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We introduce a new iterative scheme with Meir-Keeler contractions for strict pseudocontractions
in g-uniformly smooth Banach spaces. We also discuss the strong convergence theorems for the
new iterative scheme in g-uniformly smooth Banach space. Our results improve and extend the
corresponding results announced by many others.

1. Introduction

Throughout this paper, we denote by E and E* a real Banach space and the dual space of E,
respectively. Let C be a subset of E, and Irt T be a non-self-mapping of C. We use F(T) to
denote the set of fixed points of T.

The norm of a Banach space E is said to be Gateaux differentiable if the limit

R .

t—0 t
exists for all x,y on the unit sphere S(E) = {x € E : ||x|| = 1}. If, for each y € S(E), the
limit (1.1) is uniformly attained for x € S(E), then the norm of E is said to be uniformly
Gateaux differentiable. The norm of E is said to be Fréchet differentiable if, for each x € S(E),
the limit (1.1) is attained uniformly for y € S(E). The norm of E is said to be uniformly
Fréchet differentiable (or uniformly smooth) if the limit (1.1) is attained uniformly for x,y €
S(E) x S(E).
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Let pr : [0,1) — [0,1) be the modulus of smoothness of E defined by

pe(t) = sup{%(||x+y|| +|x-y|) -1:x€SE), ||y < t}. (1.2)

A Banach space E is said to be uniformly smooth if pg(t)/t — 0Oast — 0. Letg > 1.
A Banach space E is said to be g-uniformly smooth, if there exists a fixed constant ¢ > 0 such
that pp(t) < cti. It is well known that E is uniformly smooth if and only if the norm of E is
uniformly Fréchet differentiable. If E is g-uniformly smooth, then g < 2 and E is uniformly
smooth, and hence the norm of E is uniformly Fréchet differentiable, in particular, the norm of
E is Fréchet differentiable. Typical examples of both uniformly convex and uniformly smooth
Banach spaces are L?, where p > 1. More precisely, L is min{p, 2}-uniformly smooth for every
p>1

By a gauge we mean a continuous strictly increasing function ¢ defined R* := [0, o0)
such that ¢(0) = 0 and lim,_,¢(r) = oo. We associate with a gauge ¢ a (generally
multivalued) duality map J, : E — E* defined by

Jo(x) = {x" € E*: {x,x") = [Ixllp(llx]l), llx"]l = ¢(llxID)}- (1.3)

In particular, the duality mapping with gauge function ¢(t) = t7-! denoted by ], is referred
to the (generalized) duality mapping. The duality mapping with gauge function ¢(t) = t
denoted by J, is referred to the normalized duality mapping. Browder [1] initiated the study
Jo- Set fort >0

t
D(t) = fo @ (r)dr. (1.4)

Then it is known that ], (x) is the subdifferential of the convex function @(|| - [|) at x. It is well
known that if E is smooth, then J, is single valued, which is denoted by j,.

The duality mapping ], is said to be weakly sequentially continuous if the duality
mapping J, is single valued and for any {x,} € E with x, — x, J;(x,) = J4(x). Every
IP (1 < p < o) space has a weakly sequentially continuous duality map with the gauge
¢(t) = tP"1. Gossez and Lami Dozo [2] proved that a space with a weakly continuous duality
mapping satisfies Opial’s condition. Conversely, if a space satisfies Opial’s condition and has
a uniformly Gateaux differentiable norm, then it has a weakly continuous duality mapping.
We already know that in g-uniformly smooth Banach space, there exists a constant C; > 0
such that

”x_"y”qS ||x||q+q<]//]q(x)>+Cq”y”q/ (1.5)

forall x,y € E.
Recall that a mapping T is said to be nonexpansive, if

|Tx-Ty|| <|lx-y| VYxyeC (1.6)
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T is said to be a A-strict pseudocontraction in the terminology of Browder and
Petryshyn [3], if there exists a constant A > 0 such that

(Tx =Ty, jy(x = y)) < [x = || = A|(T - T)x = (T - Dy]|", (1.7)

for every x, y, and C for some j,;(x —y) € J;(x —y). It is clear that (1.7) is equivalent to the
following:

(I-T)x-I-T)y,jo(x-y)) >A|I-T)x- (I -T)y||". (1.8)

The following famous theorem is referred to as the Banach contraction principle.

Theorem 1.1 (Banach [4]). Let (X, d) be a complete metric space and let f be a contraction on X,
that is, there exists r € (0,1) such that d(f(x), f(y)) < rd(x,y) for all x,y € X. Then f has a
unique fixed point.

Theorem 1.2 (Meir and Keeler [5]). Let (X, d) be a complete metric space and let ¢ be a Meir-Keeler
contraction (MKC, for short) on X, that is, for every € > 0, there exists 6 > 0 such that d(x,y) < e+06
implies d(¢(x), p(y)) < € forall x,y € X. Then ¢ has a unique fixed point.

This theorem is one of generalizations of Theorem 1.1, because contractions are Meir-
Keeler contractions.

In a smooth Banach space, we define an operator A is strongly positive if there exists
a constant y > 0 with the property

(Ax,J(x)) 27lx|?, llal = bA|| = sup {[((al -bA)x,](x))|: a € [0,1], be[0,1]}, (19)

[lx[I<1

where I is the identity mapping and ] is the normalized duality mapping.

Attempts to modify the normal Mann's iteration method for nonexpansive mappings
and \-strictly pseudocontractions so that strong convergence is guaranteed have recently
been made; see, for example, [6-11] and the references therein.

Kim and Xu [6] introduced the following iteration process:

x1=x€C,

Yn = Puxn + (1= Pu)Txy, (1.10)

Xne1 = O+ (1 =)y, n2>0,

where T is a nonexpansive mapping of C into itself u € C is a given point. They proved the
sequence {x,} defined by (1.10) converges strongly to a fixed point of T, provided the control
sequences {a,} and {f,} satisfy appropriate conditions.
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Hu and Cai [12] introduced the following iteration process:
x1=x€C,

N
Yu = Pc [ﬁnx,, +(1- ﬁn)qu?”)nxn], (1.11)
i=1
X1 = Y f (Xn) + YuXn + [(1 =) — @y Aly,, n>1

where T; is non-self-1;-strictly pseudocontraction, f is a contraction and A is a strong positive
linear bounded operator in Banach space. They have proved, under certain appropriate
assumptions on the sequences {a,}, {y.}, and {pB,}, that {x,} defined by (1.11) converges
strongly to a common fixed point of a finite family of \;-strictly pseudocontractions, which
solves some variational inequality.

Question 1. Can Theorem 3.1 of Zhou [8], Theorem 2.2 of Hu and Cai [12] and so on be
extended from finite \;-strictly pseudocontraction to infinite \;-strictly pseudocontraction?

Question 2. We know that the Meir-Keeler contraction (MKC, for short) is more general than
the contraction. What happens if the contraction is replaced by the Meir-Keeler contraction?

The purpose of this paper is to give the affirmative answers to these questions
mentioned above. In this paper we study a general iterative scheme as follows:

x1=x€C,

yn = Pc I:ﬂnxn +(1- ﬂn)iqi(")Tixn:I, (1.12)

i=1
Xna1 = AnYP(xn) + YuXn + [(1 = yu) ] — anAly,, n>1,

where T, is non-self A,-strictly pseudocontraction, ¢ is a MKC contraction and A is a strong
positive linear bounded operator in Banach space. Under certain appropriate assumptions on
the sequences {a,}, {.}, {y«}, and {y'}, that {x,} defined by (1.12) converges strongly to a
common fixed point of an infinite family of A;-strictly pseudocontractions, which solves some
variational inequality.

2. Preliminaries
In order to prove our main results, we need the following lemmas.

Lemma 2.1 (see [13]). Let {xn}, {zn} be bounded sequences in a Banach space E and {f,} be a
sequence in [0, 1] which satisfies the following condition: 0 < lim inf, B, < limsup, ,_p, < 1.
Suppose that Xn1 = (1= ) Xn+ Ppzn foralln > 0 and limsup,, . (1 zp+1 = Zall = | %01 = x4][) <O.
Then, lim, _, ||z — x4|| = 0.
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Lemma 2.2 (see Xu [14]). Assume that {a,} is a sequence of nonnegative real numbers such that
ane1 < (1= yn)ay + 6, where y, is a sequence in (0, 1) and {6, } is a sequence in R such that

(i) X5t yn = o,
(i) imsup,,_,  (6,/yn) <001 377 |64] < o0.

Then lim,, _, xct,, = 0.

Lemma 2.3 (see [15] demiclosedness principle). Let C be a nonempty closed convex subset of a
reflexive Banach space E which satisfies Opial’s condition, and suppose T : C — E is nonexpansive.
Then the mapping 1 — T is demiclosed at zero, that is, x, — x, x, — Tx, — 0implies x = Tx.

Lemma 2.4 (see [16, Lemmas 3.1, 3.3]). Let E be real smooth and strictly convex Banach space,
and C be a nonempty closed convex subset of E which is also a sunny nonexpansive retraction of E.
Assume that T : C — E is a nonexpansive mapping and P is a sunny nonexpansive retraction of E
onto C, then F(T) = F(PT).

Lemma 2.5 (see [17, Lemma 2.2]). Let C be a nonempty convex subset of a real g-uniformly smooth
Banach space E and T : C — C be a \-strict pseudocontraction. For a € (0,1), we define Tpx =
(1-a)x+aTx. Then,as a € (0, u], p = min{1, {q)L/Cq}l/(q_l) }, Ta : C — C is nonexpansive such
that F(T,) = F(T).

Lemma 2.6 (see [12, Remark 2.6]). When T is non-self-mapping, the Lemma 2.5 also holds.

Lemma 2.7 (see [12, Lemma 2.8]). Assume that A is a strongly positive linear bounded operator
on a smooth Banach space E with coefficient ¥ > 0and 0 < p < ||A||™". Then,

IT-pAll <1-pY. (2.1)

Lemma 2.8 (see [18, Lemma 2.3]). Let ¢ be an MKC on a convex subset C of a Banach space E.
Then for each € > 0, there exists r € (0, 1) such that

llx=yll > & implies || px - py|| < rllx-y| Vx,yeC. (22)

Lemma 2.9. Let C be a closed convex subset of a reflexive Banach space E which admits a weakly
sequentially continuous duality mapping ], from Eto E*. Let T : C — C be a nonexpansive mapping
with F(T)#@ and ¢ : C — C be a MKC, A is strongly positive linear bounded operator with
coefficient ¥ > 0. Assume that 0 < y <. Then the sequence {x;} define by x; = ty¢p(x;) + (1 -tA)Tx;
converges strongly as t — 0 to a fixed point X of T which solves the variational inequality:

((A=y9)X, J4(X -2)) <0, ze€F(T). (2.3)

Proof. The definition of {x;} is well definition. Indeed, from the definition of MKC, we can
see MKC is also a nonexpansive mapping. Consider a mapping S; on C defined by

Six =typ(x)+ (I -tA)Tx, xeC. (2.4)
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It is easy to see that S; is a contraction. Indeed, by Lemma 2.8, we have

[[Sex = Syl < tyllp0) = () || + | - tA) (Tx - Ty) ||
<ty||¢@x) - ¢l + A -£y)[|x -yl
<tyllx -yl + (1 -7 [|x -y
<=t -lllx -yl

(2.5)

Hence, S; has a unique fixed point, denoted by x;, which uniquely solves the fixed point
equation

xp = typ(xe) + (I —tA)Tx;. (2.6)

We next show the uniqueness of a solution of the variational inequality (2.3). Suppose
both X € F(T) and x € F(T) are solutions to (2.3), not lost generality, we may assume there
is a number ¢ such that ||x — X|| > €. Then by Lemma 2.8, there is a number r such that
lpx — ¢px|| < r||X — X||. From (2.3), we know

(A=7y9)% J4(X - %)) <0,

(2.7)
((A-y9)x, J;(x - X)) <O0.
Adding up (2.7) gets
((A=79)x - (A-y$)%, J;(x - %)) <O. (2.8)
Noticing that
((A-y9)x - (A-yP)X, Jq(X - X)) = (A(X - %), Jo(X - X)) - y(p% - $X, J4(X - %))
> 7l - 7|7 - yl| ¢ - px|1% - T
> ylIX - 217 - yrlix - %] 29)
2 (y-yr)lIx - x|
2 (Y -yr)e!
> 0.

Therefore X = X and the uniqueness is proved. Below, we use X to denote the unique solution
of (2.3).

We observe that {x;} is bounded. Indeed, we may assume, with no loss of generality,
t <||A|™Y, for all p € F(T), fixed &, for each t € (0,1).

Case 1 (||x¢ — p|| < €1). In this case, we can see easily that {x;} is bounded.
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Case 2 (||x¢ — p|| > €1). In this case, by Lemmas 2.7 and 2.8, there is a number r; such that

[Gx) =) || <rillx—p
llxt = pll = lItyd(x) + (I = tA)Tx, - p|
= lt(yp(x) = Ap) + (I = tA)(Tx: = p) |
<tlyp(x) - Ap|| + (1 - ) || Gxe - p) |
<tlypCx) -y )|l + ly¢(p) - Apll + (1 - £7) |l —p|l
<tyr|xe—p| +tllyg(p) - Apll + 1 - £y)||x: - p

7

(2.10)

7

therefore, ||lx; — pll < ly¢p(p) — Apll/ (¥ — yr1). This implies the {x;} is bounded.

To prove that x; — X (x € F(T)) ast — 0.

Since {x;} is bounded and E is reflexive, there exists a subsequence {x;,} of {x;} such
that x;, — x*. By x; = Tx; = t(y¢(xs) — ATx;). We have x;, — Tx;, — 0,ast, — 0.Since E
satisfies Opial’s condition, it follows from Lemma 2.3 that x* € F(T). We claim

e, — x| — 0. (2.11)

By contradiction, there is a number €y and a subsequence {x;, } of {x;,} such that ||x;, — x*| >
€. From Lemma 2.8, there is a number r, > 0 such that ||¢(xy,) — ¢(x*)|| < 1 llxt, — x*||, we
write

xt, —x* = b (yP(xr,) — AX*) + (I =t A)(Txy, — x*), (2.12)

to derive that

e, = X1 = by (1) — Ax*, Jo (e, = x°)) + (I = b A) (Tx, — %), Jy(xt, — 7)) o1y
< b (y(x1,) = AX™, Jo (1, = x%)) + (1= ) 121, — X719 '

It follows that

1
llxt, — x| < =(yp(xs,) — Ax*, Jo(xt, — x*))

-

[(rp(xr,) = yp(x"), Jo(xr, = x7)) + (yPp(x") = Ax", Jy(xr, —x7))] (2.14)

— ==

< = [yregllxe, — XN + (yp(x) — AxT, Jo (2, - x7))]-

-

Therefore,

(9x) = Ax, ]y, = x7)

l1xt,, = x| <
Y= T

(2.15)
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Using that the duality map Jj is single valued and weakly sequentially continuous from E to

E*, by (2.15), we get that x;, — x*. Itis a contradiction. Hence, we have x;, — x*.
We next prove that x* solves the variational inequality (2.3). Since

xp = typ(xe) + (I —tA)Txy, (2.16)

we derive that
1
(A=yd)xi = -2 (I tA)(I - T)x. (2.17)

Notice

(I =T)xi = (I=T)z, Jg(x; = 2)) 2 llxe = 2|17 = | T = Tz||l: - 2|7
2 |lxe = zl|7 = [l - 2| (2.18)

=0.

It follows that, for z € F(T),

((A=y¢)xi, Jo(xi - 2)) = %((I —tA)(I = T)xy, Jq(x; - 2))

= —%((I —T)x;— (I -T)z, Jg(x: —2)) + (A(I = T)xy, Jo(x; - 2))

< (AU =T)xy, J4(x: - 2)).
(2.19)

Now replacing t in (2.19) with t,, and letting n — oo, noticing (I-T)x;, — (I-T)x* =0
for x* € F(T), we obtain ((A - y$)x*, J;(x* — z)) < 0. Thatis, x* € F(T) is a solution of (2.3);
Hence X = x* by uniqueness. In a summary, we have shown that each cluster point of {x;} (at
t — 0) equals X, therefore, x; — Xast — 0. O

Lemma 2.10 (see, e.g., Mitrinovi¢ [19, page 63]). Let g > 1. Then the following inequality holds:
-1
ab < %aq L1 : b1/ @D (2.20)

for arbitrary positive real numbers a, b.

Lemma 2.11. Let E be a g-uniformly smooth Banach space which admits a weakly sequentially
continuous duality mapping J, from E to E* and C be a nonempty convex subset of E. Assume
that T; : C — E is a countable family of \i-strict pseudocontraction for some 0 < \; < 1 and
inf{\; : i € N} > 0 such that F = (2, F(T;) # 0. Assume that {n;}2; is a positive sequence such that
> ni = 1. Then 3.2, n;T; : C — E is a A-strict pseudocontraction with A = inf{\; : i € N} and
F(XZiniTi) = F.
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Proof. Let

Gux =mTix + mTox + -+ 1, Tx (2.21)

and >, 7; = 1. Then, G, : C — E is a A;-strict pseudocontraction with A = min{\; : 1 <i <
n}. Indeed, we can firstly see the case of n = 2.

(I=Go)x = (I- Gy, Jq(x~v))
=(mI-T)x+m(I -T)x-mI-T)y -mnl-T)y, J;(x-v))
= (I -T)x - (I =Ty, Jo(x - y)) + (I - To)x = (I - T2)y, Jo(x ~ y))
>m||(I-T)x - I -T)y||" + mla||(I-To)x - I - T)y|?
> A[m|(I=T)x - (I =Ty + || (I - To)x = (I - To)y "]

q
7

(2.22)

> AM|(T-Gy)x - (I -Gy

which shows that G, : C — E is a A-strict pseudocontraction with A = min{\; : i = 1,2}. By
the same way, our proof method easily carries over to the general finite case.
Next, we prove the infinite case. From the definition of A-strict pseudocontraction, we

know
(I-Ty)x-I-Ty)y, J,(x=y)) >A|(I-Tn)x - (I -T,)y||". (2.23)

Hence, we can get

1/(g-1)
J-Tox-a=Toll<(3) -yl @24)

Taking p € F(T,), from (2.24), we have

1\ V(@D
Ia=Toxl =@ -Tox-a-Tapll< () -l 2.25)

Consquently, for all x € E, if F = N2, F(T;) #0, n; > 0 (i € N) and X% ; = 1, then X2, T
strongly converges. Let

Tx = > niTix, (2.26)
i=1

we have

< - : 1 &
Tx =Y piTix = lim > iTix = lim 57 > niTix. (2.27)
i=1 i=1

i=1 "l j=1
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Hence,

(U-T)x-(I-T)y, J;(x-y))

lim T, T )y, -
"*°°<< Zlmz;" > < ST 21:’1 >yfq(x y)>

:,}Ln!o _Zm (I-T)x-(I-T)y, Jo(x-y))
2 i (2.28)
> lim Zm)tll(I—Ti)x—(I—Ti)y"q
n—o Zl 1153
q
ZAT‘IE& < pI 1’11121711 1> < i 11112711 1>

= A|(I-T)x- I -T)y|".

So, we get T is A-strict pseudocontraction.
Finally, we show F(>,72, 7;T;) = F. Suppose that x = 3,7, ;Tix, it is sufficient to show
that x € F. Indeed, for p € F, we have

lx-pll" =(x-p,Js(x~p))

= <§1:11,T,~x —p, Jq(x - P)>

© (2.29)
Z Tx P/]q(x P)>
i=1
<lx=pll? = A2 millx - Tix|1,
i=1
where A = inf{\; : i € N}. Hence, x = T;x for each i € N, this means that x € F. O

3. Main Results

Lemma 3.1. Let E be a real g-uniformly smooth, strictly convex Banach space and C be a closed
convex subset of E such that C £ C C C. Let C be also a sunny nonexpansive retraction of E. Let
¢ :C — CbeaMKC. Let A: C — C be a strongly positive linear bounded operator with the
coefficient y > 0 such that 0 < y < yand T; : C — E be \;-strictly pseudo-contractive non-self-
mapping such that F = (2 F(T;) #0. Let A = inf {\; : i € N} > 0. Let {x,} be a sequence of C
generated by (1.12) with the sequences {a, },{fn} and {y,} in [0, 1], assume for each n, {11( )}

infinity sequence of positive number such that >, 11;”) = 1 for all n and 1]1.(") > 0. The following
control conditions are satisfied

be an

(1) 21021 a, = oo, limna wln = 0,
(i) 1-a<1-B, <y, pu=min {1,{gA/Cy}"" 9™V} for some a € (0,1) and for all n > 0,
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(iii) 1imy, — oo (Brs1 = ) = 0, limy, o 2, 1! =11} = 0,
(iv) 0 < lim inf, .y, <limsup,  _y. <1.

Then, limy, _, o || Xp+1 — x4 = 0.

Proof. Write, for each n > 0, B, = X2, qf")T,-. By Lemma 2.11, each B, is a \-strict
pseudocontraction on C and F(B,) = F for all n and the algorithm (1.12) can be rewritten
as

x1=x€C,
Yn = Pc [ﬂnxn + (1 - ﬂn)ann]/ (3.1)

X1 = Ay P(xn) + Yuxn + (L= yn)] — 0y A)y,, n>1

The rest of the proof will now be split into two parts.

Step 1. First, we show that sequences {x,} and {y,} are bounded. Define a mapping
L,x = Pc[Bax + (1 - Bn) Bux]. (3.2)

Then, from the control condition (ii), Lemmas 2.5 and 2.6, we obtain L,, : C — C is
nonexpansive. Taking a point p € F, by Lemma 2.4, we can get L,p = p. Hence, we have

lyn = pll = [[Loxn = p|| < [|l%2 = pl|- (3.3)

From definition of MKC and Lemma 2.8, for each £ > 0 there is a number r, € (0,1), if
s — 2l < & then [$(xa) — (2| < & Tf |, — ] > & then [ p(xa) — $(2)]| < ell, - 2]l Tt follow
(3.1)
l|xns1 =PIl = lanyden) + yuxtn + (1= yu)I = anA)yn = pl|
= [lan (yp(xn) = Ap) +¥u (2 = p) + (1= yu) I - an A) (v = p) ||
< (1= yn = anY) [|xn = pl| + vallxn = p| + cul|y§(xn) - Ap]|
< (1= any) ||lxn = pll + any max{re||xn = p||, £} + an|y¢(p) - Ap||
= max{ (1 - any)||xn = p|| + anyre||xn = p|| + an| v (p) - Ap||,
(1= any) [|xn = p| + anye + auly¢(p) - Ap||}
= max{(1 - any + anyre) || xn = p|| + anllyd (p) - Ap|l, (1 - an¥) ||xn = p|
+anye + aul|yp(p) - Apl|}
= max{ [1 - (any = anyre)] [|xn = p[| + aul[yd(p) - Ap
+anye +an |y (p) - Apll}.

(3.4)

(1= any) |lxn = pll
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By induction, we have

’ ||Y¢_(p)—Ap||,Y€+||Y¢£P)‘Ap”}, n>1,  (35)
Y-y ’

- max{uxo L

which gives that the sequence {x,} is bounded, so are {y,} and {L,x,}.

Step 2. In this part, we shall claim that ||x,.1 — x,|| — 0,as n — oo. From (3.1), we get

X1 = Y P(xn) + YnXn + [(1 = yn) I — @ A] Lyx,. (3.6)
Define
Xne1 = (L= yn)ln + Yuxn, Yn >0, (3.7)
where
_ Xn+l — YnXn
I, = EEET — (3.8)
It follows that
I 1= an+1Y¢(xn+1) + Ynt+1Xn+1 t [(1 - Yn+1)I - “n+1A] Lpxpe — Yn+1Xn+1
n+l n = 1— -
_ anY(,b(xn) + Ynxn + [(1 - Yn)I - ‘XnA] Lnxn - Ynxn (3 9)
1-yx '
n+ n+l) = ALn+ n+ n n)— ALn n
= “ 1[Y¢(x 1) i 1] - 1 [Yd)(x ) x ] +Ln+1xn+l _Lnxnr
1y 1-vya
which yields that
ay (xn ) - ALn Xn ay (xn) - ALnxn
s — 1] < Tl PG atrall | olvg L Ltas - Lol

1_Yn+1 1_Yn

X+l ”Y(;b(xnﬂ) = ALy11Xn11 ” + an ||Y¢(xn) - ALyx, ”

+||L -L
1-ynn 1-7y, |Ly+1Xn41 241 %0 |

+ ||Ln+1xn - Lnxn”

Xn+1 ||Y¢(xn+l) — ALpxp4 ” + an”}’ﬁb(xn) - ALnxn” T

X - X,
1- Yn+1 1- Yn | e n”

IN

+ || Lyt1Xn — Ly |-
(3.10)
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Next, we estimate ||L,41x, — L,x,]||. Notice that
”Ln+1xn - Lnxn” = ”PC [ﬁn+1xn + (1 - ﬁn+1)Bn+1xn] - Pc [ﬁnxn + (1 - ﬁn)ann] ”

< ” [ﬁ"ﬂx" + (1 - ﬁ"+1)Bn+1xn] - [ﬂ"x" + (1 - ﬂn)ann] ”
< |Bue1 = Bulllxn = Busaxall + (1 = ) IBpsaxn — Buxl| (3.11)

< |,Bn+1 - ﬁn|||xn - Bn+1xn|| + (1 —ﬂn)Z|Tl§n+1) _ 7Lgn) ||Tixn||-
i-1

Substituting (3.11) into (3.10), we have

X+l IIY¢(xn+l) - ALn+1xn+1 ” + ‘xn”)’d)(xn) - ALnxn”

L1 — L] € ~
1 = Ll < TR -1 + | xne1 — xn|
o (3.12)
+ |,Bn+1 _,Bn“lxn - Bn+1xn|| + (1 _ﬂn)2|ﬂ§n+l) _ Tllgn) ||Tixn||~
i=1
Hence, we have
a X —AL,1x o x,) — AL, x
||ln+1 _ln” - ”xn+1 _xn” < n+1||Y¢( ;+1) n+1 n+1|| + n”}’(,b( n) " n”
— Yn+1 1-v
+ ||xn - Bn+1Xn”|ﬁn+l - ﬁnl + (1 —ﬂn)Z'rli(n+1) _ 111(71) ”Tixn”-
i=1
(3.13)

Observing conditions (i), (iii), (iv), and the boundedness of {x,}, {y.}, {f(xn)}, {Tuxn},
{Tuy,} it follows that

lim sup{||l+1 = Inll = ||%n41 — x|} <0. (3.14)

n— oo

Thus by Lemma 2.1, we have limy,_, o, ||l — x,|| = 0.
From (3.7), we have

X1 — X = (1 =) (ln — x)- (3.15)

Therefore,
lim [[%s1 — 2] = 0. (3.16)
n o0 D

Theorem 3.2. Let E be a real g-uniformly smooth, strictly convex Banach space which admits a
weakly sequentially continuous duality mapping J, from E to E* and C be a closed convex subset of
E which be also a sunny nonexpansive retraction of E such that C+C C C. Let ¢ : C — C be
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a MKC. Let A : C — C be a strongly positive linear bounded operator with the coefficient y > 0
such that 0 < y < yand T; : C — E be \j-strictly pseudo-contractive non-self-mapping such
that F = N2, F(Ti) #0. Let A = inf {A; : i € N} > 0. Let {x,,} be a sequence of C generated
by (1.12) with the sequences {a,},{Pn} and {y,} in [0,1], assume for each n, Z”lrli(") = 1 for all

n and qf") > 0 for all i € N. They satisfy the conditions (i), (ii), (iii), (iv) of Lemma 3.1 and (v)
limy, o ffn = a, limy, oo 222 |1 = il = 0and 3.2, n; = 1. Then {x,} converges strongly to X € F,
which also solves the following variational inequality

(yp(x) - A%, J,(p— X)) <0, VpeF. (3.17)
Proof. From (3.1), we obtain

||Lnxn - xn“ < ||xn - xn+1” + ||xn+1 - Lnxn“
= [|xn = Xpa1 || + || @nyP(xn) + Yu(xn — Luxy) — an ALy, | (3.18)
< lxn = x|l + “n(”Y‘;b(xn)” + ||ALnxn||) + Yullxn = Luxall.

So [ILnxn = x|l < 1/(1 = ¥au) (X0 = Xnsrll + @n(lly@(xn)ll + | ALnx4|[), which together with the
condition (i), (iv) and Lemma 3.1 implies

lim ||Lpx, — x| = 0. (3.19)

Define B = Y2, n;T;, then B : C — E is a A-strict pseudocontraction such that F(B) =
Nz F(T;) = F by Lemma 2.11, furthermore B,x — Bx as n — oo for all x € C. Defines
T:C — Eby

Tx=ax+ (1-a)Bx. (3.20)

Then, T is nonexpansive with F(T) = F(B) by Lemma 2.5. It follows from Lemma 2.4 that
F(P:T) = F(T) = F. Notice that
[|[PcTx, — xu|| < ||xn = Luxnll + [|Luxn — PeTxy||
< lxn = Ly || + ”.ﬁnxn + (1 - ﬁn)ann - [axy + (1 - a)Bx,] ” (3.21)
< lxn = L || + ” (ﬁn - 0{) (xn = Bpxy) + (1 = a)(Bux, — Bxy) ”

< |lxn = Luxaull + (ﬂn - a) 12 = Buxull + (1 = a)||Baxn — Bxy||

which combines with (3.19) yielding that

lim ||PcTx, — x| = 0. (3.22)
n—oo
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Next, we show that

limsup(y$(X) — AX, J,(x, — X)) <0, (3.23)

n—oo
where X = lim;_, ¢x; with x; being the fixed point of the contraction
x+— typ(x) + (1 - tA)PcTx. (3.24)
To see this, we take a subsequence {x,, } of {x,} such that

limsup(y$(X) - AX, J (xp = %)) = lim (y$(X) = AX, ] (x, = X)). (3.25)

n—oo

We may also assume that x,, — gq. Note that g € F(T) in virtue of Lemma 2.3 and (3.22). It
follow from the Lemma 2.9 and ], is weak weakly sequentially continuous duality mapping
that

limsup(y (%) - AF, J(xu - B) = lim (y$(3) - AF, Jy(x, - )
oo (3.26)

= (yp(%) - A%, J,(q - X)) <0.
Hence, we have

limsup(y$(X) - AX, J,(x, — X)) <0. (3.27)

n— oo
Finally, We show ||x, — X|| — 0. By contradiction, there is a number &y such that

lim supl||x, — X|| > €o. (3.28)

n—oo

Case 1. Fixed €1 (&1 < &), if for some n > N € N such that ||x, — X|| > £y — €1, and for the other
n > N € N such that ||x, — X|| < gy — £1.
Let

_ 9(r$® = A%, J (X = D)

M, = o=z (3.29)
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From (3.23), we know limsup, , M, < 0. Hence, there is a number N, when n > N, we
have M, <y —y. We extract a number 1y > N stastifying ||x,, — X|| < &9 — €1, then we estimate
ll%n51 = X]|-
1261 = XN = ||y YP(Xng) + YrrgXmy + [(1 = Yoo )T = g Al Yy = F||
= 1T =y ) T = ng A] (Yo = %) + g (Y (2y) = AX) + Yoy (3, = F)|*
= ([(1= 1) T =y A] Yy = %) + 6ty (Y () = AZ) + ¥y (¥, = %), Jg (Xys1=5))
= ([ =) T=tn, A] (Y = %), Jg (g1 =%)) + (g (Y (3 ) = AX), Jg (X1 - %))
+ (Yo (Xny = %), Jg(Xngs1 = X))
= [~y ) I =y A] (Y =), Jq(Xngs1=3) ) +ang Y (P (%) =P (F), Jg(Xng1 %))
+ ny (YP(X) = AX, Jq(Xngr1 = X)) + (Yny (Xny = X), Jg(Xngs1 = X))
< (1= Yy = @y 7)1y = Elll120mg1 = ZNT™ + Y|P ny) = §(E) || [120041 = X7
+ g (YP(X) = AT, Jo (X1 = X)) + Yoo 1y = Zl[|Xg1 — %[
< [1=an, (7 = )] (60 = )Xo = F17" + an, (y§ (%) = AT, Jy (xnpe1 = ))
qg-1

12641 = |7

< %[1 —an, (Y- 7)] (0 —€1)7 +

+ a, (YP(X) — AX, J4(xpps1 — X)) by Lemma 2.10,

(3.30)
which implies that
a1 = F17 < [1 = atn, (¥ = )] (20 = £1) + gan, (yp (%) = AX, J(xn,1 — %))
< [1 — Ony (? - Y)] (€0 - gl)q +qan, <Y¢(i) - AX, ]q(x"0+1 - i)> (3.31)
= [1=an (¥ =y = M) (20 = &1)"
< (e0—e1)?
Hence, we have
[l2¢ny+1 = X|| < &0 — €1 (3.32)
In the same way, we can get
[x, — X|| < &0 — €1, VYn>mny. (3.33)

It contradict the limsup,, _, _[|x, — X|| > &o.
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Case 2. Fixed g1 (61 < &), if ||x, — X|| > €9 — €1 for all n > N € N, from Lemma 2.8, there is a
number 7, (0 < r < 1) such that

9Cea) =@ || < rlln =%, n>N. (334)
It follow (3.1) that

%na = F7 = [|etnyd(n) + Yuxn + [(1 = )] - anAlyn - X|*
= 1[0 = y)T = an Al (yn = X) + an(yp(xn) = AX) + yu(x0 = %) ||
([ =) = anA] (yn = %) + an(yP(an) = AX) + ¥ (xn = %), Jg(xni1 = %))
([ =y)T = anA] (v = %), Jg (1 = %)) + (an (yP(xn) = AX), Jg (1 = %))
+ (Yn(xXn = X), Jq(2ne1 = X))
= ([(A=yn)I - anA] (yn = %), Jg(xne1 = X)) + (au (Y (xn) = $(X)), Jg(xni1 — X))
+{an(YP(X = AX), Jq(xni1 = X)) + (yn(xn = X), Jq(xni1 = X))

< (1= — any) 1% = Zlllxns1 = ZNT" + anyrllxn — X [lxne - X7
+ 2 (YP(E) = AR, Jo (X1 = %)) + Yullxn = F 2001 — X[

= [1 = au(F ~ yr)] 10 = Zllxasr = T+ a{yd(®) — AT, Jy(n1 ~ 3))
_ 1 - -1 - -
< [1-an(F -yl =37+ anx,m ~ X1+ @ yp(3)

- AX, J;(xps1 — X)) by Lemma 2.10,
(3.35)

which implies that
ns = 719 < [1 = (T = yr)]lben = FI + qaa(yp(®) - AF, Jy (st - 5)). (3.36)

Apply Lemma 2.2 to (3.36) to conclude x,, — X asn — oo. It contradict the ||x, — X|| > g9 — €.
This completes the proof. O

Corollary 3.3. Let D be a closed convex subset of a Hilbert space H such that D+ D C D and f € D
with the coefficient 0 < a < 1. Let A : C — C be a strongly positive linear bounded operator with
the coefficient y > 0 such that 0 <y < yand T; : C — E be \;-strictly pseudo-contractive non-self-
mapping such that F = (2 F(T;) #0. Let A = inf {\; : i € N} > 0. Let {x,} be a sequence of C
generated by (1.12) with the sequences {a,}, {Bn}, and {y,} in [0, 1], assume for each n, Z;?‘:’lqi(") =1

for all n and 111.(") > 0 for all i € N. They satisfy the conditions (i), (ii), (iii), (iv) of Lemma 3.1 and (v)
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limy, o ffn = a, limy, . oo 3372 |0 — 13| = 0 and 3.2, 1; = 1. Then {x,} converges strongly to X € F,
which also solves the following variational inequality

(yp(x) - AX,p-%) <0, ¥peF. (3.37)

Remark 3.4. We conclude the paper with the following observations.

(i) Theorem 3.2 improve and extends Theorem 3.1 of Zhang and Su [17], Theorem 1
of Yao et al. [11], and Theorem 2.2 of Cai and Hu [12]. Corollary 3.3 also improve
and extend Theorem 2.1 of Choa et al. [20], Theorem 2.1 of Jung [21], Theorem 2.1
of Qin et al. [22] and includes those results as special cases. Especially, Our results
extends above results form contractions to more general Meir-Keeler contraction
(MKGC, for short). Our iterative scheme studied in present paper can be viewed as
a refinement and modification of the iterative methods in [12, 13, 17, 22]. On the
other hand, our iterative schemes concern an infinite countable family of \;-strict
pseudocontractions mappings, in this respect, they can be viewed as an another
improvement.

(ii) The advantage of the results in this paper is that less restrictions on the parameters
{an}, {Bn}, {yn} and {7} are imposed. Our results unify many recent results
including the results in [12, 17, 22].

(iii) It is worth noting that we obtained two strong convergence results concerning an
infinite countable family of \;-strict pseudocontractions mappings. Our result is
new and the proofs are simple and different from those in [11, 12, 17, 19-25].
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