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We introduce a new system of general variational inequalities in Banach spaces. The equivalence
between this system of variational inequalities and fixed point problems concerning the
nonexpansive mapping is established. By using this equivalent formulation, we introduce an
iterative scheme for finding a solution of the system of variational inequalities in Banach spaces.
Our main result extends a recent result acheived by Yao, Noor, Noor, Liou, and Yaqoob.

1. Introduction

Let X be a real Banach space, and X* be its dual space. Let U = {x € X : ||x|| = 1} denote the
unit sphere of X. X is said to be uniformly convex if for each e € (0,2] there exists a constant
6 > 0 such that for any x,y € U,

xX+y

||x - y|| > € implies <1-6. (1.1)

The norm on X is said to be Gateaux differentiable if the limit

i Pyl =l (1.2)
t—0 t
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exists for each x, y € U and in this case X is said to have a uniformly Frechet differentiable norm
if the limit (1.2) is attained uniformly for x, y € U and in this case X is said to be uniformly
smooth. We define a function p : [0,00) — [0, 00), called the modulus of smoothness of X, as
follows:

1
2(Jlx+ yl + I = wlD)

p(T) = sup{ -l:xyeX |x[=1 |y = T}. (1.3)

It is known that X is uniformly smooth if and only if lim, _,gp(7)/7 = 0. Let g be a fixed real
number with 1 < g < 2. Then a Banach space X is said to be g-uniformly smooth if there exists
a constant ¢ > 0 such that p(7) < ¢ for all T > 0. For g > 1, the generalized duality mapping
Jq : X — 2% is defined by

Jox) = {f € X"+ (x, f) = IIxI1%, £l = x|}, vxeX. (14)

In particular, if g = 2, the mapping J» is called the normalized duality mapping and usually, we
write J, = J. If X is a Hilbert space, then J = I. Further, we have the following properties of
the generalized duality mapping J;:

(1) J4(x) = llx[|972 ]2 (x) for all x € X with x #0,

(2) J4(tx) =77 J,(x) forall x € X and t € [0, o0),

(3) J4(=x) = —J4(x) for all x € X.

It is known that if X is smooth, then ] is single-valued, which is denoted by j. Recall
that the duality mapping j is said to be weakly sequentially continuous if for each {x,} C X
with x, — x weakly, we have j(x,) — j(x) weakly-*. We know that if X admits a weakly
sequentially continuous duality mapping, then X is smooth. For the details, see the work of
Gossez and Lami Dozo in [1].

Let C be a nonempty closed convex subset of a smooth Banach space X. Recall that a
mapping A : C — X is said to be accretive if

(Ax - Ay, j(x-y)) >0 (1.5)

for all x,y € C. A mapping A : C — X is said to be a-strongly accretive if there exists a
constant a > 0 such that

(Ax-Ay,j(x-y)) zalx-y|’ (1.6)

for all x,y € C. Amapping A : C — X is said to be a-inverse strongly accretive if there exists a
constant a > 0 such that

(Ax = Ay, j(x-y)) 2 al|Ax - Ay|’ (17)

forall x,y € C. Amapping T : C — C is said to be nonexpansive if | Tx — Ty|| < ||x — y/|| for all
x,y € C. The fixed point set of T is denoted by F(T) := {x € C: Tx = x}.
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Let D be a nonempty subset of C. A mapping Q : C — D is said to be sunny if
Q(Qx +t(x - Qx)) = Qx, (1.8)

whenever Qx +t(x - Qx) € Cforx € Cand t > 0. A mapping Q : C — D is called a retraction
if Qx = x for all x € D. Furthermore, Q is a sunny nonexpansive retraction from C onto D if Q
is a retraction from C onto D which is also sunny and nonexpansive.

A subset D of C is called a sunny nonexpansive retraction of C if there exists a sunny
nonexpansive retraction from C onto D. It is well known that if X is a Hilbert space, then a
sunny nonexpansive retraction Qc is coincident with the metric projection from X onto C.

Conveying an idea of the classical variational inequality, denoted by VI(C, A), is to find
an x* € C such that

(Ax*,y-x*)>0, VyeC, (1.9)

where X = H is a Hilbert space and A is a mapping from C into H. The variational inequality
has been widely studied in the literature; see, for example, the work of Chang et al. in [2],
Zhao and He [3], Plubtieng and Punpaeng [4], Yao et al. [5] and the references therein.

Let A,B: C — H be two mappings. In 2008, Ceng et al. [6] considered the following
problem of finding (x*, y*) € C x C such that

(My* +x" -y*,x-x*)>0, VxeC,
(1.10)
(UBx* +y* —x*,x-y*) >0, VxeC,

which is called a general system of variational inequalities, where A > 0 and p > 0 are two
constants. In particular, if A = B, then problem (1.10) reduces to finding (x*, y*) € C x C such
that

(My* +x* —y*,x-x*)>0, VxeC,
(1.11)
(MAX* +y* -x*,x-y*) >0, VxeC,

which is defined by Verma [7] and is called the new system of variational inequalities. Further,
if we add up the requirement that x* = y*, then problem (1.11) reduces to the classical
variational inequality VI(C, A).

In 2006, Aoyama et al. [8] first considered the following generalized variational
inequality problem in Banach spaces. Let A : C — X be an accretive operator. Find a point
x* € C such that

(Ax*,j(x-x*)) >0, VxeC. (1.12)

The problem (1.12) is very interesting as it is connected with the fixed point problem for
nonlinear mapping and the problem of finding a zero point of an accretive operator in Banach
spaces, see [9-11] and the references therein.
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Aoyama et al. [8] introduced the following iterative algorithm in Banach spaces:

xo=x€C,
Yn = Qc(xn — L A)xp, (1.13)

Xn41 = AnXp + (1 - an)yn/ n>0,

where Q¢ is a sunny nonexpansive retraction from X onto C. Then they proved a
weak convergence theorem which is generalized simultaneously theorems of Browder and
Petryshyn [12] and Gol’shtein and Tret'yakov [13]. In 2008, Hao [14] obtained a strong
convergence theorem by using the following iterative algorithm:

xo € C,
Yn =buxy + (1 -b,)Qc(I - 1, Axy), (1.14)
Xp1 = apu + (1 - an)Yyn, n2=0,
where {a,}, {b,} are two sequences in (0,1) and u € C.
Very recently, in 2009, Yao et al. [5] introduced the following system of general

variational inequalities in Banach spaces. For given two operators A,B : C — X, they
considered the problem of finding (x*, y*) € C x C such that

(Ay* +x* =", j(x —x")) >0, VxeC,
(1.15)
(Bx* +y* —x*,j(x-y*)) 20, VxeC,

which is called the system of general variational inequalities in a real Banach space. They proved a
strong convergence theorem by using the following iterative algorithm:
xo € C,
Yn = Qc(xn, — Bxy), (1.16)
Xnil = Anlh + bpXy + nQc(Yn — Ayn), n >0,

where {a,}, {b,}, and {c,} are three sequences in (0,1) and u € C.

In this paper, motivated and inspired by the idea of Yao et al. [5] and Cheng et al. [6].
First, we introduce the following system of variational inequalities in Banach spaces.

Let C be a nonempty closed convex subset of a real Banach space X. Let A; : C — X

foralli =1,2,3be three mappings. We consider the following problem of finding (x*, y*, z*) €
C x C x C such that

(MAY +x* -y, j(x—x%)) >0, VxeC,
(MAz" +y* -2z, j(x-y")) >0, VxeC, (1.17)
MAsx* +zF—x",j(x-2z")) >0, VxeC(C,
]
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which is called a new general system of variational inequalities in Banach spaces, where A; > 0 for
alli = 1,2,3. In particular, if A3 =0, z* = x*, and \; = 1 fori = 1,2,3, then problem (1.17)
reduces to problem (1.15). Further, if A3 = 0, z* = x*, then problem (1.17) reduces to the
problem (1.10) in a real Hilbert space. Second, we introduce iteration process for finding a
solution of a new general system of variational inequalities in a real Banach space. Starting
with arbitrary points v, x; € C and let {x,}, {y,}, and {z,} be the sequences generated by

Zn = QC(xn - /\3A3xn)/
Yn = Qc(zn — V2A2zy), (1.18)
Xpi1 = A0 +byxy + (1 - a, - bn)QC(yn - -)LlAlyn>/ n>1,
where \; > 0 for all i = 1,2,3 and {a,}, {bs} are two sequences in (0,1). Using the
demiclosedness principle for nonexpansive mapping, we will show that the sequence {x;}

converges strongly to a solution of a new general system of variational inequalities in Banach
spaces under some control conditions.

2. Preliminaries

In this section, we recall the well known results and give some useful lemmas that will be
used in the next section.

Lemma 2.1 (see [15]). Let X be a g-uniformly smooth Banach space with 1 < q < 2. Then
I+ yll" < Ul + q(y, Ja () + 2[| Ky " @1

forall x,y € X, where K is the g-uniformly smooth constant of X.
The following lemma concerns the sunny nonexpansive retraction.

Lemma 2.2 (see [16, 17]). Let C be a closed convex subset of a smooth Banach space X. Let D be a
nonempty subset of C and Q : C — D be a retraction. Then Q is sunny and nonexpansive if and only

if
(u=-Qu,j(y—Qu)) <0, (2.2)

forallu e Cand y € D.

The first result regarding the existence of sunny nonexpansive retractions on the fixed
point set of a nonexpansive mapping is due to Bruck [18].

Remark 2.3. 1f X is strictly convex and uniformly smooth and if T : C — C is a nonexpansive
mapping having a nonempty fixed point set F(T), then there exists a sunny nonexpansive
retraction of C onto F(T).
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Lemma 2.4 (see [19]). Assume {a,} is a sequence of nonnegative real numbers such that

an+1 < (]- - Yn)an +6,, n>1, (23)

where {y,} is a sequence in (0,1) and {6, } is a sequence such that

(1) X1 ¥n = o0
(ii) limsup,,_,  6,/yn <007 3721 |64] < 0.

Then lim,, _, xa, = 0.

Lemma 2.5 (see [20]). Let {x,} and {y,} be bounded sequences in a Banach space X and let {b,} be
a sequence in [0,1] with 0 < lim inf, b, <limsup, , b, < 1. Suppose xp11 = (1=bn)yu+buxy,
for all integers n > Land limsup,, ., (1yne1 ~ Yall = %1 = xnl}) < 0. Then, limy oo |y — x| = 0.

Lemma 2.6 (see [21]). Let X be a uniformly convex Banach space, C a nonempty closed convex
subset of X, and T : C — C be an nonexpansive mapping. Then I — T is demiclosed at 0, that is, if
xXn — x weakly and x, — Tx, — 0 strongly, then x € F(T).

3. Main Results

In this section, we establish the equivalence between the new general system of variational
inequalities (1.17) and some fixed point problem involving a nonexpansive mapping. Using
the demiclosedness principle for nonexpansive mapping, we prove that the iterative scheme
(1.18) converges strongly to a solution of a new general system of variational inequalities
(1.17) in a Banach space under some control conditions. In order to prove our main result,
the following lemmas are needed.

The next lemmas are crucial for proving the main theorem.

Lemma 3.1. Let C be a nonempty closed convex subset of a real 2-uniformly smooth Banach space X.
Let the mapping A : C — X be a-inverse strongly accretive. Then, we have

11 = 24)x = (1 = 1Ay |1* < [lx - y||* + 21 (AK? - @) | Ax - Ay, (3.1)

where K is the 2-uniformly smooth constant of X. In particular, if & > AK?, then I — LA is a
nonexpansive mapping.

Proof. Indeed, for all x,y € C, from Lemma 2.1, we have

(T = XA)x = (I = A A)y|]* = ||(x - v) - \(Ax - Ay)|)?
< Jlx - ylI* -20((Ax - Ay), j(x - y))
+2K22|| Ax - Ay’ (3.2)
< Jlx - y||* - 24al| Ax - Ay||* + 2K2%|| Ax - Ay|®
= [lx - yl* + 20 (AK? - @) || Ax - Ay,

It is clear that, if & > AK?, then I — 1A is a nonexpansive mapping. O
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Lemma 3.2. Let C be a nonempty closed convex subset of a real 2-uniformly smooth Banach space
X. Let Qc be the sunny nonexpansive retraction from X onto C. Let A; : C — X be an a;-inverse
strongly accretive mapping fori =1,2,3. Let G : C — C be a mapping defined by

G(x) = Qc[Qc(Qc(x = A3A3x) — 12A2Qc (x — A3A3x)) (33)
“MAIQc(Qc(x — A3 A5x) — 2 AQc (x — A3A3x))], Vx e C. '
Ifa; > K2 foralli = 1,2,3, then G : C — C is nonexpansive.

Proof. For all x,y € C, we have

IG() = G(W) || = 1QcIQc(Qc = A3 As)x = 12A2Qc (I = A3 As3)x)
“41A41Qc(Qc(I - A3A3)x — 12A2Qc (I - A3A3)x)]
- Qc[Qc(Qc(I = A3A3)y — L2 A2Qc (I - A3A3)y)
= 1 AIQc(Qc(I - A343)y = 2 A2Qc (I - A3 As)y)] |
<1Qc(Qc( = A3A3)x — L2 A2Qc (I — A3A3)x)
-0 A10Qc(Qc(I — A3A3)x — A A2Qc (I — A3A3)x)
= [Qc(Qc(I = A43A43)y = 12A:Qc (I - A3A3)y)
- 1 A1Qc(Qc(I - A3A3)y — M AQc(I - /\3A3)y)] ||
= [T = M A1) Qc(I = 12A42)Qc (I - A3A3)x
—(I =1 ANQc(I = 12A2)Qc(I - A3 A3)y |-

(3.4)

From Lemma 3.1, we have (I-11A1)Qc(I-12A2)Qc(I-13A3) is nonexpansive which implies
by (3.4) that G is nonexpansive. O

Lemma 3.3. Let C be a nonempty closed convex subset of a real smooth Banach space X. Let Qc be
the sunny nonexpansive retraction from X onto C. Let A; : C — X be three nonlinear mappings. For
given (x*,y*,z*) € Cx C x C, (x*,y*,z¥) is a solution of problem (1.17) if and only if x* € F(G),
y* = Qc(z* — A Axz*) and z* = Qc(x* — A3 Azx™), where G is the mapping defined as in Lemma 3.2.

Proof. Note that we can rewrite (1.17) as

(x* - (v - MAy),jt-x")) >0, VteC,
(y* - (z" - WAz, j(t-y*)) 20, Vte(C, (3.5)
(z" = (x* = \3Asx"),j(t-2")) 20, VteC.
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From Lemma 2.2, we can deduce that (3.5) is equivalent to

x*=Qc(y* - MAY"),
Y =Qc(z" - L AzZ7), (3.6)
z" = Qc(x™ — A3 A3x").
It is easy to see that (3.6) is equivalent to x* = Gx*, y* = Qc(z* — \2A2z*) and z* = Qc(x* -
.)L3A3x*). O

From now on we denote by Q* the set of all fixed points of the mapping G. Now we
prove the strong convergence theorem of algorithm (1.18) for solving problem (1.17).

Theorem 3.4. Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly
smooth Banach space X which admits a weakly sequentially continuous duality mapping. Let Qc be
the sunny nonexpansive retraction from X onto C. Let the mappings A; : C — X be aj-inverse
strongly accretive with a; > AKZ foralli=1,2,3and Q* #0. For given x1,v € C, let the sequence
{xn} be generated iteratively by (1.18). Suppose the sequences {a,} and {b,} are two sequences in
(0,1) such that

(C1) limy oay, =0and X721 ay, = oo,

(C2) 0 <lim inf, _, b, <limsup, , b, <1.
Then {x,} converges strongly to Q'v where Q' is the sunny nonexpansive retraction of C onto Q*.

Proof. Let x* € Q* and t, = Qc(yn — L1 A1Yy), it follows from Lemma 3.3 that

x* = QclQc(Qc(x* = A3A3x") = L2 A2Qc (x" — A3A3x™))

(3.7)
-4 A1Qc(Qe(x” = A3A3x") — 12 A2Qc (x* — A3 A3x™))].
Put y* = Qc(z" = M2 Axz*) and z* = Qc(x* — A3A3x*). Then x* = Qc(y* — M1 A1y*) and
Xpi1 = Ay0 + byxy + (1= a, — by)t,. (3.8)
From Lemma 3.1, we have I - \;A; (i = 1,2,3) is nonexpansive. Therefore
lIta = x| = [|Qc (yn = MA1Yn) - Qe (¥ - LAy ||
<lya-vll
= |Qc(zn — l2A2zn) — Qc(z" — L2 Arz") ||
(3.9)
< lzn — 27|

= |Qc(xn — A3A3x,) — Qc(x* — A3 Azx™)]|

< lxn = x|
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It follows that

l2¢ne1 = x*|| = |lan© + buxy + (1 — ay — by)t, — x|

< anl|v = X*|| + bullan — x| + (1 = an = by)[|tn — x7|

(3.10)
< anl|o = x| + ballxn — X7 + (1 = an = by) |20 — X7
= anl|o = x| + (1 - an)||xn — x7.
By induction, we have
[l2¢n41 — x7|| < max{[jo — x|, [[x1 — x*[|}. (3.11)

Therefore, {x,} is bounded. Hence {y,}, {zn}, {ta}, {A1yn}, {A22,), and {A3x,} are also
bounded. By nonexpansiveness of Qc and I — \;A; (i =1,2,3), we have
tne1 = tall = [|Qc (Yns1 — M1 A1Yns1) = Qc (Yn — M A1ym) ||
< ||yne =yl
= [|Qc(znn1 — X2A2zns1) — Qc(zn — L2 A2z, ||
< 1z — zall

= |Qc (xn+1 — A3A3x441) — Qc(xn — A3 Azxy) ||

(3.12)

< ”xn+1 - xn”-

Let w, = (xp11 — byx,)/(1 = by), n € N. Then x,,41 = b, x,, + (1 — b,)w,, for all n € N and

_ Xni2 — bniXus1  Xpi1 — bpxy
Wn+1 — Wp = -

1- bn+1 1- bn
_ Gnn0+ (1= an1 = bp)tnn anv + (1 - an = ba)ty (3.13)
1-bp 1-by
a a
e =

By (3.12) and (3.13), we have

A+l Qan

[20n+1 = wall = llxner = 2nll < 7= b o= twall + mllfn -
+ [tn1 = tall = [|l2na1 — x| (3.14)
An+l an
v—t + ——||t, — 7|
— 1 _ bn+] ” Tl+1|| 1 _ bn “ n ”
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This together with (C1) and (C2), we obtain that

lim sup||wp1 — Wha|| = ||Xn+1 — xn|| < 0. (3.15)

n— oo

Hence, by Lemma 2.5, we get ||x, — wy|| — 0asn — oo. Consequently,

Hm [lx = x| = Hm (1= by)|[eon = x| = 0. (3.16)
Since
Xni1 = Xn = An(0 = Xp) + (1 = an = bn) (tn = Xu), (3.17)
therefore
Ity = xn|| — 0 as n — oo. (3.18)

Furthermore, by Lemma 3.2, we have G : C — C is nonexpansive. Thus, we have

Itn = Gta)ll = [ Qc (¥ = M1 Arym) = Gt |
= 1Qc[Qc(zn — A2A2zp) — M1 A1Qc (20 — A2 A2zn)] = G(t) ||
= 1Qc[Qc(Qc(xn — A3A3xn) = L2A2Qc (x5 — A3 A3xy))
— 11 A1Qc(Qc (xn — A3 Asxy) — 12A2Qc¢ (X — A3A3x4))] — G(Ea) ||
=[G (oxn) = G(tn)l < [|26n = tall,

(3.19)
which implies ||t, - G(t,)|| — Oasn — oo.
Since
llxn = GQen) || < Ml2en = tall + [[En = G(E) || + 1G(£2) = G ()|
(3.20)
Sloen = tull + [ltn = G| + [l = X,
therefore
Jim [|lx, = G(xa)]| = 0. (3.21)
Let Q' be the sunny nonexpansive retraction of C onto Q*. Now we show that
limsup(v - Q'v, j(x, — Q'v)) <O0. (3.22)

n— oo
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To prove (3.22), since {x,} is bounded, we can choose a subsequence {x,,} of {x,} which
converges weakly to x and

limsup(v - Q'v, j(x, - Q'v)) = ilirg(v -Q'v,j(x, —Q'v)). (3.23)

n— oo

From Lemma 2.6 and (3.21), we obtain x € Q*. Now, from Lemma 2.2, (3.23), and the weakly
sequential continuity of the duality mapping j, we have

limsup(v - Q'v,j(x, — Qv)) = lim (v - Q'v, j(x,, - Qv))
noo e (3.24)
- (v-Qv, (%~ Q) <0.

From (3.9), we have

%1 = Q||” = (@5 + buxn + (1 = an = by)tn = Q'0, j(2ne1 — Q')
= a,(v - Q'v,j(xns1 = QV)) +bu(xy — Q, j(xns1 - Q0))
+ (1= an —by){ts = Q0, j (X1 - Q0))
< an(v - Q'v, j(%pr1 = Q) + bu(||xn — Q0||[|j (%01 = Q0) )
+ (1= an = bn) (||t = Q|| [|j (31 - Q0)[)
= a,(0 = Q'v,j (xni1 = Q0)) + bu([|xn — Q0| || 21 = Q0|
+ (1= an = bn) (||tn = Q0| xns1 - Q0]

/ . / ]' / /
< an(v - Q'v,j(xXni1 - Qv)) + Ebn<”xn = Qo* + xna - Qo|*)
]. 12 /
+5(1=ay=ba) (JIta = QoI + [|xuer - QoII°)
/ . / ]' / /
< an(v-Qv, j(xnn - Qv)) + Ebn<”xn = Qo|* + xna - Qo)
1 2 o112
+5(1-a,- bu) (|2 = Q0| + [|t1 - Q|7)

= an<v - Q,U/j(xn+1 - le)> + %(1 - an)<||xn - lenz + ”xn+1 - Q,U”2>,
(3.25)

which implies that
201 = Ql|* < (1 = @) ||xw = Qo||* + 280 (v = Q0, j (xu1 - Q0))- (3.26)

It follows from Lemma 2.4, (3.24), and (3.26) that {x,} converges strongly to Q'v. This
completes the proof. O
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Letting Az =0 and \; = 1 fori = 1,2, 3 in Theorem 3.4, we obtain the following result.

Corollary 3.5 (see [5, Theorem 3.1]). Let C be a nonempty closed convex subset of a uniformly
convex and 2-uniformly smooth Banach space X which admits a weakly sequentially continuous
duality mapping. Let Qc be the sunny nonexpansive retraction from X onto C. Let the mappings
A; : C — X be a;-inverse strongly accretive with a; > K2, for all i = 1,2 and Q* #. For given
x1,v € C,and let {x,}, {y,) be the sequences generated by

Yn = Qc(xy - A2xn)/
(3.27)
Xpi1 = Ap0 +byxy, + (1 - a, — b,)Qc (yn - Alyn)/ n>1,

where {a,}, {b,} are two sequences in (0,1) such that

(C1) limy— a, =0and X771 a, = oo,

(C2) 0 < lim inf, , b, <limsup, b, <1.

Then {x,} converges strongly to Q'v where Q' is the sunny nonexpansive retraction of C onto Q*.
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