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We introduce an iterative scheme by the viscosity iterative method for finding a common element
of the solution set of an equilibrium problem, the solution set of the variational inequality, and the
fixed points set of infinitely many nonexpansive mappings in a Hilbert space. Then we prove our
main result under some suitable conditions.

1. Introduction

Let H be a real Hilbert space with the inner product and the norm being denoted by (-, -)
and || - ||, respectively. Let C be a nonempty, closed, and convex subset of H and let F be a
bifunction of C x C into R, where R denotes the real numbers. The equilibrium problem for
F:CxC — Ristofind x € C such that

F(x,y) >0, VyeC. (1.1)

The solution set of (1.1) is denoted by EP(F).
Let A : C — H be a mapping. The classical variational inequality, denoted by
VI(A, C), is to find x* € C such that

(Ax*,v-x*) >0, VYveC. (1.2)
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The variational inequality has been extensively studied in the literature (see, e.g., [1-3]). The
mapping A is called a-inverse-strongly monotone if

(Au- Av,u—-v) > al|Au - Av|?, VYu,veC, (1.3)

where a is a positive real number.
A mapping T : C — C is called strictly pseudocontractive if there exists k with 0 <
k <1 such that

ITx-Ty|* < |x-y| + k| -T)x - I -T)y|]>, Vx,yeC. (1.4)

It is easy to know that I — T is ((1 — k)/2)-inverse-strongly-monotone. If k = 0, then T is
nonexpansive. We denote by F(T) the fixed points set of T

In 2003, for xy € C, Takahashi and Toyoda [4] introduced the following iterative
scheme:

Xni1 = apXy + (1 - a,)SPc(xy, — MyAxy,), n2>0, (1.5)

where {a,} is a sequence in (0,1), A is an a-inverse-strongly monotone mapping, {\,} is a
sequence in (0,2a), and Pc is the metric projection. They proved that if F(S) (\VI(A,C) #0,
then {x,} converges weakly to some z € F(S) (| VI(A,C).
Recently, S. Takahashi and W. Takahashi [5] introduced an iterative scheme for finding

a common element of the solution set of (1.1) and the fixed points set of a nonexpansive
mapping in a Hilbert space. If F is bifunction which satisfies the following conditions:

(A1) F(x,x) =0forall x € C;

(A2) F is monotone, thatis, F(x,y) + F(y,x) <0forall x,y € C;
(A3) foreach x,y,z € C, limy_o F(tz+ (1 - t)x,y) < F(x,y);
)

(A4) for each x € C,y — F(x,y) is convex and lower semicontinuous,
then they proved the following strong convergence theorem.

Theorem A (see [5]). Let C be a closed and convex subset of a real Hilbert space H. Let F : CxC —
R be a bifunction which satisfies conditions (A1)—(A4).

Let T : C — H be a nonexpansive mapping such that F(T) (YEP(F)#@andlet f : H — H
be a contraction; that is, there is a constant k € (0,1) such that

1) = fWl <klx-yl, YxyeH, (1.6)

and let {x,} and {u,} be sequences generated by x; € C and

F(un,y) + l<y —Up, Uy —Xxn) 20, YyeC,
n (1.7)

Xpi1 = Anf (Xn) + (1 —a)Tu,, n>1,
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where {a,} C [0,1] and {r,} C (0, 00) satisfy lim, oy = 0, Dy Ay = 00, Dq |Ans1 — Ay <
oo, iminf, o, 1, > 0, and X071 [tus1 — 1u| < 0.
Then, {x,} and {u,} converge strongly to z € F(T) (\ EP(F), where z = Prryn£p(r) f (2)-
Let {T,},.; be a sequence of nonexpansive mappings of C into itself and {1, },., a sequence
of nonnegative numbers in [0,1]. For each n > 1, define a mapping W, of C into itself as
follows:

un,n+1 = I/
un,n = -)LnTnun,nH + (1 - -/\n)I/

un,n—l = )Ln—lTn—l un,n + (1 - )Ln—l)I/

(1.8)
U,k = McTil i + (1= A,

U1 = M1 Tl ke + (1= A1),

Uz = LToUps + (1-12)I,
W-,l = lln,l = )LlTlunlz + (1 — )Ll)I

Such a mapping W, is called the W-mapping generated by T,,, Tp—1,...,T1 and Xy, Ay—1, ..., A1 (see
[6]).

In this paper, we introduced a new iterative scheme generated by x; € C and find u,
such that

F(un,y) + Tl<y—un,un—xn> >0, VyeC,

Yn=Puf(xn) + (1= Pn)xn, n2>1, (1.9)

Xn+l = AnlYn + (1 - an)WnPC(un - 6nAun)/

where {a,} and {p,} are sequences in (0,1), {r,} and {6,} are sequences in (0,00), f is a
fixed contractive mapping with contractive coefficient k € (0,1), A is an a-inverse-strongly
monotone mapping of C to H, F is a bifunction which satisfies conditions (A1)-(A4), and
{W,} is generated by (1.8). Then we proved that the sequences {x,} and {u,} converge
strongly to x* € N;2; F(T,,) N VI(A, C) N EP(F) = F, where x* = P f(x*).
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2. Preliminaries

Let H be a real Hilbert space and let C be a closed and convex subset of H. Pc is the metric
projection from H onto C, that is, for any x € H, ||x — Pcx|| < ||x — y|| for all y € C. It is easy
to see that P is nonexpansive and

u€eVI(A,C) & u=Pc(u-AAu), L>0. 2.1)

If Ais an a-inverse-strongly monotone mapping of C to H, then it is obvious that A is (1/a)-
Lipschitz continuous. We also have that for all x, y € Cand A > 0,

(T = 1A)x = (I -1 A)y|)* = ||x - y||* - 2M(x -y, Ax — Ay) + \2||Ax - Ay’

<l =y + AL - 2a) | Ax - Ay ||,

So, if A < 2a, then I — 1A is nonexpansive.

Lemma 2.1 (see [7]). Let {x,} and {z,} be bounded sequences in a Banach space E, and let {,} be
a sequence in [0,1] with 0 < liminf, o B, <limsup, .,  f, < 1. Suppose xn1 = (1-Py)zn+PnXn
foralln >1 and lim Supn—>oo(||zn+1 = Zu|l = |%ns1 = xnl]) £ 0. Then, limy, . o5 || 20 — xn[| = 0.

Lemma 2.2 (see [8]). Assume that {a,} is a sequence of nonnegative real numbers such that

ant1 < (1 - an)an + 611/ n2> 1/ (23)

where {a,} is a sequence in [0,1] and {6,} is a sequence in R such that

(o) 6n oo}
n— ; 1 - S n . 24
;a oo; limsup x 0 or Z|6 | < o0 (2.4)

n—oo n=1

Then lim,, _, o, a,, = 0.

Lemma 2.3 (see [9]). Let C be a nonempty, closed, and convex subset of H and F a bifunction of
C x C into R that satisfies conditions (A1)—(A4). Let r > 0 and x € H. Then, there exists z € C such
that

F(Z,y)+%(y—z,z—x>20, Yy eC. (2.5)

Lemma 2.4 (see [9]). Assume that F : C x C — R satisfies conditions (Al)—-(A4). For r > 0 and
x € H, define a mapping T, : H — C as follows:

T,(x):{zeC:F(z,y)+%(y—z,z—x>ZO,VyGC}. (2.6)
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Then, the following holds:
(i) T, is single-valued;

(ii) T, is firmly nonexpansive, that is,

| Tx - T,y”2 <(T,x-T,y,x-y), Vx,ye€H; (2.7)

(iii) F(T;) = EP(F);
(iv) EP(F) is closed and convex.

Lemma 2.5 (Opial’s theorem [10]). Each Hilbert space H satisfies Opial’s condition; that is, for
any sequence {x,} C H with x,, — x, the inequality

liminf||x, — x|| < liminf||x, - y|| (2.8)

holds for each y € H with x #y.

Let {T,};2, be a sequence of nonexpansive self-mappings on C, where C is a nonempty, closed
and convex subset of a real Hilbert space H. Given a sequence {A, },. in [0,1], one defines a sequence
{Whlaey of self-mappings on C generated by (1.8). Then one has the following results.

Lemma 2.6 (see [6]). Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let
{Tu}y be a sequence of nonexpansive self-mappings on C such that (\goy F(T,) #0 and {\,} is a
sequence in (0, b] for some b € (0,1). Then, for every x € C and k > 1 the limit lim,, _, o, U, kX exists.

Remark 2.7. 1t can be shown from Lemma 2.6 that if D is a nonempty and bounded subset of
C, then for € > 0 there exists 1y > k such that sup . [Uxx — U1 kx|| < € for all n > ny.

Remark 2.8. Using Lemma 2.6, we can define a mapping W : C — C as follows:

Wx = lim Wyx = lim U, 1x (2.9)

n— oo n— oo

for all x € C. Such a W is called the W-mapping generated by T, T>,... and Ay, A5, .... Since
W, is nonexpansive, W : C — C is also nonexpansive. Indeed, observe that for each x, y € C,

W~ Wyl = Jim [[Wyx - Wy < [l - ]| 210

n— oo

Let {x,} be a bounded sequence in C and D = {x, : n > 0}. Then, it is clear from Remark 2.7
that for € > 0 there exists Ny > 1 such that for all n > N,

IWox, = Wxy|| = ||un,1xn —Uix,| < Sup”un,lx -Ux| <e. (2.11)

xeD

This implies that lim,, _, o, || Wy, — Wx,|| = 0.

Lemma 2.9 (see [6]). Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let
{Tu} ey be a sequence of nonexpansive self-mappings on C such that (\;2y F(T,) #0 and {\,} is a
sequence in (0,b] for some b € (0,1). Then, FW) = (\;oq F(Tn).
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3. Strong Convergence Theorem

Theorem 3.1. Let H be a Hilbert space. Let C be a nonempty, closed, and convex subset of H. Let
F : CxC — R be a bifunction which satisfies conditions (Al) (A4), A an a-inverse-strongly
monotone mapping of C to H, f a contraction of C into itself, and {T,},., a sequence of nonexpansive
self-mappings on C such that F # (. Suppose that {a,}, {Pn}, and {A,} are sequences in (0,1), and
{rn} and {6,} are sequences in (0, oo) which satisfies the following conditions:

(i) 0 < liminf, . a, <limsup, ,  a,<1;
(ii) imy— o Br = 0; 3024 B = o0;
(i) Hminf, o0 7 > 0, T2 [Fns1 = 7l < 00;
(iv) 6, € [0,b], b < 2a, lim,,_, o, 6, = 0;
(v) A, €10,¢], c€(0,1).
Then {x,} and {u,} generated by (1.9) converge strongly to x* € F, where x* = Pr f (x™).

Proof. Let p € F. It follows from Lemma 2.4 and (1.9) that u,, = T, x,, and hence,

llun = p|l = | Tr20n = Trp|| < [|xn —pl|, (3.1)

for all n € N. Let z,, = Pc(u, — 6,Au,). Since I — 6, A is nonexpansive and p = Pc(p — 6,Ap),
we have

|20 = p|| < lun = 6nAun = (p = 6, Ap) || < ||tn —p|| < ||xn -
lyn =PIl < Bull f(xn) = Pl + (1= Bu) ||xn = P

< Bull £ Gen) = F @+ Ball £ () =PIl + (L= Bu) [l = (3.3)
< [1= =B l|lxn = pll + £all £ (p) = P

pil, (3.2)

Thus,

”x"l"'1 _P” = ”a"y‘fl + (1 - ‘xn)wnzn - P”
< anllyn —pll + (1 - )|z - p|
<an[l=Pu(L=1)][|xn = pl| + anfull £ (p) =P + (1 - an) || — p|

£ () - pll
1-k

(3.4)
= [1- @t~ 0] [~ pll + (1K)

Smax{”x _pp, - P||}‘

1-k

Hence {x,} is bounded. So {u,}, {zn}, {Wnxn}, {(Wnz,}, and {f(x,)} are also bounded.
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Next, we claim that lim,, _, o [[X4+1 — x5 || = 0. Indeed, assume that x,+1 = ppxn+(1—pp)t,,
where p, = a,(1 - ,), n > 0. Then,

“n+1ﬂn+1f(xn+l) + (1 — 1) Wi Zna _ anﬁnf(xn) + (1 -ay)Wyz,

b1 —tp =
n+l1 n 1= P+l 1- Pn
_ “n+1ﬁn+1f(xn+l) _ “npnf(xn) + 1-ana (W = -W,.1z )
L= pun 1= pn 1= pun e e
1-aun 1-ay
"MW - W .
1_ st n+1Zn 1— P nZn (3 5)
1Pt f (Xni1) _ Anfn f (Xn) + 1-anna (Zns1 — Zn)
= 1-pun l=py  LToppa ™"
+ Wn+1zn - an+1ﬂn+1 Wn+1zn - ann + anﬁn annr
1- Pn+1 1- Pn

||Zn+1 - Zn” < ”un+1 - 6n+1Aun+1 - (un - 6nAun)”
< “(I - 6n+1A)un+1 - (I - 6n+1A)un” + ”(I - 6n+1A)un - (I - 671A)un” (36)

S ttnsr = unll + 16041 = Onll[| Attn|.

Using (1.8) and the nonexpansivity of T;, we deduce that

||Wn+1zn - ann“ = ||A1T1un+l,2zn - AlTlun,Zzn”
< )llllunﬂ,zzn - un,ZZn”
<Ml TeUns1,52n = 2Tl 524 ||

S ||Uns 320 — Unszall

n
S(
i=
<M

(3.7)

/\i> ||un+1,n+1 Zn — un,n+1zn”
1
n
Ai,

i=1

for some constant M > 0. On the other hand, from u,, = T, x, and u,.1 = T},,, X441, we obtain

F(un,y) + %(y —Up, Un—Xn) 20, YyeC, (3.8)

1
F(una,y) + r—1<y — Upi1, Un1 — Xna1) 20, Yy eC. (3.9)
n+
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Setting v = 1,41 in (3.8) and y = u, in (3.9), we get

1
F(un, p) + r_<un+1 —Up, Uy — Xp) 20,
n

(3.10)
F(un+1/ un) + (un — Ups1, Unsl — xn+1> > 0.
Y+l
From (A;), we have
<un+1 gy, A Ml T x"”> >0, (3.11)
n Tn+l
and hence
r
<un+1 —Up, Up — Ups1 T Upsl — Xp — r_n(unﬂ - xn+1)> > 0. (3.12)
n+l

Without loss of generality, we may assume that there exists a real number r such that r, > r >
0 for all n > 0. Then

2 T
||un+1 - un” < <un+1 —Up, Xny1 — X t <1 - & >(un+l - xn+1)>

Tn+1

(3.13)

T

< fitger —un||<||xn+1 el 1= e —x,mn),
Tn+1
and hence
n
||un+1 - un” < |Ixn+1 - xn” +|1- _1 ||un+1 - xn+1||

(3.14)

1
< ||xn+1 - Xn” + ;lrn+1 - rnlL/

where L = sup{||lu, — x,|| : n > 0}. It follows from (3.5), (3.6), (3.7), and (3.14) that

An+1 1 £
s = all = et = %l € 22 )+ Wizl + T2 [ £+ [zl
— Pn+l = Pn
1-a L
T po [me =2l lrnst = 7l + 16 = Sl A
n+

n
+ MH Ai = || 2ne1 — x|
i=1
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an+1ﬁn+1 anﬂn
4%
< T o]+ IWaazal] + 72
1-a L 1
: U 2 a1 = Tl + 161 — 6n|||Aun||] +MJ T\
- pn+1 r i=1
Therefore, limsup,, _, _ ([ltn1 = tall = [[xns1 = x5]l) < 0.

Since 0 < liminf, ., a, <limsup, ,  a, <1andlim,_ f, =0, hence,

0 <liminfp, <limsupp, < 1.

—
n— oo n— oo

(£ Gen) | + IWnzal]

(3.15)

(3.16)

Lemma 2.1 yields that lim,,_, o, ||, — x| = 0. Consequently, limy, _, o, ||Xy+1 — Xp|| = limy, oo (1 —

pn)lltn = xull = 0.
For p € F, we obtain

[l = pII* = T, 200 = T ||
< <Tr,,xn - Trnprxn _P>
=(Uy—p, Xn—p)

= 5l =PI+ = I = 0 = ),
and hence
4 = pII* < Nl = I = 0 =
This together with (3.2) yields that

[ =PI < atullyn = p||* + 1 - @) |20 - ||
< || Bu(f (xn) = p) + (1 = Bu) (xn —P)”2 + (1 - ap)||un - P”2
< bl £ Gen) = plI* + an (1= Bo) | — pI*

+(1- an)<||xn - P||2 = |lun — .X'n||2>,

and hence,

(1 - ay)|lu, - anz < ‘Xnﬂn”f(xn) _P”2 + (1 - anﬂn) ”xn _Pllz - ”xn+1 —P”2

< aufi[ £ o) = I = | ]

+ [1xne1 = Xull (|| 20 = p| + |01 = P])-

(3.17)

(3.18)

(3.19)

(3.20)
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So |luy — x,|| — O (note that lim, _, o, B, = 0 and lim,, _, ;|| x41 — x| = 0). Since

Wity = nl| < Wty = Waxull + [Wixn = Xull + [0 = tn||
< 2||xn = tn]| + [[Waxn = xnll,
3w = Waxull < [l = Xl + [[ne1 = Wia|
< llen = xnaa |l + ]| £ (xn) = Wk |
+ 0t (1= Pu) 1xn = Watul| + (1 = o) Wz = Wta| (3.21)
< loen = Xt || + @ || f (x0) = W |
+ 8 (1= Bu) 260 = Wiu|| + (1 = ) [|Pe (it = 6, Atn) = P
< loen = Xt |+ @nfu || £ (x00) = Wu || + (1= B) 1260 = Wy |
+ (1 —an)llun — xull + (1 — ) Oul| At
we obtain lim,, _, || x, — Wyx,|| = 0, and hence lim,, , ||, — Wyu,|| = 0. Thus, |Ju, — Wu,|| <
llun = Wattn|| + Wit = Wty || — 0.

Let Q = Pr. Then Qf is a contraction of H into itself. In fact, there exists k € [0, 1) such
that || f(x) — f(y)|| < k|lx — y| for all x, y € H. So

1Qf (x) = Qf Wl < If (x) = FW) || < kllx -y (3.22)

for all x,y € H. So Qf is a contraction by Banach contraction principle [11]. Since H is a
complete space, there exists a unique element x* € C C H such that x* = Q f (x*).
Next we show that

limsup(f(x*) - x*,x, —x*) <0, (3.23)

where x* = Q f(x*). To show this inequality, we choose a subsequence {u,,} of {u,} such that

limsup(f(x*) - x*, u, —x*) = nli_r}r;)(f(x*) — X", Uy, — X*). (3.24)

n— oo
Since {uy,} is bounded, there exists a subsequence of {u,,} which converges weakly to some

w € C, thatis, u,, = w. From ||Wu,, —u,|| — 0, we obtain that Wu,, — w. Now we will show
thatw € F(W) (N VI(A,C) N EP(F). First, we will show w € EP(F). From u,, = T, x,, we have

1
F(ttn,y) + —(y = thn, tn = 2) 20, Vy€C. (3.25)
By (A2), we also have

%(y = U, Un = Xn) 2 F(y, un), (3.26)
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and hence

<y — Uy, u"ir_ Xni > > F(y,up,). (3.27)

ni

Since ((un, — xy,)/Ty,) — 0and u,, — w, it follows from (A4) that 0 > F(y,w) for all y € C.
ForanyO<t<landye€C, lety; =ty+ (1 -t)w.Sincey € C and w € C, then we have y; € C
and hence F(y;, w) < 0. This together with (A1) and (A4) yields that

0="F(yryt) <tF(yny) + (1= t)F(y, w) <tF(yny), (3.28)

and thus 0 < F(y;,y). From (A3), we have 0 < F(w, y) for all y € C and hence w € EP(F).
Now, we show that w € F(W). Indeed, we assume that w ¢ F(W); from Opial’s condition, we
have

liminf||u,, — w| < liminf||u,, - Ww||
1— 0 1— 00
< i inf(lun, ~ Wt | + [ Wity, - W] (3.29)

< liminf||u,, — w||.
1— 00

This is a contradiction. Thus, we obtain that w € F(W). Finally, by the same argument
as in the proof of [3, Theorem 3.1], we can show that w € VI(A,C). Hence w €
F(W)NVI(A,C) N EP(F). Hence,

lim sup(f(x*) — x*, x, — x*) = limsup(f (x*) - x*, 1, — x*)

n— oo n—oo

= lim (f(x*) — x*, uy, — x*) (3.30)

=(f(x*) - x*,w—-x") <0.

Now we show that lim,, _, ,||x, — x*|| = 0.
From (1.9), we have
|%ps1 — x*|| = (anPf (xn) + an(1 = Bu)xn + (1 - ) Wyzy — X*, X1 — x*)
= P f (xXn) = X", 2na1 = X7) + @ (1= ) (X0 — X7, 201 — X7)
+(1—ay)(Whzy — x*, xp1 — X°)
< Pkl = Nn ="l + @ () = s =) a1
+ 0ty (1= o) ll2cn = 2" llemsn = x| + (1 = an) 12w = X" [l 26041 — 7]

- X*HZ + || X041 — X*”Z
2

+ anﬂn <f(X*) - x*, Xn+l — x*>/

< [1 - lxn,ﬁn(l - k)] ”xn
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and hence,

2tns1 = X*[1% < [1 = anfu(1 = k)] |20 — x*|
) (3.32)
+anfu(l - k)m<f(x*) — X", X1 — x*).

Using (3.23) and Lemma 2.2, we conclude that {x,} converges strongly to x*. Consequently,
{u,} converges strongly to x*. This completes the proof. O

Using Theorem 3.1, we prove the following theorem.

Theorem 3.2. Let H, C, F, f, and {T,} be given as in Theorem 3.1 and let S be an a-strictly
pseudocontractive mapping such that F # . Suppose that 6, € [0,b], b <1 - a and lim,,_,,, 6, = 0.
Let {x,} and {u,} be the sequences and find u,, such that

F(un,y) + %(y—un,un—x,& >0, YyeC,

Yn=Puf(xn) + (1= Pn)xy, n>1, (3.33)

Xn+1 = Yy + (1 = an) Wy (1 = 6p)tty + 6,Suy),

where {a,}, {Pn}, {1n), and {\,} are given as in Theorem 3.1. Then {x,} and {u,} converge strongly
to x* € F, where x* = Pp f (x*).

Proof. Put A = I — S. Then A is ((1 — a)/2)-inverse-strongly-monotone. We have F(S) =
VI(C, A) and put Pc(u, —6,uy,) = (1-6,)uy +6,Suy,. So by Theorem 3.1 we obtain the desired
result. O
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