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We study the convergence of Ishikawa iteration process for the class of asymptotically x-strict
pseudocontractive mappings in the intermediate sense which is not necessarily Lipschitzian. Weak
convergence theorem is established. We also obtain a strong convergence theorem by using hybrid
projection for this iteration process. Our results improve and extend the corresponding results
announced by many others.

1. Introduction and Preliminaries

Throughout this paper, we always assume that H is a real Hilbert space with inner product
(+,-) and norm || - ||. — and — denote weak and strong convergence, respectively. wy,(x;)
denotes the weak w-limit set of {x,}, that is, wy(x,) = {x € H : Ix,;, — x}. Let C be a
nonempty closed convex subset of H. It is well known that for every point x € H, there exists
a unique nearest point in C, denoted by Pcx, such that

llx = Pex|l < [|lx - ||, (1.1)

forall y € C. P¢ is called the metric projection of H onto C. P¢ is a nonexpansive mapping of
H onto C and satisfies

2
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(x -y, Pcx - Pcy) > |Pcx — Pcy Vx,y € H. (1.2)
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LetT : C — C be a mapping. In this paper, we denote the fixed point set of T by F(T).
Recall that T is said to be uniformly L-Lipschitzian if there exists a constant L > 0, such that

|T"x-T"y|| <L||x-y|, Vx,yeC ¥Yn>1 (1.3)
T is said to be nonexpansive if
|Tx-Ty|| <||x-v|, VYxyeC. (1.4)

T is said to be asymptotically nonexpansive if there exists a sequence {k,} in [1, 00) with
lim,, _, »k, =1, such that

IT"x =Tyl < kallx -y

, Yx,yeC Vn>1 (1.5)

The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [1]
as a generalization of the class of nonexpansive mappings. T is said to be asymptotically
nonexpansive in the intermediate sense if it is continuous and the following inequality holds:

limsup sup (||T"x - T"y|| - [|x - y||) <O. (1.6)

n—o xyeC

Observe that if we define

Tn=max{0, sup(||T”x—T"y||—||x—y||)}, (1.7)

x,yeC
then 7, — 0asn — oo. It follows that (1.6) is reduced to

|T"x -T"y|| < ||x-y||+70 Vx,yeC VYn>1 (1.8)

The class of mappings which are asymptotically nonexpansive in the intermediate sense was
introduced by Bruck et al. [2]. It is known [3] that if C is a nonempty closed convex bounded
subset of a uniformly convex Banach space E and T is asymptotically nonexpansive in the
intermediate sense, then T has a fixed point. It is worth mentioning that the class of mappings
which are asymptotically nonexpansive in the intermediate sense contains properly the class
of asymptotically nonexpansive mappings.

Recall that T is said to be a x-strict pseudocontraction if there exists a constant x €
[0,1), such that

ITx =Tyl < [l = y|I” + ]| (T = T)x = (1 - Ty

, Vx,yeC. (1.9)
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T is said to be an asymptotically x-strict pseudocontraction with sequence {y,} if there exist
a constant « € [0,1) and a sequence {y,} C [0, 0) withy, — 0asn — oo, such that

1T =Ty |1* < (L4 y) [l = P+ e (4= Tx = (T =Ty,

Vx,yeC, n>1
(1.10)

The class of asymptotically x-strict pseudocontractions was introduced by Qihou [4] in 1996
(see also [5]). Kim and Xu [6] studied weak and strong convergence theorems for this class
of mappings. It is important to note that every asymptotically x-strict pseudocontractive
mapping with sequence {y,} is a uniformly L-Lipschitzian mapping with L = sup{(x +
VI+(1-x)y.)/(1+x):neN}.

Recently, Sahu et al. [7] introduced a class of new mappings: asymptotically x-
strict pseudocontractive mappings in the intermediate sense. Recall that T is said to be an
asymptotically x-strict pseudocontraction in the intermediate sense with sequence {y,} if
there exist a constant « € [0,1) and a sequence {y,} C [0,00) with y,, — Oasn — oo,
such that

lim sup sup (”T"x ~ Ty = (1 + ) || - y||* = %|| (T - T x - (I - T")y||2) <0 (1.11)

n—o xyeC

Throughout this paper, we assume that

Cn = max{O, sup <||T"x Ty = (1 + ) || - y||* = %] (T - T")x - (I - T")y”z)}.

x,yeC
(1.12)

It follows that ¢, — 0asn — oo and (1.11) is reduced to the relation
IT"x - Ty ||> < A+ ya) |x - y|| + x| T -T")x = I =T"y||> +co, VYx,yeC. (1.13)

They obtained a weak convergence theorem of modified Mann iterative processes for the class
of mappings which is not necessarily Lipschitzian. Moreover, a strong convergence theorem
was also established in a real Hilbert space by hybrid projection methods; see [7] for more
details.
In this paper, we consider the problem of convergence of Ishikawa iterative processes
for the class of asymptotically x-strict pseudocontractive mappings in the intermediate sense.
In order to prove our main results, we also need the following lemmas.

Lemma 1.1 (see [8, 9]). Let {6,}, {Pn}, and {yn} be three sequences of nonnegative numbers
satisfying the recursive inequality

Oni1 < Pubn+7Yn, VYn>1 (1.14)

Ifn>1, 37 (fn—1) <ocand 3.7, yn < oo, then lim, _, .6, exists.
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Lemma 1.2 (see [10]). Let {x,} be a bounded sequence in a reflexive Banach space X. If wy,(xy,) =
{x}, then x, — x.

Lemma 1.3 (see [11]). Let C be a nonempty closed convex subset of a real Hilbert space H. Given
x€ Hand z € C, then z = Pcx ifand only if (x —z,y —z) <0, forall y € C.

Lemma 1.4 (see [11]). For a real Hilbert space H, the following identities hold:

@) llx = yl* = lIxI* = lyl* - 2(x —y,y), forall x,y € H,
(i) ||tx + (1= Hy|* = t|x)*+ A =D)lylI* =t =t)||x — y||*, for all t € [0,1], forall x, y € H;

(iii) (Opial condition) If {x,} is a sequence in H weakly convergent to z, then

lim sup||x, - y||* = lim sup||x,

n—oo n—oo

Vy € H. (1.15)

Lemma 1.5 (see [7]). Let C be a nonempty subset of a Hilbert space H and T : C — C an
asymptotically x-strict pseudocontractive mapping in the intermediate sense with sequence {Y,}. Then

|T"x - T"

ix <1c||x -y| + \/(1 +(1=%)yn)||x - y||2 +(1- K)Cn>,

Vx,yeC, VneN.

(1.16)

Lemma 1.6. Let C be a nonempty subset of a Hilbert space H and T : C — C an asymptotically
K-strict pseudocontractive mapping in the intermediate sense with sequence {y,}. Let n € N. If y,, < 1,
then

|T"x - T"y|| < ﬁ<<1€+ 2- K>||x -yl + @), Vx,y € C. (1.17)

Proof. If y, <1, for x,y € C, we obtain from Lemma 1.5 that

|T"x—-T"

L (sl vll+ V@@= 0m)la= vl + 100,

< e (Kl -yl + V- wl-ylP o)

(1.18)
<L { -l + <\r_,c||x_y||+@>2}
11K<<1<+ 2 - K>|x y||+f> .

Lemma 1.7 (see [7]). Let C be a nonempty subset of a Hilbert space H and T : C — C a uniformly
continuous asymptotically x-strict pseudocontractive mapping in the intermediate sense with sequence
{yn}. Let {x,} be a sequence in C such that ||x, — xy41|| — 0and ||x, —T"x,|| — Oasn — oo,
then ||x, — Tx,|| — 0asn — oo.
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Lemma 1.8 (see [7, Proposition 3.1]). Let C be a nonempty closed convex subset of a Hilbert
space H and T : C — C a continuous asymptotically x-strict pseudocontractive mapping in the
intermediate sense. Then I — T is demiclosed at zero in the sense that if {x,} is a sequence in C such
that x, — x € Cand limsup,, , limsup,  _|lx, —T"x,|| =0, then (I - T)x = 0.

Lemma 1.9 (see [7]). Let C be a nonempty closed convex subset of a Hilbert space H and T : C — C
a continuous asymptotically x-strict pseudocontractive mapping in the intermediate sense. Then F(T)
is closed and convex.

2. Main Results

Theorem 2.1. Let C be a nonempty closed convex subset of a Hilbert space H and T : C — C
a uniformly continuous asymptotically x-strict pseudocontractive mapping in the intermediate sense
with sequence {y,} such that F(T)#®. Let {x,},., be a sequence in C generated by the following
Ishikawa iterative process:

x1 € C,

Yn = PuT" 20 + (1= Pr) X, (2.1)

Xni1 = T "Yn + (1 - an)xn, Vn21,

where {ay,} and {B,} are sequences in (0,1). Assume that the following restrictions are satisfied:

(i) X%, ancn < oand 32, ((1+7,)* - 1) < oo,

()0 < a < a, < Py < b for some a > 0 and b € 0, (-1 - x)* +

V(=0 + 20 + V2= 121 = )%) /2 + V2= %)°).

Then the sequence {x,} given by (2.1) converges weakly to an element of F(T).

Proof. Letp € F(T). From (1.13) and Lemma 1.4, we see that

lya = pII* = 1Ba(T"0 = p) + (1 = ) (= P ||”
= Bull T = plI* + (1= Bu) 1% = pII” = B (1 = o) I = T
< Pu (L4 1) len = p I + el = T + 1) (22)
+ (1= )l = pII* = (1 = Bo) l1xn = T

< (L 1) 1% = pII* = Bu(1 = B = ©) 10 = T"xal + Prcn
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Without loss of generality, we may assume that y,, < 1 for all n € N. Since
len = yll” = 1t = BuT" 0 = (L= Br)xal|” = Bl = T2l 23)
it follows from Lemma 1.6 that
[y = Tl = [1Ba (T2 = T"yn) + (1= Bi) Gea = Ty |

= Bul| 7" = T"yul|* + (1= Bu) |12 = T"yu|* = Bu(1 = Bu) I = T2,

<‘B”

< o (o4 V2w -l + var)’

+ (1= B) [l = Ty 1 = Bu(1 = Bu) I = T2,

<op(KtV2oK 2||x Y L
> n 1-x n n (1—K)2

+ (1= B [l = Tyl = Bu (1 = Bu) 10 — T
(2.4)

By (2.2) and (2.4), we obtain that
1"y, - pl?
< (U9 [y =PI+ wllyn = T"yul* + e

< W+ y) [ =PI = Bu (U4 ¥) (1= B = ) |t = T

2
+ Bu(1+ Yn)cn + 2KP; <%> ¢, = T, ||* +
+x(1 = Bu) || xn - T”yn”2 — &P (1= Bn) |20 — T"x,||* + cp
2
= (141 - I - B [(1+Yn)(1—ﬂn—1<)—2kﬁi<ﬁT2K_K> +’<(1-/5n)]

% 1% = Tl +76(1 = Bo) |20 = Tyl | + 0 M,
(2.5)
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where My = sup, . {Bu(1 +yn) +26pn/ (1 - ©)? + 1}. It follows from (2.5) and a,, < P that

|1 - p|1?
= (T v = p) + (1 = @) (xs = )|

= || Ty = p||* + (1= ) || 20 = pI|* = (1 = @) | T"yw — 2|
K+vV2-xK 2
<an(l+ Yn)2||xn _P||2 = P [(1 +¥n) (1= P — %) - 27‘:@%(?) +x(1 _'Bn)]

x| = T"2a* + cturc (1= Ba) |20 = Ty

+ apcy My + (1 - ay) || xn - p||2 — oy (1 - an) || T"yn - xn”2

2
2 K+V2-K
< (1 30) [l =PI - @b [(1+rn)(1—ﬁn) —KYn‘ZKﬁi<?> ""ﬁ"]
X ||2tn = T ||* = an(1—an—x(1=Pn))|[xn— T"yn”2 + a,c, M

K

< (14 70)" |0 = pII* = @nfn [(1 +70) (1= ) = XY = 21%3(%) - Kﬂn]

X ||, — T”an2 + a,c, M.

(2.6)
From the condition (ii) and y,, — 0, we see that there exists ny such that
+/2 ?
(1 +yn) (1= Bu) = wn — 265 <%> — &Pn
+4/2 ?
K -K
>1-8, - —op( X2 T ) -
>1- o=y, Zﬁn< = > <P
+12 ?
>1-2p, - &y, - 2; <%> (2.7)

2
> 1—2b—2bz<%> -

2
(1—2b—2b2<%> > >0, Vn>mny

2

N =
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By (2.6), we have
”xn+1 - p”2 < (1 + Yn)lexn - P”2 + anchlr Vn > nyp. (28)

In view of Lemma 1.1 and the condition (i), we obtain that lim, _, ||x, — p|| exists. For any
n > np, it is easy to see from (2.6) and (2.7) that

) — 2
% (1 b - 2b2<1c+1_¢> > 2 — T2
x (2.9)

< (143 [lxn = pII” = llwss = pII” + ancudy,
which implies that
Jim [|x, = T"x,|| = 0. (2.10)

Note that

|2741 = Xl = an”Tnyn - xn”

S ||T"yn — T || + || T" x5 — x|

a (2.11)
< 2 (0 V2= %) 00 = yall + V) + all T =
a ay4/C
= 1"_'5:; <1< +v2 - K> |l = T" x| + 1"\_/2 + || T x — x|
From (2.10), we have
Jim [lxps1 = x| = 0. (2.12)
Since T is uniformly continuous, we obtain from (2.10), (2.12) and Lemma 1.7 that
Jim [l = Toxul| = 0. (2.13)

By the boundedness of {x,}, there exist a subsequence {x,,} of {x,} such that x,, — «x.
Observe that T is uniformly continuous and ||x, — Tx,|| — 0asn — oo, for any m € N we
have [|x, - T"xy|| — 0asn — oo. From Lemma 1.8, we see that x € F(T).

To complete the proof, it suffices to show that w,,({x,}) consists of exactly one point,
namely, x. Suppose there exists another subsequence {x,, } of {x,} such that {x,, } converges
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weakly to some z € C and z # x. As in the case of x, we can also see that z € F(T). It follows
that lim,, _, oo ||x, — x|| and lim,, _, .- ||, — z|| exist. Since H satisfies the Opial condition, we have

lim [jx, — x| = lim [|x,, — x| < lim [|x, - z|| = lim [jx, - 2],
n—oo k— oo k — oo n— oo

(2.14)

Xy, — z|| < im ||x,,, — x|| = lim ||x, — x]|,
] ] n—oo

jooo

lim ||x, — z|| = lim |
n— o j— oo

which is a contradiction. We see x = z and hence wy({x,}) is a singleton. Thus, {x,}
converges weakly to x by Lemma 1.2. O

Corollary 2.2. Let C be a nonempty closed convex subset of a Hilbert space H and T : C — C
a uniformly continuous asymptotically x-strict pseudocontractive mapping with sequence {y,} such
that F(T) #0. Let {x,},—, be a sequence in C generated by the following Ishikawa iterative process:
X1 € C,
Yn =BT %0 + (1= ) xn, (2.15)

X1 = @y Ty + (1= an)x,,  Yn2>1,

where {a, } and {P,} are sequences in (0,1). Assume that the following restrictions are satisfied:
(i) 2+ 5’ =1) <o,
()0 < a < a, < Pu < b for some a > 0and b € (0,(-(1 - x)* +
V(=0 + 20+ V2= 121 - %)%) /2 + V2= %)°).
Then the sequence {x,} given by (2.15) converges weakly to an element of F(T).

Next, we modify Ishikawa iterative process to get a strong convergence theorem.

Theorem 2.3. Let C be a nonempty closed convex subset of a Hilbert space H and T : C — C
a uniformly continuous asymptotically x-strict pseudocontractive mapping in the intermediate sense
with sequence {y,} such that F(T) # 0 and bounded. Let {a,} and {p,} are sequences in (0,1). Let
{x4 )51 be a sequence in C generated by the modified Ishikawa iterative process:

x1 €C,
Yn = ﬂnTnxn + (1 - ﬂn)xnr
Zn = anT" Yy + (1 — ay) Xy,

) ) _— (2.16)
C, = {z €C: |z — zlP* < 1% — zIP* + 6 — pullcn — T"x| }
Qu=1{z€C:(xy—2z,x1-x,) 20},

Xn+1 = Pc,ng, X1,

where 0, = ayc,Mi + 2y, + Yﬁ)An, M; = supnzl{ﬂn(l + Yn) + 2xB,/ (1 - K)2 +1}, A, =
sup{||lx, — z||* : z € F(T)} < oo and p, = anfu[1-2Bn—xyn -2 ((x+v2 — )/ (1-x))*] for each
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n > 1. Assume that the control sequences {a, } and {p,} are chosen such that 0 < a < a, < 3, < b for

somea>0and b e (0,(-(1 -x)* + \/(1 —) 42k +V2 - ©)2(1 - %)% /2(x + V2 —)?). Then
the sequence {x,} given by (2.16) converges strongly to an element of F(T).

Proof. We break the proof into six steps.

Step 1 (C,NQy is closed and convex for each n > 1). Itis obvious that Q, is closed and convex
and C, is closed for each n > 1. Note that the defining inequality in C, is equivalent to the
inequality

2(xy = zn,z) < ”xn”2 - ||Zn||2 +6, - pn”xn - T”xn||2, (2.17)
it is easy to see that C, is convex for each n > 1. Hence, C,, N Q,, is closed and convex for each

n>1.

Step2 (F(T) cC,NQ, foreachn >1). Let p € F(T). Following (2.6), (2.7) and the algorithm
(2.16), we have

Iz =pII* < (143 fl2a = I

~aufi [(nma—ﬂn) —nyn—zwz(’”l_ﬁ) ﬂ]

K

X ||2tn = T"%n||* + Apcn My

2
< (1+3)[l%a = pII” = anfs [1 — 2B, -2 <%> _ Kyn] (2.18)

x ||, — T"xn||2 + a0, My
= [lxn = pII* = pall = T > + aneuMi + (25 + 72 120 = I

<l = pI* = pulltn = T"xul* + 6,

where 0, = ayc, My + 2y, + yﬁ)An, My = sup,  {fu(1 + yn) + 2P,/ (1 - K)2 + 1}, A, =
supf|lx, — z||> : z € F(T)} < o0 and Pn = AnPull = 2B, — xyn — 22 ((x + V2 —x) /(1 - x))?] for
eachn > 1. Hence p € C,, foreachn > 1.

Next, we show that F(T) C Q, for each n > 1. We prove this by induction. For n = 1,
we have F(T) c C = Q;. Assume that F(T) C Q, for some n > 1. Since x,.; is the projection
of x; onto C, N Q,,, we have

(Xp41— 2,1 —xXp41) 20, VzeC,NQ,. (2.19)
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By the induction consumption, we know that F(T) C C, N Q,. In particular, for any p € F(T)
we have

(Xpa1 = p, X1 = Xpi1) = 0. (2.20)

This implies that p € Q1. Thatis, F(T) C Q1. By the principle of mathematical induction,
we get F(T) ¢ Q, and hence F(T) ¢ C, N Q, for all n > 1. This means that the iteration
algorithm (2.16) is well defined.

Step 3 (limy, . oo ||x, —x1|| exists and {x,} is bounded). In view of (2.16), we see that x,, = Pg,x1
and x,.1 = Pc,ng,x1 € Q,. It follows that

llxn = 21l < |lxns1 = x| (2.21)

for each n > 1. We, therefore, obtain that the sequence {||x,, — x1]|} is nondecreasing. Noticing
that F(T) € Q, and x, = Pg,x1, we have

llx1 = 2]l < ||x1 —p||, Vp € F(T). (2.22)

This shows that the sequence {||x, —x1||} is bounded. Therefore, the limit of {||x, —x1]|} exists
and {x,} is bounded.

Step 4 (xp41 — x, — 0). Observe that x,, = Pg,x1 and x,.1 € Q, which imply

(Xp41 — Xy, X1 — X5 ) <0. (2.23)
Using Lemma 1.4, we obtain

xne1 = xull” = [|(ener = 21) = (20 = 1)
= ||xp41 — X1||2 — |l — x1||2 = 2(Xps1 — Xp, Xp — X1) (2.24)
< ||xn+1 - X1||2 - ”xn - x1||2-
Hence, we obtain that x,,,1 —x, — 0asn — oo.

Step 5 (x, —Tx, — Oasn — o). In view of x,,1 € C,, we have
20 = Xne1* < 1% = Xns1I* + 0 = pulln — T, (2.25)
On the other hand, we see that

||Zn - xn+1||2 = ”Zn —Xp+ Xy — xn+1||2
(2.26)
= ”Zn - xn”2 + ”xn - xn+1||2 + 2<Zn — Xn,Xn — xn+1>-
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Combing (2.25) and (2.26) and noting z, = a,T"y, + (1 — a,) x,, we obtain that
22|\ Ty = x| + 2{@n (T Y = %), Xn = X1 ) < O = pull 2 — T x| (2.27)

From the assumption and (2.7), we see that there exists n9 € N such that

2
K+vV2-xK
1-2p, —xkyn — 2,6,21<—>

1-x

2
1<1—2b—2b2<%> > >0, Vn>mn.

For any n > ny, it follows from the definition of p, and (2.27) that

(2.28)

2

NI

2
a? K+vV2-x
3 <1 2 ‘2”2<? [0 = T < 6, 20| T~ ] o~ ol

(2.29)
Noting that 8,, — 0asn — oo and Step 4, we obtain that
nhjr;o”x” - T"x,| = 0. (2.30)

It follows from Step 4, (2.30) and Lemma 1.7 that x, - Tx, — Oasn — oo.

Step 6 (x, — x € F(T) asn — oo, where x = Pryx1). Since H is reflexive and {x,} is
bounded, we get that wy,({x,}) is nonempty. First, we show that w,({x,}) is a singleton.
Assume that {x,,} is subsequence of {x,} such that x,, — x € C. Observe that T is uniformly
continuous and ||x, - Tx,|| — 0asn — oo, for any m € N we have ||x, - T"x,|| — 0 as
n — oo. From Lemma 1.8, we see that x € w,,({x,}) C F(T).

Since x,.1 = Pc,ng,x1, we obtain that

31 = Xpa || < ||21 = Peryxa ||, (2.31)

for each n > 1. Observe that x; — x,, = x1 — x asn — oo. By the weak lower semicontinuity
of norm, we have

|21 = Peeryxa || < [l = x| < hﬂg}f”xl — Xy, || < limsuplx1 — x| < ||x1 = Peeryxa |-
n— oo

(2.32)
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This implies that

%1 = Peeryr || = [l = x|, (2.33)

n]gr;}”xl - xnf” = ||x1 — PF(T)JCl”. (2.34)

Hence x = Pr(ryx1 by the uniqueness of the nearest point projection of x; onto F(T). Since
{xn,} is an arbitrary weakly convergent subsequence, it follows that w,,({x,}) = {x} and
hence x,, — x. It is easy to see as (2.34) that ||x; —x,|| — ||x1 —x]|. Since H has the Kadec-Klee
property, we obtain that x; —x, — x;—x, thatis, x, — x = Prir)x; asn — oo. This completes
the proof. O
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