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A new nonlinear mapping is introduced. The convergence of Ishikawa iterative processes for the
class of asymptotically pseudocontractive mappings in the intermediate sense is studied. Weak
convergence theorems are established. A strong convergence theorem is also established without
any compact assumption by considering the so-called hybrid projection methods.

1. Introduction and Preliminaries

Throughout this paper, we always assume that H is a real Hilbert space, whose inner product
and norm are denoted by (:,-) and || - ||. The symbols — and — are denoted by strong
convergence and weak convergence, respectively. wy,(x,) = {x : 3x,, — x} denotes the weak
w-limit set of {x,}. Let C be a nonempty closed and convex subset of H and T : C — C
a mapping. In this paper, we denote the fixed point set of T by F(T).

Recall that T is said to be nonexpansive if

|Tx-Ty|| <||x-v|, VYxyeC. (1.1)

T is said to be asymptotically nonexpansive if there exists a sequence {k,} C [1,00) withk, — 1
asn — oo such that

IT"x =Tyl < kullx -y

, Vn>1, Vx,yeC. (1.2)
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The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk
[1] as a generalization of the class of nonexpansive mappings. They proved that if C is a
nonempty closed convex and bounded subset of a real uniformly convex Banach space and
T is an asymptotically nonexpansive mapping on C, then T has a fixed point.

T is said to be asymptotically nonexpansive in the intermediate sense if it is continuous and
the following inequality holds:

lim supsup (|[T7x ="y || -}~ y])) <0. .

n—oo x,yeC

Observe that if we define

Tnzmax{o, supc(”T"x—T"y”—||x—y||)}, (1.4)

X,y€
then 7, — Oasn — oo. It follows that (1.3) is reduced to
|T"x -T"y|| < ||x-y| +7: Vn>1, Vx,yeC. (1.5)

The class of mappings which are asymptotically nonexpansive in the intermediate sense was
introduced by Bruck et al. [2]. It is known [3] that if C is a nonempty close convex subset of a
uniformly convex Banach space E and T is asymptotically nonexpansive in the intermediate
sense, then T has a fixed point. It is worth mentioning that the class of mappings which
are asymptotically nonexpansive in the intermediate sense contains properly the class of
asymptotically nonexpansive mappings.

Recall that T is said to be strictly pseudocontractive if there exists a constant k € [0, 1)
such that

|Tx - Ty|| < ||x-y|* +k||(I-T)x - T -T)y|*, Vx,yeC. (1.6)

The class of strict pseudocontractions was introduced by Browder and Petryshyn [4]
in a real Hilbert space. Marino and Xu [5] proved that the fixed point set of strict
pseudocontractions is closed convex, and they also obtained a weak convergence theorem
for strictly pseudocontractive mappings by Mann iterative process; see [5] for more details.

Recall that T is said to be a asymptotically strict pseudocontraction if there exist a constant
k € [0,1) and a sequence {k,} C [1,00) with k, — 1asn — oo such that

| T"x = Ty ||” < ka2 - y||” + k|| (T - Tx = I -T")y|>, V¥x,yeC. (1.7)

The class of asymptotically strict pseudocontractions was introduced by Qihou [6] in 1996
(see also [7]). Kim and Xu [8] proved that the fixed point set of asymptotically strict
pseudocontractions is closed convex. They also obtained that the class of asymptotically strict
pseudocontractions is demiclosed at the origin; see [8, 9] for more details.
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Recently, Sahu et al. [10] introduced a class of new mappings: asymptotically strict
pseudocontractive mappings in the intermediate sense. Recall that T is said to be an
asymptotically strict pseudocontraction in the intermediate sense if

timsupsup ([T - Ty [P~ kuflx -y [P - K (L~ Tx - (0 -T]P) <0, (1)

n— oo X,yEC

where k € [0,1) and {k,} C [1,00) such thatk, — 1asn — oo. Put

én = max{O, sup <||T"x - T"y”2 — k|| x - y||2 —k||I-T")x-(I- T")y||2>}. (1.9)

x,yeC
It follows that ¢, — Oasn — oo. Then, (1.8) is reduced to the following:
T = Ty ||* < ka|lx - y||* + k|| = T)x = (T - Ty|]* + &, Vx,yeC. (1.10)

They obtained a weak convergence theorem of modified Mann iterative processes for the class
of mappings. Moreover, a strong convergence theorem was also established in a real Hilbert
space by considering the so-called hybrid projection methods; see [10] for more details.

Recall that T is said to be asymptotically pseudocontractive if there exists a sequence k, C
[1,00) with k, — 1asn — oo such that

(T"x —-T"y,x—y) < ku||x -y 2 Vx,y € C. (1.11)

The class of asymptotically pseudocontractive mapping was introduced by Schu [11] (see
also [12]). In [13], Rhoades gave an example to show that the class of asymptotically
pseudocontractive mappings contains properly the class of asymptotically nonexpansive
mappings; see [13] for more details. In 1991, Schu [11] established the following classical
results.

Theorem JS. Let H be a Hilbert space: §# A C H closed bounded and covnex; L>0;T: A — A
completely continuous, uniformly L-Lipschitzian and asymptotically pseudocontractive with sequence
{kn} C[1,0); qn =2k, —1foralln >1; 37 ,(qn— 1) < oo, {a,}, {Pn} are sequences in [0,1];
e<a, <P, <bforalln>1,somee>0andsomeb e (0,L2[V1+L2-1]);x; € A; foralln > 1,
define

zn = PuT"xn + (1= Bn)Xn,

X1 = Ay Tz + (1 —a,)y,, Yn>1,

(1.12)

then {x,} converges strongly to some fixed point of T.

Recently, Zhou [14] showed that every uniformly Lipschitz and asymptotically
pseudocontractive mapping which is also uniformly asymptotically regular has a fixed point.
Moreover, the fixed point set is closed and convex.

In this paper, we introduce and consider the following mapping.
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Definition 1.1. A mapping T : C — C is said to be a asymptotically pseudocontractive mapping
in the intermediate sense if

lim sup sup <<T"x ~T"y,x ~y) —kallx - y||2> <0, (1.13)

n—o x,yeC

where {k,} is a sequence in [1, c0) such that k, — lasn — oo. Put

V= max{O, sup <<T”x -T"y,x —y) — kn||x - y||2>} (1.14)
x,yeC

It follows that v, — 0asn — oo. Then, (1.13) is reduced to the following:
(T"x=T"y,x=y) Skallx = y|* +vs, Vnz1, xyeC (1.15)
In real Hilbert spaces, we see that (1.15) is equivalent to

|T"x - T"y|)> < Ckn = V|| x = y|* + |- THx = I =T"y|[* +2v,, Vn>1, x,y€C.
(1.16)

We remark that if v, = 0 for each n > 1, then the class of asymptotically pseudocontractive
mappings in the intermediate sense is reduced to the class of asymptotically pseudocontrac-
tive mappings.

In this paper, we consider the problem of convergence of Ishikawa iterative processes
for the class of mappings which are asymptotically pseudocontractive in the intermediate
sense.

In order to prove our main results, we also need the following lemmas.

Lemma 1.2 (see [15]). Let {r,}, {sn}, and {t,} be three nonnegative sequences satisfying the
following condition:

Tn1 < (L+sy)r, +t,, Vn2>ng, (1.17)
where ny is some nonnegative integer. If 3.7, s, < oo and >,> 1 t, < oo, then lim,, _, o1, exists.
Lemma 1.3. In a real Hilbert space, the following inequality holds:

[|ax + (1 - a)y”2 =allx|*+(1- a)||y||2 —a(l-a)||x-y > VYae[0,1], x,yeC. (118)

From now on, we always use M to denotes (diam C )2.

Lemma 1.4. Let C be a nonempty close convex subset of a real Hilbert space H and T : C — Ca
uniformly L-Lipschitz and asymptotically pseudocontractive mapping in the intermediate sense with
sequences {k, } and {v,} as defined in (1.15). Then F(T') is a closed convex subset of C.
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Proof. To show that F(T) is convex, let f; € F(T) and f, € F(T). Put f =tf; + (1 —t) fo, where
t € (0,1). Next, we show that f = T f. Choose a € (0,1/(1+L)) and define y,, = (1-a) f+aT™ f
for each n > 1. From the assumption that T is uniformly L-Lipschitz, we see that

(F = Yan (f =T"F) = Wan = T"Yan)) < A+ DI f = Yenl* (1.19)
For any g € F(T), it follows that
I =T"f I = (f =T"f f = T"F)
= Yo f-T)

a
= %(f =Y (f =T"F) = Yan = T"Yan)) + §<f =~ Yo Yan = T"Yan)
= (= Yau (= T") = Wen = T"yen))

1 ., 1 1 .,
t =8 Yan = T"an) + (& = Yan Yan = 8) + {8 = Yan & = T"Yan)

2
o= Dllg =l 00

a

<@+ DI =TI+ 2 (F = 8 Yo = T"Yan)
(1.20)

This implies that
all-a(1+L)]||f - T"f”2 <{f =@ Yan—T"Yan) + (kn—1)M +v,, VgeF(T). (1.21)
Letting ¢ = f1 and g = f> in (1.21), respectively, we see that

all —a(+ DI f ~T"FII> < (f = fi, Yan = T"Yan) + (kn = 1)M +v,,,

(1.22)
all-=a(+L)|If =T FII> < (f = fo, Yan = T"Yan) + (kn = 1)M + v,,.

It follows that
a[l - a1+ D||f -~ T"f||* < (kn = )M + v, (1.23)

Letting n — oo in (1.23), we obtain that T"f — f. Since T is uniformly L-Lipschitz, we see
that f = T f. This completes the proof of the convexity of F(T). From the continuity of T, we
can also obtain the closedness of F(T). The proof is completed. O

Lemma 1.5. Let C be a nonempty close convex subset of a real Hilbert space H and T : C — Ca
uniformly L-Lipschitz and asymptotically pseudocontractive mapping in the intermediate sense such
that F(T) is nonempty. Then I — T is demiclosed at zero.
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Proof. Let {x,} be a sequence in C such that x, — x and x, - Tx,, — Oasn — oo. Next, we
show that x € C and x = Tx. Since C is closed and convex, we see that x € C. It is sufficient
to show that x = Tx. Choose &« € (0,1/(1+ L)) and define yu,, = (1 —a)x +al™Xx for arbitrary

but fixed m > 1. From the assumption that T is uniformly L-Lipschitz, we see that

6 = T"l| < s = T + | T — T,

-1
+oet ||Tm xXp —T"xp

< [T+ (m=1L]||xn = Txa|l-
It follows from the assumption that

lim ||a,, = T™x,|| = 0.
n— oo

Note that
(X = Yam Yam = T"Yam) = (X = Xn, Yam = T"Yam) + (Xn = Yam Yam = T" Yam)
= (X = Xn, Yam = T"Yaym) + (Xn = Yam, T"Xn = T" Yam)
= (X0 = Yam Xn = Yam) + {Xn = Yam, Xn = T %)
<X = X, Yaym = T"Yaym) + k|20 — ya,m”z + Y,

~ Nt = Yamll* + 1120 = Y [l 120 = T4
<X =X, Yam — T Yam) + (ki — 1)M + vy

+ ||xn = Yam|| l16n = T
Since x, — x and (1.25), we arrive at
<E_ Yams Yam — Tmya,m> < (km —1)M + v,

On the other hand, we have

(1.24)

(1.25)

(1.26)

(1.27)

(% = Yaym, (X = T"%) = Yo = T"Yam)) < (L + L)||X = Yam||” = (1 + L)a?|X - T"%|”. (1.28)

Note that

X - T"%|* = (x - T"x,x - T"x) = %@ — Yo, X — T"X)
l ~ ~ M m
= E<x_yu,m/ (x_T x) - (ya,m_T ya,m)>

1,_
+ E <X—, Yams Yam — Tmya,m >

(1.29)
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Substituting (1.27) and (1.28) into (1.29), we arrive at

-1
% - T"%| < (1 + Lya||x - T"%||* + w (1.30)

This implies that
a[ll- (1 +L)a]||x-T"%|]* < (k- )M +v,,, VYm > 1. (1.31)

Letting m — oo in (1.31), we see that T"x — X. Since T is uniformly L-Lipschitz, we can
obtain that x = Tx. This completes the proof. O

2. Main Results

Theorem 2.1. Let C be a nonempty closed convex bounded subset of a real Hilbert space H and T :
C — C a uniformly L-Lipschitz and asymptotically pseudocontractive mapping in the intermediate
sense with sequences {k,} C [1,00) and {v,} C [0, o0) defined as in (1.15). Assume that F(T) is
nonempty. Let {x,} be a sequence generated in the following manner:

X1 € C,
Yn = ﬁnTnxn + (]— - ﬁn)xn/ (*)

Xnt1 = anTn]/n +(1-ay)x,, Vn>1,

where {a,} and {B,} are sequences in (0,1). Assume that the following restrictions are satisfied:
(@) X2 vn <0, 321 (g% - 1) < oo, where g, = 2k, — 1 for each n > 1;
(b) a < ay, < Pn <bforsome a>0andsomeb € (0,L2[V1+L2-1]),

then the sequence {x,} generated by (x) converges weakly to fixed point of T.

Proof. Fix x* € F(T). From (1.16) and Lemma 1.3, we see that
Y= | = [|Ba (T2 = x*) + (1 = ) (xn = )|

= Bull T2 = x| + (1= Bu) 20w = x*[1* = Bu (1 = ) I 7" = 0
< B (@l = 1+ = T + 29, ) + (1= ) len = x° P (2.1)
= B (1= ) I T" %0 = 2,
< Gullxn = x°|* + BT x0 = x> + 290,

Y = T"all* = [|Ba (T2 = T"y) + (1 = Bo) (= Ty ||
= Bull T"xn = Ty > + (1= Bu) |20 = Tl |* = B (1 = ) T30 — xal® (2:2)

< ﬂiLZHxn - Tnxn”2 + (1 - ﬂn) “xn - Tnyn”2 - ﬁn(l - ﬁn)”Tnxn - xn||2-
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From (2.1) and (2.2), we arrive at
17"y = x1° < Gullyn = %" 1* + Ny = T"ul” + 20
< @l = %" = B (1= GuP = B2L” = B ) IT" 0 = (2.3)
+2(gn + 1)vn+ (1= ) |6 = Tyl
It follows that
1 = 27 = [[etn (T = x*) + (1 = ) (20 — x|

? + (1 —ap)|lx, - x*llz —an(1- an)”Tnyn - xn”2

= || T"yn — x*
< ang 1 = I = @uu (1= Gu = BIL2 = B ) IT"0 = xall” +2(g0 + 1) s
+ (1= Bu) |20 = T"yl|” + (1 = @) 1ot = X7 = (1 = o) | 7"y = )

< G2l = "I = afu (1= Qubn = BoL2 = B ) IT" %0 = 2l +2(q + 1)

(2.4)
From condition (b), we see that there exists ng such that
1= GuPn = Prl? = Pu > FZZ’Z—_LW >0, Vn>n. (2.5)
Note that
lons1 — x*|? < [1 + (qi - 1>] %60 = X*|> +2(qn + 1)V, Vn>my. o6

In view of Lemma 1.2, we see that lim,, _, ,||x,, — x*|| exists. For any n > ny, we see that

a(1-2b - [2p?)
2

1T = 2all® < (42 = 1)t = 31+ ot = 272 = [ter = 72+ 2(G + 1) v,
2.7)

from which it follows that

nlEI;O”Tnxn = x|l = 0. (2.8)
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Note that

||xn+l - xn” < an”Tn]/n - xn” < an(”Tnyn - Tnxn” + ||Tnxn - xn”)

< ot (L[ yn = x| + 1T"xn = xull) < (1 + BuL) IT" x5 = x4 >
Thanks to (2.8), we obtain that
Hm [l = 2| = 0. (2.10)
Note that
It = Totall < 116 = sl + |1 = T st |+ || T air = T | + | 74100 = T
< (U L)1t = e + |01 = Tt | + LIT 200 = 2l
(2.11)
From (2.8) and (2.10), we obtain that
Jim [Ty — x| = 0. (2.12)

Since {x,} is bounded, we see that there exists a subsequence {x,,} C {x,} such that x,, — X.
From Lemma 1.5, we see that x € F(T).

Next we prove that {x,} converges weakly to X. Suppose the contrary. Then we see
that there exists some subsequence {x,,} C {x,} such that {x,,} converges weakly to x € C
and X #x. From Lemma 1.5, we can also prove that X € F(T). Put d = lim,,_, ,||x,, — X||. Since
H satisfies Opial property, we see that

d = liminf||x,, — X|| < liminf||x,, — X||
n;i — oo n; — o0

= lim inf||x, - %|| < lim inf||x,, - %]| (2.13)
nj—oo nj— oo
= liminf||x,, — X|| = d.
n; — oo
This derives a contradiction. It follows that X = x. This completes the proof. O

Next, we modify Ishikawa iterative processes to obtain a strong convergence theorem
without any compact assumption.
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Theorem 2.2. Let C be a nonempty closed convex bounded subset of a real Hilbert space H, Pc
the metric projection from H onto C,and T : C — C a uniformly L-Lipschitz and asymptotically
pseudocontractive mapping in the intermediate sense with sequences {k, } C [1, 00) and {v,} C [0, o0)
as defined in (1.15). Let q,, = 2k, — 1 for each n > 1. Assume that F(T) is nonempty. Let {a,} and
{Bn} be sequences in (0,1). Let {x,} be a sequence generated in the following manner:

x1 € C, chosen arbitrarily,
zZn = (1= Bu)xn + B T"xn,

Yn = (1-an)x, +a,T"z,,
Co={uecC:|lyn—ul <llxn—ul® + 2,6y + @ (Gufn + P2L* + P — 1) | T" 2 — x|
{ Iy — ul b +
Qn={ueC:{(x;—x,,x,—u) >0},

Xns1 = Pc,no, X1,

(%)

where 0, = gu([1 + Pu(gn — 1)] = 1)M + 2(g, + 1)v, for each n > 1. Assume that the control

sequences {ay,} and {p,} are chosen such that a < a, < B, < b for some a > 0 and some b €
(0, L72[V'1 + L2 — 1]). Then the sequence {x,} generated in (xx) converges strongly to a fixed point
of T.

Proof. The proof is divided into seven steps.

Step 1. Show that C,, N Q, is closed and convex for each n > 1.
It is obvious that Q,, is closed and convex and C,, is closed for each nn > 1. We, therefore,
only need to prove that C, is convex for each n > 1. Note that

C,=1uecC: n—u2§||xn—u||2+an9n+ann WP + 212 + n— 1 ||T”xn—xn||2
{ ”y ” q n
(2.14)

is equivalent to

Cpy={u € C: 20—y, ) <[l |yl *+ 4nO0 +tu B (Guut BIL2+ =1 ) 1T 20 =26,] .
(2.15)

It is easy to see that C}, is convex for each n > 1. Hence, we obtain that C,, N Q, is closed and
convex for each n > 1. This completes Step 1.
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Step 2. Show that F(T) c C, N Q, foreach n > 1.
Let p € F(T). From Lemma 1.3 and the algorithm (*x), we see that
lyn =PI = (1 - @) (o = p) + @ (T2, = p) |

=(1- an)”xn - P”Z + an”TnZn - P”Z —a,(1-a,)|T"z, - xn||2

(2.16)
< (1= an) |0 = plI* + @ (Gullzn = pII* + 120 = T2 + 20,
= (1= )| T" 2z = X,
Izn = T"zal® = || (1 = Bu) e = T"20) + (T2 = T"2,) ||
= (1= Bu)llxn = T"zal* + Bull T"xn = T"zo|* = B (1 = Bu) IT" 2 — Xu|* o1

< (1 - ﬂn)”x‘rl - Tnzn”2 + ﬂanllxn - Zn“2 - ﬂn(l - ﬂn) IT" x, — xn”2
< (1= Pu)lln = T2l + P (B2 + B = 1) 1T = 2l
20 =PI = |1 = Bu) (n = p) + Bu(T"x0 — p)||*
= (1= Bu)lxn = pII* + Bull T"xn = p||* = Bu (1 = Bu) IT" X = x> (2.18)

< [1+ Bulgn = D)]||2n = pII* + B2llxn = T" x> + 2Bvn.

Substituting (2.17) and (2.18) into (2.16), we arrive at

v =PI < 120 =PI + @ (G [1+ Bu(Gn = 1)] = 1) |20 = p||* + 20 (g + 1)
+ @ufpu(qufn + BAL? + = 1) IT"0 = (2.19)

< |la = pII* + @ufu (qubn + B2L? + = 1) IT" s = Xl + 216,

where 0, = g, ([1 + Bn(gn —1)] = 1)M + 2(g, + 1)v,, for each n > 1. This implies that p € C, for
eachn > 1. Thatis, F(T) c C, for each n > 1.

Next, we show that F(T') C Q, for each n > 1. We prove this by inductions. It is obvious
that F(T) ¢ Q1 = C. Suppose that F(T) C Qi for some k > 1. Since xx.1 is the projection of x;
onto Cx N Qk, we see that

(x1 = Xps1, Xpe1 —x) 20, Vx € Ce N Q. (2.20)

By the induction assumption, we know that F(T) C Ci N Q. In particular, for any y € F(T) C
C, we have

(X1 = Xjes1, Xk — Y) 20, (2.21)
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which implies that y € Q1. That is, F(T) C Ck.1. This proves that F(T) C Q, for each n > 1.
Hence, F(T) ¢ C, N Q, for each n > 1. This completes Step 2.

Step 3. Show that lim,, _, o ||x,, — x1|| exists.
In view of the algorithm (*x), we see that x,, = Py, x1 and x,,,1 € Q, which give that

lloer = x| < fl2c1 = X | (2.22)

This shows that the sequence ||x;,, — x1|| is nondecreasing. Note that C is bounded. It follows
that lim,, _, o, ||x, — x1|| exists. This completes Step 3.

Step 4. Show that x,,.1 —x, — Oasn — oo.
Note that x,, = Pg,x1 and x,4+1 = Pc,ng,X1 € Qy. This implies that

(Xns1 = X, X1 = Xp) <0, (2.23)

from which it follows that

261 = 2all* = [l (a1 — 1) + (21 = x0) 1P
= |xns1 — 21 ]* + |21 = X 1> + 2( 20001 — 21, X1 — %)
) , (2.24)
= [[xne1 = x1]|° = [|%1 = Xul]” + 2(Xp1 — X, X1 — Xn)

< loensn = x> = Jloer = 2%

Hence, we have x,,1 —x, — 0asn — oo. This completes Step 4.

Step 5. Show that T"x,, —x, — Oasn — oo.
In view of x,..1 € C,,, we see that

1y = et 1* < 1120 = 01> + 2 + @ (@uf + BEL? + Bu = 1) "0 = xal”. (225
On the other hand, we have

”]/n - xn+1||2 = ”yn —Xp t Xp — xn+1||2 = ”yn - xn”2 + ”xn - xn+1||2 + 2<yn —Xn, Xn — xn+1>-
(2.26)

Combining (2.25) and (2.26) and noting y, = (1 — a,)x, + a,T"z,, we get that

(Xn”TnZn - xn”z + 2<Tnzn — Xn,Xn — xn+1> < 911 + ﬂn <Qnﬂn + ﬂfth + ,Bn - 1) ||T"xn - xn||2.
(2.27)

From the assumption, we see that there exists 1y such that

_ _T2}1,2
1—%m—ﬁﬁ—MZl¥2fiﬁ>a Y > np. (2.28)
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For any n > ny, it follows from (2.27) that

a(l-2b-L?b?)
2

1T = 2ll* < O + 21| T" 20 = 2|20 = 2] (2:29)
Note that 6, — 0asn — oo. Thanks to Step 4, we obtain that

Jim [|T"x, = x| = 0. (2.30)
This completes Step 5.

Step 6. Show that Tx, —x,, — Oasn — oo.
Note that

n+1
T x,, — Tx,

‘|

”xn - Txn” < ||xn - xn+l|| + || Xn+1 — Tn+1xn+1

'1"7'l+1xn_'_1 _ Tn+1xn || + |

< (14 L)||xn — x| + | Xt = Tt || + LI T2 — x|

(2.31)

From Step 5, we can conclude the desired conclusion. This completes Step 6.

Step 7. Show that x, — g, where g = Prrr)x1 asn — oo.
Note that Lemma 1.5 ensures that w,(x,) C F(T). From x, = Pg,x1 and F(T) C Q,,
we see that

[l2c1 = 2] < ||2¢1 = 4| (2.32)

From Lemma 1.5 of Yanes and Xu [16], we can obtain Step 7. This completes the proof. O

Remark 2.3. The results of Theorem 2.2 are more general which includes the corresponding
results of Kim and Xu [17], Marino and Xu [5], Qin et al. [18], Sahu et al. [10], Zhou [14, 19]
as special cases.
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