holds:
VayexVoeza(w) (£2,0(0) C Zya(wo)}- (4.5)

Letwy € X, v € Zya(wp) and u € Zy o (v) be arbitrary and fixed. Then u € Zy g (wy).
Indeed, we have the following.

Case 1. Assuming that wy € X, we get v € Zyq(wy) = Qpa(wy). Hence, by definition
of Qua(wy), v € XY. Consequently, u € Z,q(v) implies that u € Qyq(v) and, by
(92), we obtain Vyey{w, (1) + e4]a(wo, u) g wa(u) + €xJa(v,u) + €xJa(wo, v) < wa(v) +
EaJa(wo, ) LH wa(wy)}, thatis, u € Qya(wo) = Zyo(wp), which gives (4.5).

Case 2. Assuming that wy € X7, we get v € Zyo(wp) = {wo}. Hence v = u = wy. This gives
(4.5).

Step 2. Let wy € X be arbitrary and fixed. Define the relation <z, w,) on Zya(wo) as follows:
Vm,quZg,g(wo) {uQSZ}Q(wO)ul Uy =uy,if u; € X;, or u € Qgrg(ul),if u € Xg} (4.6)

Then (Zp,a(wo), <z, (wy)) is a partial quasiordering space.

Remark 4.2. 1t is worth noticing that, for wy € X and uj,u, € Zyo(wy), if wy € X9, then
Ui, Uy € Xg and if wy € X7, thenu; = up = wy € X;.

Relation <z,,@w, on Zpa(wo) is reflexive. We show that, for each u € Zyq(wy),
U<z, (wy) . Indeed, assuming that wy € Xg we have u € Xg and, consequently, we have
Vaeul0 = Ja(u, u)} which gives u € Q o (u) and thus u<z,, w,)u. Assuming that wy € X; we
have that u = wy € X}, and thus we get that u<z, , «,)u.

Relation <z, (wy) on Zya(wy) is transitive. Indeed, let u <z, (w,) v and v <z, (w,) z for
u,v,z € Zya(wy). Clearly, by Remark 4.2, we have thatu, v,z € Xg, ifwy € Xg Oru,v,z € Xz,
if wy € X}. Ifv,z € Xg, then u € Qgo(v) and v € Qyq(z). Hence, using (J2), we obtain
Vued{wa (u) + Erx]a(zl u) <H Wa(u) + Etx(]vc(zl 7)) + ]a(v/ u)) <H wtx(z)} which giVeS u SZQ,g(wo) Z.
Ifu,ze X;, then u = v = z which implies that u <z, , ) 2.

Relation <z,,w, on Zpa(wy) is partial. Indeed, let u<z,w,)v and v <z, w,) u for
u,v € Zya(wp). Then, by Remark 4.2, u,v € Xg if wy € Xg, oru,v € X} if wy € X}, 1If
v, U € Xg, then u € Qyo(v) and v € Qpq(u). By order <y, we conclude that the conditions
v € Qpa(u), Yaeu {wa(u) — [Wa(V) + €aJa(1, V)] = [wa(u) — €aJa(u, V)] — wa(v)} € H and

Vaeulwa(V)2gwa(u) — €2 Ja(1, )} (4.7)
are equivalent. Further, u € Qo (v) means that

Vaeulwa(u) + 4] (v, U)W, (V) }. (4.8)
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In virtue of (4.8), (4.7) and transitive property of order <y, we obtain that
Vaca{wa (1) + €aJu(V, U)pwa (U) — €aJa(u,v)}. (4.9)

In conclusion, Yacy{—€x[Ja(1t,v) + Jo(v,u)] € H}. Hence, by (J1), Vacu{Ja(,v) = 0 A
J«(v,u) = 0}. Therefore, Proposition 2.8 implies that u = v.
Ifo,ue X}, then u = v.

Step 3. Let wo € X be arbitrary and fixed. For each v € Zpa(wo), the set {u € Zya(wo) :
U <7, (w,) V}is complete.

Case 1. Assume that w, € Xg. Therefore Zyq(wo) = Qaalwy) C Xg. However, v €
Zya(wp) C Xg. Hence, by Step 1 and (4.6), we obtain that {u € Zyo(wo) : U<z, w,) v} =
Zya(v) = Qoa(v) C Xg which, by (f), (b) and Definition 3.2(iv), implies that the set
{ue Zya(wo) : u<z,,w,)v} is complete.

Case 2. Assume that wy € X}. Then Zjo(wo) = {wo} and the set {u € Zyo(wo) :
USZ,0(w) 0} = {wo} is complete.

Step 4. Let wy € X be arbitrary and fixed. Each decreasing (with respect to <z, , (w,)) sequence (wy, :
m € N) in Zqo(wp)is J-Cauchy.

Indeed, let (w,, : m € N) be a decreasing sequence in Zjq(wyp), that is,
VmGN{me SZQ,Q(wo)wm and Wm € ZQ,Q (wO) }

Case 1. If wy € Xg, then, for each m € N, w,, € Xg. Therefore, Ven{wn,i1 €
Qoa(wny)}, that is, VmenVies{wWa(Wmi1) + €aJa(Wm, Wii1)pwa(wm)}. Hence, by (d),
VinenVaca {0=5H *+  RHWa (Win+1) SHWa (W) XH - -+ } and since H is a closed and regular cone,
it follows that

V,,,EJEI%GH{ Iim ||wa (W) — uq|| = 0}. (4.10)

Moreover,
VmeNvaEJ{O SHUZH " ZH wa(wmﬂ) <u wa(wm)fH t } (411)

Indeed, let my € Nand ay € « be arbitrary and fixed. Then, V,en {Wa, (Winy) —Way (Winysn) € H .
Consequently, since H is closed, by (4.10), limy, { tWa, (Wimy) =Way (Wingin) } = Way (Winy) —Ua, € H.
This gives (4.11).

On the other hand, if m < n, then, in virtue of (21) and (J2),
we  derive Ve {0=p eaJu(Wm, wn) 2n Z?;ln Exa)a(Wj, Wjs1) g Wa (W)  —  Us =
(wa(wy) — uy)}. From this, since H is normal (see Remark 2.5), we conclude that
Y aetV 1,50 n0eNY m,neNng <m<n {1 Ja (Wi, w3 || < 1a}. Therefore, by Definition 2.6(ii),
Proposition 3.1 and Theorem 2.3(b), (w,, : m € N) is p-Cauchy.

Case 2. If wy € X7}, then, for each m € N, w,, = wp and (w,, : m € N) is P-Cauchy.
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Step 5. Let wy € Dg N Xg, be arbitrary and fixed. Then there exists w € Qg q(wy) such that {w} =
Qoa(w).

Since wy € Dg N Xg, thus Zyo(wy) = Qoa(wy)#0 and, by Steps 1-4 and
Theorem 3.4(B), Zyo(wp) has a minimal element w. Of course, w € Qgao(wy) gives (i).
Moreover, denoting that V' = {v € Qpa(wo) : v<z,,w,)w} we conclude that V = {v €
Qoo(wy) : v € Qoao(w)} = {w}. Therefore, w is an endpoint of Qo in Qya(wy), that
is, {w} = Qpa(w); we see, by (J1), that {w} = Qpa(w) gives Vacu{Joa(w,w) = 0}, that
is, w € Xg. Of course, {w} = Qya(w) implies that Vieg, q wo)\(w) {X € Qoe(w)}, that is, (ii)
holds. Assertion (iii) follows from (i) and (ii). O

Definition 4.3. Let (X, ) be a Hausdorff complete cone uniform space with cone H. Let E C X,
E#0.Themap F : E — H U {+o0} is lower semicontinuous on E with respect to X (written: F is
(E, X)-Isc when E # X and F is Isc when E = X) if the set {y € E : F(y) <u c} is closed subset
in X for each c € H.

Remark 4.4. (a) A special case of condition (f) is a condition (f) defined by

(f') for each (x,a) € Xg x oA, the map wu (") + €4 Ja(x, ") : Xg — HU {+oo} is (X%, X)-Isc
and, for each x € Xg, the set Qy o(x) is nonempty.

(b) If 2 = P, then a special case of condition (f) is a condition (f) defined by

(f") for each (x,a) € X x o, the map wu(-) + €4pa(x,") : X — H U {+oo} is Isc and, for
each x € X, the set Qp o(x) is nonempty.

Let (X, T) be a set-valued dynamic system. By Fix(T) and End(T) we denote the sets
of all fixed points and endpoints of T, respectively, that is, Fix(T) = {w € X : w € T(w)} and
End(T) = {we X : {w} =T(w)}.

A dynamic process or a trajectory starting at wy € X or a motion of the system (X, T) at wy
is a sequence (wy, : m € {0} UN) defined by w,, € T(wy,-1) for m € N (see,Aubin and Siegel
[4], and Yuan [52]).

The following fixed point and endpoint theorem of Caristi type holds.

Theorem 4.5. Assume that

(a) L is an ordered Banach space with a reqular solid cone H;

(b) (X, p) is a Hausdorff complete cone uniform space with cone H;

(c) the family 2 = {Ja : X x X — L,a € A} isa J -family on X such that Xg;é@;
(d) the family Q = {wa : X — H U {+o0},a € #} satisfies Dg = () ey dom(wy) #0;
(e) {ea,a € A} is a family of finite positive numbers;

(f) (X, T) is a set-valued dynamic system;

(g) for each x € Xg, the set Q o, (x) defined by the formula

Qa0m(x) = {y €T() N XY : Vaeu (way) + eala(,y) 21 wa(x)}] (412)

is a nonempty closed subset in X.
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Then, there exists w € Dg N Xg such that
(i) w e T(w).
Assume, in addition, that

(h) for each x € Xg,, each dynamic process (w,, : m € {0} UN) starting at wy = x and
satisfying ¥ mejojun{wWm1 € T(wy,)} satisfies Veoyun{ Wms1 € Qoo (wWm) }.

Then assertion (i) is of the form
(i) {w} =T(w).
Proof. The proof will be broken into two steps.

Step 1. Assume that assumptions (a)—(g) hold.
Define the relation <xy on Xg as follows:

Vul,uzeXg {uz ng U &= up € QQ,Q;T(ul) } (4.13)

Using analogous argumentation as in the proof of Theorem 4.1 we obtain that (X% < X )
is a partial quasiordering space; for each v € Xg, the set {u € Xg Tusxo v} is complete; each
decreasing sequence (w,, : m € N) in Xg, is 2-Cauchy; and Xg contains at least one minimal

element.
Letw € Xg be a minimal element of X%. Hence, w € Qyor(w) and this gives w €

T (w) and Vaey {wa (W) + €4 Ja(w, w) g wa(w)}. Consequently, w € T(w) and w € Do N Xg.
Therefore, (i) holds.

Step 2. Assume that assumptions (a)—(h) hold.

By Step 1, w € T(w) where w € Xg is a minimal element of Xg. We prove that {w} =
T (w). Otherwise, there exists w’ € T (w) satisfying w' # w. However, by (h), for each dynamic
process (w,, : m € {0} UN) starting at wy = w and such that w; = w' we have {w' €
Quor(w)}. Hence it follows that the points w' and w are in the relation w’ ng w. This gives,

by minimality of w, w' = w. This is impossible. Therefore, (i) holds. O

Remark 4.6. (a) A special case of condition (g) is a condition (g') defined by
(g) for each (x,a) € Xg x oA, the map wu () + €xJu(x,7) : T(x) N Xg — HU {+o0) is
(T(x) N XY, X)-Isc and, for each x € X9, the set Qo7 (x) is nonempty.
(b) If 2 = P, then a special case of condition (g) is a condition (g") defined by

(g") for each (x,a) € X x4, the map wa(-)+&apa(x,-) : T(x) - HU{+oo}is (T(x), X)-Isc
and, for each x € X, the set Qpq,r(x) is nonempty.

Definition 4.7. A family Q = {w, : X — H U {+0},a € 4} is called an entropy
of a set-valued dynamic system (X,T) if VacyVrexVyer(x) {€afa (X, y) g wa(x) — wa(y)} or
VacuVxexTyero) (€afa(x, y) n wa(x) — wu(y)}. A dynamic system (X, T) is called dissipative
if it has an entropy Q. One says that a family Q is Isc if, for each a € &4, w, is Isc.

The notion of a dissipative map in metric space was introduced in [4].
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Remark 4.8. By Definition 4.3, Remarks 4.4 and 4.6, and Definition 4.7, we see that we
established, in particular, the variational principle of Ekeland type for not necessarily lsc
families € and endpoint and fixed point theorem of Caristi type for dissipative set-valued
dynamic systems with not necessarily Isc entropies Q. Consequently, our results are original
in the literature.

5. Examples and Comparisons of Our Results with
the Well-Known Ones

We provide some examples to illustrate the concepts introduced so far.

First, we give the example of J-family. Let L be an ordered normed space with cone
H c L, letthe family P = {p, : XxX — L,a € #} be a P-family, and let (X, D) be a Hausdorff
cone uniform space, with a cone H, containing at least two different points.

Example 5.1. Let W C X, containing at least two different points, be arbitrary and fixed and
let {ca}pey C H satisfy Vaes{0<g co}. Then the family 2 = {J, : X x X — L, a € #}, defined
by Ja(x,y) =0if x =y € Wand Ja(x,y) =chif xZyvVx=y¢W,x,y € X,and a € 4, isa
J-family on X.

Indeed, condition (21) obviously holds. Clearly YacyVs,y,zex{Ja(X, V)< ]a(x,z) +
J«(z,y)}, therefore condition (22) holds. For proving that (23) holds we assume that the
sequences {x,,} and {y,,} in X satisfy (2.5) and (2.6). Then, in particular, (2.6) yields

Y aeatVo<e,<licall Imo=mo(a,c)en Vim > mo { 1 Ja (X, Ym) || < €a < ||call}- (5.1)

By (5.1) and definition of 2, denoting m’ = min{myo(a, &,) : @ € &4}, we conclude that
Jaew > m { (Xm = ym = a) }. (5.2)
From (5.1) and (5.2), we get VacsVoce, <|lca| ImenVm = m { |Pa(Xm, Ym)|| = 0 < €a}. The result is

that the sequences {x,,} and {y,,} satisfy (2.7). Therefore, property (23) holds.

Example 5.2 illustrates a fixed point version of Theorem 4.5; we show that, for
set-valued dynamic system, assumptions (a)—(g) are satisfied and assertion (i) holds but
assumption (h) is not satisfied and assertion (i') does not hold.

Example 5.2. Let (L, | - ||), L = R?, be a real normed space. Then H = {(x,y) € L: x,y > 0} is
a regular solid cone and let (X,00) be a cone metric space (see [53]) with a cone H where X =
[0,1]cR, P ={p}andp: X x X — Lisacone metric of the form p(x, y) = (]x — y|,2|x — y|),
x,yeX.

Let W =(1/2,1] and let J : X x X — L be of the form

[0, ifx=yew,
](x’y)_{(z,z), sy vas yEW, x,y€X. (5.3)

By Example 5.1, the family 2 = {]} is a 2-family. We see that Xg =(1/2,1]#0.
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Let € € (0, o0) be arbitrary and fixed. Defining w : X — L as follows:

(. (0,0) forx=1,

w(x) = 4 £-(2,2) forxe [O,%) U <§,1), (5.4)

12
kg-(3,3) for x € [5’5]’

we observe that Vyex {0 <y w(x)} and Dg = dom(w) # 0.
Let T : X — 2% be of the form

( 1 1 .
(0,§)U<§,1] 1fx—0,
1 1
1 if - -1
{1} 1x6<0,2>u<2, ),
1
2

T(x) = < (5.5)
{0,1} ifx==,
3 .
| {Z' 1} if x=1.
We see that assumptions (a)—(f) of Theorem 4.5 are satisfied.
We prove that (g) holds. To aim this, let x € Xg, = (1/2,1]. We consider two cases
Case 1. If x € (1/2,1), then Qg q.r(x) = {1}. Indeed, then T(x) = {1} and
w(l) +€eJ(x,1) =£(0,0) +£(2,2) =€(2,2)
2,2) = if 2 1
£(2,2) =w(x) ifxe 31) (5.6)

<H

£(3,3) =w(x) ifx= (%, %]

which gives Q.1 (x) = {1}. Therefore, for each x € (1/2,1), the set Qy q.r(x) is nonempty
and closed in X.

Case 2. If x = 1, then Qjor(1) = {1}. Indeed, T(x) = {3/4,1} and w(l) + €J(1,1) =
€(0,0) +€(0,0) = €(0,0) < £(0,0) = w(l). Hence, 1 € Q0.1 (1). We see that 3/4 ¢ Qo q.r(1).
Indeed, if 3/4 € Qy0,r(1), then w(3/4) + €J(1,3/4) <g w(1). On the other hand, by Case 1, it
follows that w(1) +£J(3/4,1)<nw(3/4). Consequently, w(3/4) +€J(1,3/4) <p w(l) <g w(1) +
€J(3/4,1) <y w(3/4) which is impossible. Hence, Qq.r(1) = {1}. Therefore, Qpqr(1) is a
nonempty closed set.

Now, we show that assumption (h) does not hold. Otherwise, suppose that, for each
x € Xg = (1/2,1], each dynamic process (w,, : m € {0} UN) starting at wp = x and satisfying
Vine(0jun {Wm1 € T(wy,)} satisfies Vine(ojun { wWms1 € Qo017 (W) }. Then, in particular, for x =1,
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a dynamic process (wy, : m € {0} UN) starting at wy = 1 such that w; = 3/4 and w,, =1 for
each m > 2, satisfies V,,cj0jun {wm+1 € Q0.1 (wy,)}. Hence,

w<2> + 5](1, Z) = w(w) + €] (woy, wr) g w(wy) = w(l) (5.7)

holds. On the other hand, if x = 3/4, then a dynamic process (w,, : m € {0} UN) starting at
wy = 3/4 such that w,, = 1 for each m > 1, also satisfies V,c(ojun { wm+1 € Qo017 (wim)}. Hence,

w(l) + 5](2,1) = w(wq) + ] (wy, wr) g w(wy) = w(%) (5.8)

By (5.7) and (5.8), w(3/4) + €J(1,3/4) g w(1) <g w(l) + €]J(3/4,1) Xy w(3/4) which is
impossible. Therefore, (h) does not hold.

We proved that there exists w = 1 € Dg N Xg = (1/2,1] such thatw =1 € T(1) =
{3/4,1}. Of course, (h) does not hold and w = 1 is not the endpoint of T in X.

Example 5.3 illustrates an endpoint version of Theorem 4.5; we show that, for a set-
valued dynamic system, assumptions (a)—(h) are satisfied and assertion (i') holds.

Example 53. Let L, H, (X,D), X, p: X xX — L, W =(1/2,1], 2 = {J} and Q = {w} be such
as in Example 5.2. Let T : X — 2% be defined by

(02 v (2] i#x-0
T(x) =4 {1} ifxe< %) <_ ] (5.9)
1
2°

{0,1} if x =

By considerations analogous to those for Example 5.2, we prove that assumptions (a)-
(g) are satisfied.

We show that assumption (h) also holds. Indeed, let x € Xg = (1/2,1] be arbitrary
and fixed. Then each dynamic process (w,, : m € {0} UN) starting at wy = x and satisfying
Vine(ojun {Wm1 € T(wy,)} is of the following form.

Case 1. wy =x € (1/2,1) and, foreachm > 1, w,, = 1;

Case 2. Foreachm € {0} UN, w,, = 1.
Since

w(wi) + €] (woy, w1) =w(l) +€J(x,1) =€(0,0) +£(2,2) =£(2,2)

£(2,2) =w(x) = w(wy) if x e <§1> (5.10)
<H

£(3,3) = w(x) = w(wy) if x = <%, %],
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thus, in Cases 1 and 2, Vej0jun{wma € Qo071 (wim)}. We proved that, there exists w =1 €
Xg, =(1/2,1] such thatw =1 € T(1) = {1}, thatis, w = 1 is the endpoint of T in X.

Remark 5.4. There exist examples of cone uniform spaces (X,0) and the maps T that
Theorem 4.5 holds simultaneously for some 2# /) (see, Example 5.2; then X = [0,1] and
X9 = (1/2,1]) and for 2 = D (see Example 5.5, then X = X} = [0,1]). However, in general,
this does not hold (see, e.g., Examples 5.6 and 5.7).

Example 5.5. Let L, H, (X,P), X,p: XxX — Land T : X — 2X be as in Example 5.2. Let
€ € (0, 00) be arbitrary and fixed and let Q = {w}, where w : X — L is of the form

L

(¢.(0,0) forx=1,
e-(4,4) forxel0,1)\ {

=1 W

4

N —

4

=1 =

e-(2,2) forx=

~

(5.11)
£-(6,6) forx =

=W N = =

e-(1,1) forx=

Assuming that 2 = 0, by considerations analogous to those for Example 5.2, we prove
that assumptions (a)—(f) of Theorem 4.5 are satisfied. Now we show that (g) holds. Indeed,
let x € X% = X. Then the following cases hold.

Case 1. If x = 0, then T(0) = (0,1] \ {1/2} and we have the following. (a) for y = 1/4 € T(0),
we calculate that w(1/4) + ep(0,1/4) = €(2,2) + €(1/4,1/2) = €(9/4,5/2)ne(4,4) =
w(0); (b) for y = 3/4 € T(0), we calculate w(3/4) + ep(0,3/4) = €(1,1) + £(3/4,3/2) =
€(7/4,5/2) <ne (4,4) = w(0); (c) for y = 1 € T(0), we calculate w(1) + ep(0,1) = £(0,0) +
€(1,2) = €(1,2)<ne4,4) = w(0); (d) for each y € T(0) \ {1/4,3/4,1}, we calculate
w(y) +ep(0,y) = €(4,4) + (y,2y) >ne (4,4) = w(0). Consequently, Q,q.7(0) = {1/4,3/4,1}
is nonempty and closed in X.

Case 2. If x =1/2,then T(1/2) = {0,1} and we have the following. (a) fory =0 € T(1/2), we
getw(0)+ep(1/2,0) = €(4,4)+e(1/2,1) = €(9/2,5) 2ne (6,6) = w(1/2); (b) fory =1 € T(1/2),
we obtain w(1) +ep(1/2,1) = €(0,0) +£(1/2,1) = (1/2,1) < £(6,6) = w(1/2). Consequently,
Qr0r(1/2) = {0,1} is nonempty and closed in X.

Case 3. If x € (0,1/2) U (1/2,1), then T(x) = {1} and we have
w(l) +ep(x,1) =€(0,0) +e(1 - x,2(1 — x))

33 1 .
£<Z,§> <p£(2,2) —w<zl> if x =

=2e(1-x,2(1-x))<ge4,4) =w(x) ifxe(0,1)\ {%,%,Z},

1

4

(5.12)
11 3 . 3
_ = < = — = —.
5<4,2) <ge(1,1) w<4> if x 1
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Consequently, for each x € (0,1/2) U (1/2,1) the set Qg qr(x) = {1} is nonempty and closed
in X.

Case 4. If x = 1, then the set Q»o,7(1) = {1} is nonempty and closed in X.
We proved that assumption (g) holds. Assumption (h) does not hold (see Exam-
ple5.2).

It is worth noticing that 2-families of generalized pseudodistances are very useful and
important tools for investigations in cone uniform spaces; for details, see Examples 5.6 and
5.7 below.

Example 5.6. Let L, H, (X,P), X and p : X x X — L be as in Example 5.2.
LetW =(1/2,1] and let J : X x X — L be of the form

0,0) ifx=yeW,
J(x,y) = x,y €X. (5.13)
(2,2) ifx#yvx=y¢Ww,

The family 2 = {]} is, by Example 5.1, a J-family and Xg =(1/2,1] #0.
Let € € (0, o0) be arbitrary and fixed. Defining w : X — L by the formula

(¢-(0,0) forx=1,

1 2
w(x) =4 € (2,2) for x € |0, 5) U <§,1), (5.14)

12
\8-(3,3) for x € [g,g],

we see that Vyex {0 <g w(x)} and Do = dom(w) # 0.
Let T : X — 2% be of the form

T(x) =< {0} if x = (5.15)

Assumptions (a)—(f) of Theorem 4.5 hold. Also (g) holds. Indeed, we have the
following cases.
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Case 1. If x € (1/2,1), then T(x) = [0,1/2] U {1}. We see that T (x) ﬂXg = {1} and

w(1) +eJ(x,1) =¢(0,0) +£(2,2) =€(2,2)

2
£2,2)=w(x) ifxe(=,1), (5.16)
<H <3 )

£(3,3) =w(x) ifx= (%, %]

This gives Qar(x) = {1}. Hence, for each x € (1/2,1), the set Q) o.r(x) is nonempty and
closed in X.

Case 2. If x = 1, then T(1) = {0,1} and we see that T(x) N X} = {1} and w(1) +£J(1,1) =
€(0,0) +£(0,0) = €(0,0) < £(0,0) = w(1). Consequently, Qs a.r(1) = {1} is nonempty and
closed in X.

Therefore, assumptions (a)—(g) of Theorem 4.5 are satisfied and there exists w = 1 €
Xg = (1/2,1] such that 1 € T(1) = {0,1}. Thus Theorem 4.5 holds for 2 # 0. It is easy to show
that (h) does not hold.

Example 5.7. Let L, H, X, p, P = {p}, X,P) and T : X — 2X be such as in Example 5.6.
However, let 2 = P (by Remark 2.7, it is 2 -family on X). Of course, Xg, = X #0. Thus
assumptions (a)—(c), (e) and (f) of Theorem 4.5 are satisfied.

Suppose that there exists Q = {w] satisfying (d) and (g). Then, for x = 0, the
set Qoqr(0) C {1/2} = T(0) is nonempty and closed, so w(1/2) + p(0,1/2) <y w(0).
On the other hand, Qyqr(1/2) C {0} = T(1/2) is also nonempty and closed, that is,
w(0)+p(1/2,0) g w(1/2). Hence, w(1/2) +p(0,1/2) g w(0) < w(0) +p(1/2,0) <q w(1/2).
This is impossible. Thus (g) does not hold, and we may not use Theorem 4.5 when 2 = p.

Example 5.8 illustrates Theorem 4.5 for single-valued dynamic systems.

Example 5.8. Let (L,|| - ||) where L = R?, H = {(x,y) € L : x,yy > 0}, (X,) be a cone metric
space with a cone H where X =R, 0 = {p} and p : X x X — L is a cone metric of the form

p(x,y) = (x-yl.2lx-yl), x,y € X.
LetW=R\Zandlet ] : X x X — L be of the form

0,0) ifx=yeW,
J(x,y) = x,yeX. (5.17)
(2,2) ifx#yvx=y¢Ww,

By Example 5.1, 2 = {]J} is a 2-family. Moreover, we see that Xg = W#0. Let ¢ > 0 be
arbitrary and fixed. Define w : X — L as follows:
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(e (4n,4n) for x € (-n+1),-2n),n >3,
e-(3n,6n) forxe€ (-2n,-(2n-1)),n€N,
£-(4,4) if x € (-3,-2),

£-(6,6) ifxe (—5,—4)u(—1,3)\{—%,0,1 1 2},

w(x) = < 277 (5.18)

1
. fx=12=
£-(0,0) if x 2},

£-(2,2) if x € —%}UZ,

le-(4n,8n) if xe(nn+1),n>3.

We observe that Vyex {0 <g w(x)} and Dg = dom(w) #@. Let T : X — X be defined as follows:

(2n+1  ifx=-(2n+1),neN,

@ if x € (—(2n +1),-2n),n €N,

2n+2 ifx=-2nne€N,

@ if x€(-2n,-(2n-1)),n €N,

T(x) = 5 % if x € [-1,2), o1

2n+1 ifx=2nneN,

(4n2— 3) if xe (2n,2n+1),n €N,

n ifx=2n+1,neN,
k(4n2_1) ifxe(@n+1,2n+2),neN.

Now we prove that (g) holds. Let x € Xg = W be arbitrary and fixed and consider the
following eleven cases.

Case 1. Forx € (-(2n+1),-2n),n > 3, wehave T'(x) = (-4n+3)/2 € Xg. Consequently, we
obtain (a) w((—4n+3)/2) + eJ(x, (-4n+3)/2) = £(6,6) + £(2,2) = £(8,8) <p £(12,12) = w(x)
ifn=23;(b) w((-4n+3)/2)+&J(x,(-4n+3)/2) =e(4(n-1),4(n-1)) +e(2,2) = e(4n-2,4n—-
2) g £(4n,4n) = w(x) if n > 3. Hence, Qo1 (x) = {(-4n +3)/2}.

Case 2. For x € (-5,-4), wehave T(x) = (-4-2+3)/2=-5/2¢€ (-3,-2) C Xg and w(-5/2) +
eJ(x,-5/2) = e(4,4) +£(2,2) = £(6,6) <me (6,6) = w(x), which gives Qo1 (x) = {-5/2}.

Case 3. Forx € (-3,-2),wehaveT(x) = (-4:1+3)/2=-1/2 € Xg and w(-1/2)+&](x,-1/2) =
€(2,2)+€(2,2) =€(4,4) 2 e(4,4) = w(x), which gives Q o.r(x) = {-1/2}.

Case 4. For x € (-2n,-2n-1)), n > 2, we have T(x) = (-4n+5)/2 € (-2(n-1),-2(n -
1)-1)) c Xg and w((—-4n +5)/2) + €J(x,(-4n + 5)/2) = eB(n -1),6(n - 1)) + £(2,2) =
e(3n—1,6n—4)<ye (3n,6n) = w(x), which gives Qyq.r(x) = {(-4n +5)/2}.
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Case 5. Forx = (-2,-1),wehaveT(x) =1/2 € Xg and w(1/2)+¢J(x,1/2) =£(0,0)+£(2,2) =
€(2,2) < €(3,6) = w(x), which gives Qyo.r(x) = {1/2}.

Case 6. For x = (-1,3) \ {0,1/2,1,2}, we have T(x) = 1/2 € X} and

€(0,0) +£(2,2) <y e(6,6) =w(x) if x# - 1,

w(%) +e]<x,%> = 12 (5.20)

£(0,0) +£(2,2) g e(2,2) =w(x) if x= —5

which gives Q) o.r(x) = {1/2}.
Case 7. For x =1/2, we have Qpqr(x) = {1/2}.

Case 8. For x € (4,5), we have T(x) =5/2 € (2,3) C Xg and w(5/2) + €J(x,5/2) = €(6,6) +
€(2,2) = £(8,8) g £(16,32) = w(x), which gives Qo1 (x) = {5/2}.

Case 9. Forx € 2n,2n+1),n > 3,wehave T(x) = (4n-3)/2€ 2(n-1),2(n-1)+1) C Xg,
and w((4n—-3)/2) +eJ(x,(4n -3)/2) = (42(n-1)),8(2(n-1))) + £(2,2) = e(8n — 6,161 —
14) <y £(4(2n),8(2n)) = w(x), which gives Qyo.r(x) = {(4n—3)/2}.

Case 10. For x = (3,4), we have T(x) =3/2 € (1,2) C Xg and w(3/2) +£J(x,3/2) = £(6,6) +
€(2,2) = £(8,8) 2g €(12,24) = w(x), which gives Qo1 (x) = {3/2}.

Case 11. For x € (2n+1,2n+2),n > 2,wehave T(x) = (4n-1)/2 € 2(n-1)+1,2(n-1)+2) C Xg
and w((4n-1)/2)+¢](x,(4n-1)/2) =e(42(n-1)+1),82(n-1)+1))+£(2,2) =e(8n-2,16n—
6) <m £(8n,16n) <y e(4(2n +1),8(2n + 1)) = w(x), which gives Qo o.r(x) = {(4n-1)/2}.
Consequently, for each x € X%, Q2 o.1(x) is a nonempty and closed subset of X.
We proved that there exists w =1/2 € Xg such that T(1/2) =1/2, thatis,w=1/2isa
fixed point of T in X.

Remark 5.9. In general, (X%,T)isnota dynamic system; indeed, in Example 5.6 we have that
X9 = (1/2,1], T(X)) = [0,1/2] U {1} and T(X3)ZX}. It is worth noticing that in Example 5.8,
T(E) = {1/2} c X} for E = {-1,0,1} ¢ X \ X).

Recall that a map f : X — (—oo,+00] is proper if its effective domain, dom(f) = {x :
f(x) < +oo}, is nonempty. A map f : X — [—oo,+0o0] is lower semicontinuous on X (written:
Isc) if the set {x € X : f(x) < r} is a closed subset in X for each r € R.

In the literature, the several variants of the variational principle of Ekeland type for
Isc maps and fixed point and endpoint theorem of Caristi type for dissipative single-valued
and set-valued dynamic systems with Isc entropies in metric and uniform spaces and in
metric and uniform spaces with generalized distances are given and various techniques and
methods of investigations (notably based on maximality principle) are presented. However,
in all these papers assumptions about lower semicontinuity are essential.

Now, we present comparisons between our results and the well-known ones.

We may read, respectively, the results of Mizoguchi [5] and Aubin and Siegel [4],
concerning the existence of endpoints of dissipative set-valued dynamic systems with lsc
entropy in uniform and metric spaces, respectively, as follows.
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Theorem 5.10 (Mizoguchi [5, Theorems 1 and 2]). Let X be a Hausdorff complete uniform space
with a family {d, : a € A4} of pseudometrics inducing the topology of X, w : X — (—o0,+00]
be a map which is proper Isc and bounded from below and {e,, 0 € A} be a family of finite positive
numbers.

Endpoint Theorem of Caristi Type. Assume that a set-valued dynamic system (X, T) has the
property: ¥acuVxexVyer(x) (€ada(x,y) < w(x) —w(y)}. Then T has an endpoint in X.

Variational Principle of Ekeland Type. For any wy € X, there exists w € X such that:
VxeX\{w]ElﬂEJ{w(w) < w(x) + Eﬂdﬂ(wr x) }/ and VaEJ{W(ZU) < (,()(’(1)0) — €4da (wr ’Ll)()) }

Theorem 5.11 (Aubin and Siegel [4]). Let (X, d) be a complete metric space and let (X, T) be a
set-valued dynamic system. Let w : X — (—oo, +oo] be a map which is proper Isc and bounded from
below. Assume that VxexVyern {d(x, y) < w(x) —w(y)}. Then T has an endpoint in X.

The results of Feng and Liu [6] concerning the existence of fixed points and endpoints
of dissipative set-valued maps with Isc entropy in metric spaces, of Caristi type, may be read,
respectively, as follows.

Theorem 5.12 (Feng and Liu [6, Theorem 4.2 and Corollary 4.3]). Let (X, d) a complete metric
space, (X, T) a set-valued dynamic system, w : X — R a bounded from below and Isc map, and
71 :[0,00) — [0,00) a nondecreasing, continuous, and subadditive map and such that n~({0}) =
{0}. If VeexTyer {n(d(x, y)) < w(x) —w(y)}, then there exists w € X such that w € T(w). If
VeexVyer (n(d(x,y)) < w(x) —w(y)}, then there exists w € X such that T (w) = {w}.

In Example 5.13 we show that even for 22 = P, Theorem 4.5 is different from Theorems
5.10, 5.11, and 5.12.

Example 513. Let L=R, H = [0,0), X = [0,1] C R, P = {d}, d(x,y) = |x —y|, x,y € X. Let
T : X — 2X be as in Example 5.3.

Suppose that there exists a proper Isc on X and bounded from below map w; : X — L
satisfying

VeexVyer {d(x,v) < wi(x) —wi(y)}. (5.21)

Letn7: H — H be such as in Theorem 5.12 and suppose that there exists a proper Isc on X
and bounded from below map w, : X — L satisfying

VaexVyero {1(d(x,y)) < wa(x) —wr(y) }. (5.22)

Observe that0 < 1/2 = d(1/2,0) < wi(1/2)-w;(0). Moreover, the condition 7 ({0}) =
{0} implies that 0 < 17(d(1/2,0)) < w2(1/2) — w>(0). Therefore,

w;(0) < w,(%), i=1,2. (5.23)

On the other hand, for x = 0 and foreach y € T(0) = (0,1/2)u(1/2,1], by (5.21) and (5.22), we
derive, respectively, that 0 < y = d(0,y) < w1(0) — w1(y) and 0 < 17(d(0,v)) < w2(0) — wa(y).
This gives T(0) C {y € X : wi(y) < wi(0)},i=1,2. Also, wesee that 0 € {y € X : w;i(y) <
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wi(0)}, i = 1,2. Moreover, (5.23) implies that 1/2¢ {y € X : wi(y) < w;i(0)},i = 1,2. Since
X =1[0,1] =T(0) U {0,1/2}, we conclude that {y € X : w;(y) < w;(0)} =T(0)uU {0},i=1,2,
which gives that the set {y € X : wi(y) < w;(0)} = [0,1/2) U (1/2,1],i = 1,2, is open in X.
Therefore, for each i = 1,2, the Isc map w; on X has the property that {y € X : w;(y) < c}
is not closed for ¢ = w;(0). This is impossible. Consequently, for such T, we may not apply
Theorems 5.10-5.12 (there does not exist w which is Isc on X).

Definition 5.14 (Vélyi [34, page 130]). Let (Y, V) be a topological vector space ordered by the
closed cone K and (X, %) a Hausdorff complete uniform space. The map w : X — YU{+o0o} is
called (strongly )lower semicontinuous, Isc, if for every x € dom(w) and (e € int(K))e € K '\ {0}
there is a U € U such that (x, y) € U implies that w(y) >k w(x) —e.

Letw : X — YU {+o0} be Isc and bounded from below and letd : X x X — Y U {+o0}
satisfy:

(i) 0<kd(x,y)and d(x,y) =0if x = y;

(ii) d(x, z) <k d(x,y) + d(y, z);

(iii) for each x € X, the map y — d(x,y) is Isc on X.

Let <4, be a partial quasiordering on X defined as follows: x <4,y if x = y or
d(x,y) <x w(x) — w(y). For details, see [34, page 130].

The results of Vdlyi [34], Caristi [2], Ekeland [3], and Jachymski [7], concerning
dissipative single-valued dynamic systems with Isc entropies, may be read, respectively, as
follows.

Theorem 5.15 (Vélyi [34, Theorems 5 and 6]). Let (X, U) be a Hausdorff uniform space; let (Y, U)
be a weakly sequentially complete topological vector space ordered by the closed normal cone K; let
d: X xX — Y satisfy (i) and (ii); let w : X — Y U {+oo} be bounded from below. Assume that (a)
the map w is continuous (Isc); (b) for each x € X, the map y — d(x,y) is continuous (Isc); and (c)
foreach U € U thereisa V€ U such that d(x,y) € V implies that (x,y) € U.

Fixed Point Theorem of Caristi Type). Assume that a map T : X — X has the property
Vaex{d(x, T(x)) <k w(x) —w(T(x))}. Then T has a fixed point in X.

Variational Priciple of Ekeland Type. For each x € dom(w) there exists w € dom(w) such
that x<4.,w and w is maximal in {y € X : x <4, y} (i.e., Vyex\(w) {w(y) x £ w(w) — d(w,y)} and
w(w) <g w(x) —d(x,w)).

Theorem 5.16. Let (X, d)be a complete metric space and let w : X — (—oo,+o0] be a map which is
proper Isc and bounded from below.
(Caristi [2]). Let T : X — X.If

Veex{d(x, T(x)) < w(x) —w(T(x))}, (5.24)

then there exists w € X such that T (w) = w.
(Ekeland [3]). For every € > 0 and for every xy € dom(w), there exists u € X such that: (i)
w(u) + ed(xo,u) < w(xg); and (ii) YVyex\(u) {w(u) < w(x) +ed(x,u)}.
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Theorem 5.17 (Jachymski [7, Theorem 6]). Let (X, d) be a complete metric space, T : X — X,
w : X — Ranonnegative Isc map on X, and 1 : [0,00) — [0, o0) a nondecreasing and subadditive
map, continuous at 0 and such that 7 ({0}) = {0}. If Vxex{n(d(x, T(x)) < w(x) —w(T(x))}, then
there exists w € X such that T (w) = w.

Example 5.18 shows that Theorem 4.5 is different from Theorems 5.15, 5.16, and 5.17.

Example 5.18. Let L=R, H = [0,00], X =R, P ={d}, d(x,y) =[x —y|,and x,y € X. Let T :
X — X be such as in Example 5.8. It is worth noticing that, by Remark 2.7, 2 = D is J-family.
Suppose that there exists a proper Isc and bounded from below map w; : X — (—oo, +o0]
satisfying Vyex {d(x, T(x)) < wi(x) — w1(T(x))}. Moreover, let  : H — H be such as in
Theorem 5.17 and suppose that there exists a proper Isc on X map w, : X — H satisfying
Vaex {n(d(x,T(x))) < wa(x) —wo(T(x))}. It is clear that

n(d(x,T(x))) =0 if d(x,T(x)) =0. (5.25)

Let nyp € N be arbitrary and fixed. We have 0 < 1 = d(2ny,2no + 1) = d(2ny, T (2np)) <
w1(2ng) — w1 (2ng + 1) and, by (5.25), 0 < n(d(2no,2ny + 1)) = n(d(x,T(x))) < w2(2ng) —
w>(2ng + 1), which gives w;(2ng + 1) < w;(2ny), i = 1,2. On the other hand, T(2ny + 1) = 2ny,
0 <1=dQ2ny+1,2n) < wi(2ng +1) — wi(2ny) and, by (5.25), 0 < n(d(2ny + 1,2np)) <
wy(2ny + 1) — w>(2np), which gives w;(2ny) < w;(2ng +1), i = 1,2. This is impossible.

The Banach fixed point theorem may be read as follows.

Theorem 5.19 (Banach [1]). Let (X, d) be a complete metric space and let T : X — X be a single-
valued map satisfying the condition

30<A<1Vx,yex{d(T(x),T(y)) < J\d(.’x, y) } (526)

Then (i) T has a unique fixed point w in X, and (ii) the sequence {T"™ (v)} converges to w for each
veX.

The maps T satisfying conditions (5.26) and (5.24) are called in literature Banach’s
contractions and Caristi’s maps, respectively. They are essentially different: the map T satisfying
(5.26) is continuous and has a unique fixed point while the map T satisfying (5.24) is not
necessarily continuous and has a fixed point which is not necessarily unique.

We also illustrate our results in the case when the maps have more than one fixed point
(Example 5.20(A)) or one endpoint (Example 5.20(B)).

Example 5.20. Let (L, || - ||) where L = R?>, H = {(x,y) € L : x,y > 0}, (X,P) be a cone metric
space with a cone H where X =R, ) = {p} and p : X x X — L is a cone metric of the form
p(x,y) = (Ix -yl 2lx —yl), x,y € X.

LetW;and J; : X x X — L,i=1,2, be of the form W, = [0,1/4), W, = (3/4,1],

0,00 ifx=yeW,
Ji(x,y) = x,yeX,i=1,2. (5.27)
(2,2) ifxtyvx=ygW,
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By Example 5.1, for each i = 1,2, 2; = {J;} is a 2-family. Moreover, we see that X%i =W;#0,
i=1,2. Let € > 0 be arbitrary and fixed. Define w; : X — L,i=1,2, as follows:

(e-(0,0) for x =0,
1 2
wi(x)=3¢" (2,2) forxe (0,5) U (5,1],
[1 2
. f - =z
£-(3,3) forxe _3’3]’

(5.28)
€-(0,0) forx=1,

[ 1 2
-(2,2) f - -1
w2(x)=<5(') 0rx€L0,3)U<3, ),

[1 2
L5-(3,3) for x € _5’5].

We observe that Vyex {0 <p wi(x)} and Dg, = dom(w;) #0, where Q; = {w;},i=1,2.

(A) Let T; : X — 2X be defined as follows:

T1(x) = < [O,

(
1
4
| ixe (1), 59)
3
4
(
1

L{0,1} ifx=1.

Step 1. First, we observe that for 2; and €, assertions (a)—(f) of Theorem 4.5 hold. We prove
that (g) holds. We see that X%l =W; = [0,1/4) and consider two cases

Case 1. For x = 0, we have T;(x) = {0,1} and we see that T;(x) N Xgl = {0} and w1(0) +
€J1(0,0) = €(0,0) + £(0,0) <z £(0,0) = w1 (0). Consequently, Q,, o,.1, (0) = {0}.

Case 2. For x € (0,1/4), we have T;(x) = {0} C Xgl and w1(0) + €J1(x,0) = £(0,0) + £(2,2) =
€(2,2) < €(2,2) = wi(x), which gives Q, o, (x) = {0}.

Consequently, for each x € Xgh’ Q2,.0,.1, (x) is a nonempty and closed subset of X and
there existsw =0 € Xgl such that w € T;(0) = {0,1}, that is, w = 0 is a fixed point of T; in X.
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Step 2. We see that for 2, and €2, assertions (a)—(f) of Theorem 4.5 hold. We prove that (g)
holds. We see that ng =W, = (3/4,1] and consider two cases.

Case 1. For x € (3/4,1), we have Ty (x) = {1} C ng and wy(1) + €J2(x,1) = £(0,0) + £(2,2) =
€(2,2) <H (2,2) = wy(x), which gives Q,, o,.1, (x) = {1}.

Case 2. For x = 1, we have T;(x) = {0,1} and we see that T;(x) N ng = {1} and wy(1) +
€J2(1,1) =€(0,0) + £ (0,0)<H (0,0) = wy (1), which gives Q,, o,1, (1) = {1}.

Consequently, for each x € X0 , Q2,.0,.1, (x) is a nonempty and closed subset of X and
there existsw =1 € Xg such that w e T:(1) = {0,1}, thatis, w = 1 is a fixed point of T; in X.

Clearly, (h) does not hold for (2;,Q;),i = 1,2. Indeed, in Step 1, if x = 0, then a dynamic
process (wy, : m € {0} UN) starting at wy = x = 0 and satisfying V,ucjojun{wWms1 € T1(wm)}
such that w; =1 € {0,1} = Ti(wp) and w,, = 1 for m > 2, does not satisfy V,c(ojun{wWm+1 €
Q2,.0,:1 (W)} since wy = 1€ Qy, o,.1, (wp) = {0}. Similarly, in Step 2, if x = 1, then a dynamic
process (wy, : m € {0} UN) starting at wy = x = 1 and satisfying V,.cjojun{wWms1 € T1(wm)}
such that w; = 0 € {0,1} = Ti(wp) and w,, = 0 for m > 2, does not satisfy V,,cjojun{wWm+1 €
Q2,1 (W) } since wy = 0¢ Qp, 0,1, (wo) = {1}.

(B) Let T» : X — 2% be defined as follows:

(0} 1fxe[o,1>,
1
1) el
Ty(x) = 1 ojI] ifxeGl,Z), (5.30)
411} 1fx=§,
k{1} 1fxe<§,1]

Step 1. First, we observe that for 2; and €, assertions (a)—(f) of Theorem 4.5 hold. We prove
that (g) and (h) hold. We see that Xgl = Wj =[0,1/4) and consider two cases.

Case 1. For x =0, we have To(x) = {0} C Xgl and w1 (0)+€J1(0,0) = £(0,0)+£(0,0) <y £(0,0) =
w1 (0). Consequently, Q, o,.1,(0) = {0}.

Case 2. For x € (0,1/4), we have Tp(x) = {0} C Xgl and wq(0) + €J1(x,0) = £(0,0) + £(2,2) =
€(2,2) <ne (2,2) = wi(x), which gives Q», o,:1,(x) = {0}.

Consequently, for each x € Xgl, Q1, 0.1, (x) is a nonempty and closed subset of X, that
is, (g) holds.

For each x € Xol, each dynamic process (w,, : m € {0} UN) starting at wy = x and
satisfying V,ue(ojun { Wms1 € T2(wm)} is of the followimg form: (1) for each m € {0}UN, w,, = 0;
or (2) wy = x € (0,1/4) and w,, = 0 for m > 1. Therefore, V,ucojun {Wm+1 € Q0.1 (W)}
This gives (h).
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There exists w = 0 € Xgl such that w € T,(0) = {0}, that is, w = 0 is an endpoit of T,
in X.

Step 2. We see that for 2, and €, assertions (a)—(f) of Theorem 4.5 hold. We prove that (g)
and (h) hold. We see that ng =W, = (3/4,1] and consider two cases.

Case 1. For x € (3/4,1), we have T>(x) = {1} C ng and wy (1) + €J2(x,1) = £(0,0) + £(2,2) =
£(2,2) <pe (2,2) = wa(x), which gives Q, o,:1,(x) = {1}.

Case 2. For x =1,wehave To(x) = {1} C ng and wo(1)+€J2(1,1) = £(0,0)+£(0,0) < £(0,0) =
w> (1), which gives Qg, o,.1, (1) = {1}.

Consequently, for each x € ng, Q9,0,1, (x) is anonempty and closed subset of X, that
is, (g) holds.

For each x € ng, each dynamic process (w,, : m € {0} UN) starting at wy = x and
satisfying V,uecjojun {wm+1 € To(wpm)} is of the form: (1) for each m € {0} UN), w,, = 1; or (2)
wy = x € (3/4,1) and w,, = 1 for m > 1. Hence, V,cjojun {Wm+1 € Q2,,0,.1, (W) }. This gives
(h).

There existsw =1 € ng such that w € T>(1) = {1}, thatis, w = 1 is an endpoint of T,
in X.

Example 5.21. Let L, H, X, p, P = {p}, (X,p) and T : X — 2% be such as in Example 5.20(A),
or (B). However, let 2 = D (by Remark 2.7, it is J-family on X). Of course, Xg, = X #0. Thus
assumptions (a)—(c), (e) and (f) of Theorem 4.5 are satisfied.

Suppose that there exists Q = {w} satisfying (d) and (g). Then, for x = 1/4, the set
Qpaor(1/4) c {3/4} = T(1/4) is nonempty and closed, so w(3/4) + p(1/4,3/4) g w(1/4).
On the other hand, Qpqr(3/4) C {1/4} = T(3/4) is also nonempty and closed, that
is, w(1/4) + p(3/4,1/4) <p w(3/4). Hence, w(3/4) + p(1/4,3/4) pw(l/4) < w(1/4) +
p(3/4,1/4) <g w(3/4). This is impossible. Thus (g) does not hold, and we may not use
Theorem 4.5 when 2 = .

Finally, we give a remark to end the section.

Remark 5.22. (i) In our investigations the lower semicontinuity assumption is not
necessary (see Examples 5.2-5.6 and 5.20).

(ii) The conditions of Caristi-Ekeland type do not hold for maps which have periodic
points (see, e.g., [4-29] and references therein). By using 2-families of generalized
pseudodistances we can study even maps which have periodic points (see, e.g.,
Example 5.6 where T(0) = {1/2} and T(1/2) = {0}; Example 5.8 where T(2n) =
2n+1and T(2n+1) = 2n, n € N; Example 5.20 where T'(3/4) = {1/4} and T(1/4) =
{374}).

(iii) The existence of J-families such that 2 # ) is essential (see, e.g., Examples 5.6, 5.7,
5.8,5.20 and 5.21).

6. Relations between Generalized Pseudodistances and Distances of
Tataru, Kada-Suzuki-Takahashi, Suzuki, Lin-Du, and Valyi

The aim of this section is to prove that each distance [30-34] is a generalized pseudodistance
(see Theorem 6.11). Moreover, we construct the examples (see Examples 6.13, 6.14, and 6.15)



Fixed Point Theory and Applications 27

which show that the converse is not true. This relation betwen generalized pseudodistances
and distances [30-34] is important from the point of view of nonlinear analysis.

We will start by definitions and remarks so that this section is self-contained.

Let X be a subset of a Banach space. In 1992, Tataru [30] introduced the distance p :
X xX — [0,00) (called Tataru's distance) defined by the formula

p(x,y) =inf{t+ | T(Hhx-y| : teR}, xyeX (6.1)

where {T(t) : t € R, } is a strongly continuous semigroup of nonexpansive maps on X defined
as follows.

Definition 6.1. Let X be a subset of a Banach space. The family {T(¢) : t > 0} of maps T(¢) :
X — X, t € Ry, is called a strongly continuous semigroup of nonexpansive maps on X if the
following conditions hold:

(sgl) for each t € Ry, T(t) is a nonexpansive map on X;
(s82) Vaex {T(0)x = x};
(s83) Vster AT (s +1) =T(s) o T(t)};

(sg4) for each x € X, the map T(-)x from R, into X is continuous.
In 1996, Kada et al. [31] introduced the following concept of w-distance.

Definition 6.2. Let X be a metric space with metricd. Amapp: X x X — [0, 00) is called a
w-distance on X if it satisfies the following conditions:
(wl) Vx,y,zeX {P(x, z) < P(x, ]/) + P(y/ z)};

(w2) pis lsc in its second variable;
(W3) v5>036>0vx,y,2€X{ [P(Z/ X) <O6A (Z/ ]/) < 6] = d(x/ y) < 5}'
In 2001, Suzuki [32] defined T-distance.

Definition 6.3. Let X be a metric space with metricd. Amapp : X x X — [0,00) is called a
T-distance on X if there exists a map 1 : X x [0,00) — [0, 00) and the following conditions
hold:

(S1) Vayzex{p(x,2) < p(x,y) +p(y,2)};

(52) YyexVis0{n(x,0) = 0 An(x,t) > t} and 5 is concave and continuous in its second
variable;

(S3) lim,, X, = x and limnawsupm%q(zn,p(zn, Xm)) = 0 imply that Vex {p(w, x) <
liminf, _, ,p(w, x,)};

(54) limy, , o8up,,,~ . P(Xn, Ym)) = 0 and limy, , o7 (xn, £n) = 0 imply that limy, 77 (yn, )

(S5) imy, o1 (Zn, (20, Xn)) = 0 and limy,—, 7 (24, (24, Yn)) = 0 imply that lim,,_, o
d(xn, yn) = 0.
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Remark 6.4 (see [32, page 442]). Condition (52) may be replaced by the following condition
(S2)":

(S2)' Vyex{infio7(x, ) = 0} and 7 is nondecreasing in its second variable.

Remark 6.5. 1If (X, d) is a metric space, then the metric d is a w-distance (see [31]) and every
w-distance on X is a 7 -distance on X (see [32, Proposition 1, page 443]).

Remark 6.6. If {T(t) : t > 0} is a strongly continuous semigroup of nonexpansive maps on a
subset X of a Banach space, then Tataru’s distance p on X is also 7-distance on X (see [32,
Proposition 2, page 443]).

In 2006, Lin and Du [33] introduced the following concept of T-function.

Definition 6.7. Let X be a metric space with metric d. Amap p : X x X — [0, c0) is called a
T-function on X if the following conditions hold:

(L1) Yoy zexip(x, z) < p(x,y) +p(y, 2)};

(L2) if x € X and {y,} in X with lim, . .y, = y and p(x, y,,) < M for some M = M(x) >
0, thenp(x,y) < M;

(L3) for any sequence {x,} in X with lim, _, ., sup{p(xy, xp) : m > n} =0, if there exists
a sequence {y,} in X such that lim, _, xp(xy, y») = 0, then lim,, _, ,d(x,,, y,,) = 0;

(L4) for x,y,z € X, p(x,y) =0, and p(x, z) = 0 imply that y = z.

Remark 6.8. In metric spaces (X, d), every w-distance on X is a 7-function on X (see [33,
Remark 2.1]).

In 1985, Vilyi, in assumptions (i), (ii), (5.2) and (5.7) of Theorems 5 and 6 of the
paper [34, page 131], introduced and used in uniform spaces the new concept of distance
which in this paper we will call by Vélyi’s distance. In metric spaces, Vélyi’s distance we may
formulate as follows:

Definition 6.9. Let X be a metric space with metricd. Amap p : X x X — [0, c0) is called a
distance of Vilyi on X if the following conditions hold:

(V1) Vx,y,zeX {P(x/ z) < P(x/ ]/) + P(% z)};

(V2) pisIsc in its second variable;

(V3) Yxyex{p(x,y) 2 0A [p(x,y) =0 & x = y]}; and

(V4) Ves03550Vx yex {p(x, v) <6 = d(x,y) <e€}.

In the literature there are no studies concerning relations between Vdlyi’s distances

[34] and 7-distances [32] and T -functions [33].

In metric spaces the generalized pseudodistance (see Definition 2.6(i)) is defined as
follows.

Definition 6.10. Let X be a metric space with metric d. The map U : X x X — [0, o0) is said to
be a generalized pseudodistance on X if the following two conditions hold:

(?/ll) Vx,y,zEX{u(xl Z) < u(xr ]/) + U(yf Z) };
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(U2) for any sequence (x, : n € N) in X such that

lim sup U (x,, Xn) = 0, (6.2)

n=%0 m>n

if there exists a sequence (y, : n € N) in X satisfying

r}ijr;oU(xn,yn) =0, (6.3)
then
nhf;od(xmyn) =0. (6.4)

In this section we give the precise relations between generalized pseudodistances and
T-distances of Suzuki [32], T-functions of Lin and Du [33] and distances of Valyi [34].

By Remarks 6.5 and 6.6 and Definitions 6.3, 6.7, 6.9, and 6.10, the following question
arose naturally.

Question 1. Let (X, d) be a metric space and let p : X x X — [0, 00) be T-distance of Suzuki on X or
T-function of Lin and Du on X or Vilyi’s distance on X. Is p a generalized pseudodistance on X?

In the following theorem we give an affirmative answer to this question.

Theorem 6.11. Let X be a metric space with metric d.

(@) Ifp: X x X — [0,00) is a T-distance, then p is a generalized pseudodistance.

(b) If p: X x X — [0, 00) is a T-function, then p is a generalized pseudodistance.

() Ifp: XxX — [0,00) is a Vi lyi’s distance, then p is a generalized pseudodistance.
Proof. (a) Itis clear that (S1) implies (%1).

For proving that (%2) holds we assume that the sequences (x, : n € N) and (y, : n € N)
in X satisfy (6.2) and (6.3), that is,

lim sup p(x,, x,) =0,

(6.5)
nlim p(xn,yn) = 0.

By (6.5), and [32, Lemma 3, page 450], we obtain that lim,,_, . d(x,, y,) = 0. Therefore, (U2)
is satisfied. Consequently, p is a generalized pseudodistance on X.

(b) Indeed, conditions (L1) and (L3) imply conditions (#1) and (%2), respectively.
(c) We see that condition (V1) implies (%1).

For proving that (#2) holds, we assume that the sequences (x,, : m € N) and (v, :
m € N) in X satisfy (6.2) and (6.3).
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By (V4),
Ves03550Yxyex {p(x,y) <6 = d(x,y) <€}. (6.6)
From (6.3),
V50 Impen Vo { P (Xn, Yn) < 6}. (6.7)
As consequence of (6.6) and (6.7), we get
Ves0Tmoen Vnzno {d(Xn, yn) < €}, (6.8)

that is, (6.4) holds. Therefore, (%2) is satisfied. O
Now we ask the following question.
Question 2. Is converse to Theorem 6.11 true?

The examples constructed in the sequel give a negative answer to this question.
For later use, we begin by constructing a generalized pseudodistance.

Example 6.12. Let X be a metric space with metric d. Let the set E C X, containing at least
two different points, be arbitrary and fixed and let ¢ > 0 satisfy 6(E) < ¢ where 6(E) =
sup{d(x,y) : x,y € E}. LetU : X x X — [0, o) be defined by the formula

d P if E ’ = 7 7
lﬂmw={ (xy) i En{xy)={xy) ovex 69)

c if En{x,y}#{x vy},

The map U is a generalized pseudodistance on X.

Indeed, it is worth noticing that the condition (#1) does not hold only if there exist
some Xy, Yo, zo € X such that U (xo, z9) > U(xo, yo) + U (yo, zo). This inequality is equivalent
to ¢ > d(xo, yo) +d(yo, zo) where U (x9, zo) = ¢, U (x0,y0) = d(x0, yo) and U (yo, zo0) = d(yo, zo)-
However, by (6.9), U (xo, zo) = c gives that there exists v € {xy, zg} such that v & E, U (xo, yo) =
d(xo, yo) gives {xo,yo} C E and U(yo, z0) = d(yo, 2z0) gives {yo,zo} C E. This is impossible.
Therefore, V., -ex {U(x,y) < U(x, z) + U(z,vy)}, that is, condition (1) holds.

For proving that (#2) holds we assume that the sequences (x,, : m € N) and (y,,, : m €
N) in X satisfy (6.2) and (6.3). Then, in particular, (6.3) yields

V0<£<c3m0=m0(s)eNvm}mg {u (xmr ym) <E& } . (610)
By (6.10) and (6.9), since € < ¢, we conclude that

Vinzmo{ E N {Xm, Y} = {Xm, Ym} }- (6.11)
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From (6.11), (6.9) and (6.10), we get
Yo<e<cImoeNVmzm {d(xmr ym) < 5}- (6.12)

Therefore, the sequences (x,, : m € N) and (y,, : m € N) satisfy (6.4). Consequently, property
(U2) holds.

The first observation is that there exists a generalized pseudodistance which is not a
T-distance.

Example 6.13. Let (X, d) be a metric space where X = [0,1] and d : X x X — [0, 00) is of
the form d(x,y) = |[x —y|, x,y € X. Let E = (0,1/2] and, for each y > 0, define the map
Uur:XxX — [0,00) by

d(x,y) ifEr‘n{x,y}= {x'y}’
U(xy) =91 e o
sty fEn{xy)#{xy),

Using Example 6.12 we find that, for each y > 0, the map U is a generalized pseudodistance
on X.
We show that, for each y > 0, the map p¥ : X x X — [0, o) of the form

p'(xy)=U(xy), xyeX (6.14)

is not a 7-distance on X.

Indeed, suppose that there exists yp > 0, such that p? is a T-distance on X and consider
a sequence (x, : n € N) defined by the formula: x, = 1/n, n € N. Of course, (x, : n € N)
converges in X and

lim x,, = 0. (6.15)

n—oo
Consequently, (x, : n € N) is a Cauchy sequence on X, that is,

lim sup d(xp, x,,) = 0. (6.16)
=0 sn

Next, since V,>2{x, € E}, by (6.3), we get Yy men{p"(xn, xm) = U (xp, xpm) =
d(xy, Xp)}. This and (6.16) give

lim sup p" (x,, xm) = lim sup d(xy,, x5,,) = 0. (6.17)

=% sn m>n

Using now (6.17) and [32, Lemma 3, page 450], we obtain that (x, : n € N) is p"-Cauchy
(recall that if X is a metric space with metric d and p is a 7-distance on X, then a sequence
(x, : n € N) in X is called p-Cauchy if there exists a function 7 : Xx [0, 00) — [0, o) satisfying
(52)—(S5) and a sequence (z, : n € N) in X such that lim,,_, ,sup m%q(zn,p(zn,xm)) =0;
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see [32, page 449]). Consequently, there exists a map 7 : X x [0,00) — [0, c0) satisfying
(52)—(S5) and a sequence (z, : n € N) in X such that

lim sup 77(zy, p** (25, %m)) = 0. (6.18)
n=Pm>n
Now (6.17), (6.18), and condition (S3) imply that
Ywex {p”’ (w,0) < lim inf p? (w, x,,) } (6.19)

However, for wy = 1/2 € X, since V,,> 2{x, € E} and wy = 1/2 € E, according to (6.13), we
calculate, since 0 ¢ E, that

1 1 1 1 1
Yo =ph( = =un(= T Z = lim i Z
p(wp,0) =p (2,0) u <2,0> S+t >5 lim 1nfd<2,xn>

(6.20)
= lim infU" <%,xn> = lim inf p" (%,xn> = lim inf p" (wy, x,,)
n— oo

n—oo n—oo

which, by (6.19), is impossible.

Below we include an example which shows that there exists a generalized pseudodis-
tance which is not T-function.

Example 6.14. Let X, dand p¥ : X x X — [0,00), y > 0, be defined as in Example 6.13. Of
course, for each y > 0, p¥ is a generalized pseudodistance on X (see Example 6.13). Suppose
that there exists yp > 0, such that p" is T-function on X and let (v, : n € N) be a sequence
given by the formula y, = 1/n, n € N. We see that

lim y, = 0. (6.21)

n— oo

Let x = 1/4. By definition of 7-function, there exists M = M(x) = 1/4 > 0 such that

11 11 1
VneN{PYO(x/}/n) ZPY[’(Z,;) = d(@;) < i } (6.22)

Therefore, by (6.21) and (6.22), according (L2), we must have p'*(1/4,0) < M. However, by
definition of p", since 0 ¢ E, we get that p"°(1/4,0) =1/2 +yy > 1/4 = M. This is absurd.

Finally, it is worth noticing that there exists a generalized pseudodistance which is not
Vdlyi’s distance.

Example 6.15. Let y > 0 be arbitrary and fixed. Then, for a generalized pseudodistance U
constructed in Example 6.13, if x ¢ E, then we get that U"(x,x) = 1/2 + y > 0. Therefore, U
does not satisfy (V3).
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