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This paper is devoted to the investigation of the existence of fixed points in a normed linear space
X endowed with a norm || - || for self-maps f from T x X to X which are constructed from a given
class of so-called primary self- maps being also from T x X to X. The construction of the self-maps
of interest is performed via a so-called switching rule which is a piecewise-constant map from a set
T to some finite subset of the positive integers or a sequence map which domain in some discrete
subset of T

1. Introduction

This paper is devoted to the investigation of the existence of fixed points in a normed linear
space X with norm || - || for self-maps from T x X to X which are constructed from a given
class of so-called primary self-maps from T x X to X. The construction of the maps f : T x
X — X of interest is performed via a so-called switching rule ¢ : T — N C Z, which
is a piecewise-constant map from a set T to some finite subset of the positive integers. The
potential discontinuity points of such a self-map in a discrete subset ST C S are the so-called
switching points at which a new primary self-map in a class Py is activated to construct the
self-map f : T x X — X of interest, each of those self-maps depends also on some given
switchingruleo : ST := {t;} CT — N = {1,2,...,N} CZ,.

In particular, f(t) = fi(t) = fow(t) € Py, for all t € [tj,tj11) where tj,t;,1 > t; are
two consecutive elements in the sequence ST generated by the switching rule o : T — N
such that o(t) =i € N, forallt € [tj, tj+1), for all t;, t;1 (> t;) € ST provided that there is no
STote (tj,t]'+1).
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The class of primary self-maps Py used to generate the self-map f from T x X to X
might contain itself, in the most general case, a class of contractive primary self-maps from
TxX to X, aclass of large contractive self-maps from TxX to X, a class of nonexpansive self-
maps from Tx X to X, as well as a class of expansive self-maps from T x X to X. The problem
is easily extendable to the case when the switching rule is a discrete sequence of domain in
a discrete set of T and of codomain again being the set of nonnegative integers. The study is
of particular interest for its potential application to the study of eventual fixed points in the
state-trajectory solution of either continuous-time or discrete-time switched dynamic systems
[1-6], constructed from a fixed set of primary parameterizations.

It is well known that contractive self-maps in normed linear spaces and in metric
spaces possess a fixed point which is unique in Banach spaces (X, ||-||) and in complete metric
spaces (X,d), [7-10]. Under additional boundedness-type conditions, a large contractive
self-map f from T x X to X which generates uniformly bounded iterates for any number
of iterations still possesses a unique fixed point in a complete metric space (X,d) (or in a
Banach space (X, | - ||) [6]. Some nonexpansive self-maps as well as certain expansive self-
maps also possess fixed points (see, e.g., [11, 12]). On the other hand, pseudocontractive
self-maps and semicontinuous compact maps in Banach spaces can also possess fixed points
[13, 14]. Those features motivate in this paper the choice of the given class of primary self-maps for
this investigation. It is also taken into account as motivation that unforced linear time-invariant
dynamic systems are exponentially stable to the origin if the matrix of dynamics is a stability
matrix. In the case that such a matrix has some pair of complex conjugate eigenvalues then the
solution is bounded and the solution trajectory may oscillate, and if there is some eigenvalue
with positive real part (i.e., within the instability region), then the state trajectory solution
is unbounded. The two first situations can be discussed using the fixed pointy formalism,
[1, 2, 6]. Thus, it is of interest to have some extended formalism to investigate time-varying switched
dynamic systems obtained under switched linear primary parameterizations not all of them being
necessarily stable and then associated with asymptotic contractive self-maps. It is also of interest the
basic investigation on the existence of fixed points of discontinuous self-maps which are identical to
some self-maps in a prescribed class over each connected subset of T being generated from a switching
rule o : T — N of switching points in the sequence ST C T. The switching rule which governs
the definition of the self-map f from T x X to X from the primary class of self-maps from
T x X to X is shown to be crucial for f : T x X — X to possess a fixed point. X is assumed to
be a normed linear space which is not necessarily either a Banach space or assumed to have
some uniform structure [15].

Three examples of the formalism are provided two of them being referred to the use of
arbitrary primary self-maps on X while the third one refers to linear time-varying dynamic
systems subject to simultaneous parameterization switching and impulsive controls.

2. Notation

Ro: :=R, U {0} where R, := {z€ R :z>0}.
Zy, =Z,U {0} whereZ, :={z€Z:z>0}.

C@ (R, R™), respectively, C @) (Rg,, C") are the sets of n-real, respectively, n-complex
vector functions of domain Ry, of class g, that is, g times n-real, respectively, n-complex
continuously differentiable everywhere in its definition domain Ros.

PC@ (Ro+, R™), respectively, PC@ (Ro+, C") are the sets of n-real or, respectively, n-
complex vector functions of domain Rg. of class (g — 1) with its gth time derivative
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being necessarily everywhere piecewise-continuous in Ry.. Thus, PC ©) (Ro+, R™), respectively,
PC(Ry,,C") are the sets of all n-real, respectively, n-complex vector functions being
piecewise—continuous everywhere in Ro..

If t € T is a first-class discontinuity point of f : T x X — X, then f(t, x(t)), simplifying
the customary notation f(t~, x(t)), denotes the lower limit of f att and f(t*, x(t)) denotes the
right limit of f at ¢.

U(A) denotes the Lebesgue measure of a subset A of R.

u(D) = 3, d;i6; is the discrete measure of the sequence D := {§; € A} C A (A being
Lebesgue-measurable) defined via the Kronecker-delta defined by 6; = 1if d; € D and 6; =0,
otherwise.

The symbols A, V, and - mean logic conjunction, disjunction, and negation,
respectively, and N := {1,2,..., N} is a subset of the positive integers numbers.

To establish the general framework for the formulation, consider a set T which is a
proper or improper subset of Ry, (it could also be a subset of Zj,) and X being a linear
normed space endowed with the norm || - ||.

Consider also a class of so-called primary (i.e., auxiliary) self-maps f; : T x X — X,
for all i € N to be used to build the class of maps under study through Fixed Point Theory
which is defined by

M = M(o, Pum)

= {f (TxX — Xt f(t,x(t)) = for (t, x(t)); VteT, VxeX, 0: T — N, fi€P, i EN}.
(2.1)

The class Py of primary self-maps of M, which generate the class M, is defined by Pu; :=
{fi : T(C T)x X — X :i € N} for some proper or improper subset T; of T, for all i €
N. In many applications T; = T; for all i € N. However, the possibility of taking different
subsets T; of T remains open within this formulation, for instance, for cases when the various
N parameterizations (or some of them) are not defined or, simply, not allowed to switch
arbitrarily but each with its own switching restrictions. Themap o : T — N :={1,2,..., N}
(N > 1) is the so-called switching rule being an integer-valued switching function if T is
a subset of Ry, of nonzero measure and a nonnegative integer-valued switching sequence
of real domain if T is a subset of Zy,. Each element of T for which the initial condition is
fixed is also axiomatically considered a switching point for any arbitrary switching rule. That
intuitively means that a switching rule involves a switch 0(0) = o(t1) € N. The discrete
switching sequence ST = ST(o, Ppr) of switching points T; € ST, indexed for i € csr C Zp, and
which is generated by the switching rule 0 : T — N [3-5], is defined as follows,

ST := {t; = t;(0) fulfill S,s; Vi€ sty CT (2.2)

cst = card(ST) < yo is the number of switching points which is either finite or infinity
numerable. S,; (the so-called Switching Property of the switching rule o): the switching
sequence ST is defined according to the Sp,-Property:

t € ST AL = min(T S5t>t1(€ST) : o(t) #0 (k) = j(tiy) € N); Vi>1) €Z,. (2.3)
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Note that each switching-dependent integer j(t;) is some integer in the set N = {1,2,..., N}
which defines the configuration within the set of N configurations which remains active
within the interval [f;, t;.1) for two consecutive switching points t;,t;.1 € ST so that for any
three consecutive t;_1,t;, tiz1 € ST,

o(ti) #o(t) =o(t) = j(t;) #o(tin);, VYt € [t tin). (2.4)

The discrete switching sequence ST = ST(c, Ppr) may also be viewed as a discrete strictly
ordered set of real or integer nonnegative numbers of first element (i.e., first switching point)
t; in the sense that —= 3t € ST such that t < t;. Also, -~ 3t € ST such that t € (¢;,tj.1);
for all t;,t;;7 € ST. Note that the switching sequence is a strictly ordered sequence of real
numbers which depends on the switching rule o : T — N. If the switching rule is a piecewise
continuous function, that is, T is a countable union of real intervals then its discontinuity
point happen at points of ST since the function f € M changes to another primary function
being distinct from the previous one. It is being supposed through the manuscript that T; =T
(being either Ry. or Zy.) and ST C Ry,.

The above framework is useful for examples of composed functions, multi-
parameterizations of dynamic systems, and so forth involving mappings with some kind
of switching. In particular, it is useful to investigate the stability and asymptotic stability of
certain dynamic systems which switched parameterizations. Examples of problems situations
adjusting to the above description are [3-5].

(a) X, a subset of R", is the state space of a continuous-time linear time-varying
unforced dynamic system described for T = Ry, by

%(t) = A(H)x(t), x(0) € R". (2.5)

A :Ropy — R™" is a real matrix function of piecewise constant entries whose image is A(t) =
Ac) € {A1,Ay, ..., AN}, where A; e R™ " foralli e N with A; #FAjiti#].

Then, f(t,x(t)) = fou (t, x(t)) = eAr 0 x(t;), where 0 1) is a fundamental matrix
of (2.5), for all t € T on the interval [t;,t;,1), forall ¢;,t;,1(> t;) € ST C T and o is a piecewise
constant function taking values in the integer set N which changes value at each ¢ € ST so
thato(t) =i € N, forall t e [t;,tj+1). The unique state trajectory-solution for each given initial
conditions x(0) € X is x : Roy — R" with x € CO (R, R") being differentiable everywhere
in S with x € PC® (Ro+, R") having first-class discontinuities in ST.

The eventual discontinuity points of the piecewise continuous switching function o :
T — N, thatis,

DT:={teT:Najzo(t+)¢a(t):i(¢j)eﬁ} (2.6)

are the discontinuity points of the state trajectory time-derivative x : Rop. — R”" since they
generate discontinuities in at least one entry of A(t), for all t € Dr.

(b) X, a subset of R”, is the state space of a discrete-time linear time-varying unforced
dynamic system described for T = Zy, by

Xjy1 = A(])x,, Xo € Rn,' V] €Zy,. (27)
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A Zy, — R™ " is a real matrix sequence whose image is A(j) = Ag(]-) € {A1, Ay, ..., AN},
where A; € R™" foralli € N.

The changes of value of the discrete switching function o : T — N ata sample j € Zo,
imply changes of values in at least one entry of A(j).

The class Py of primary self-maps of M is a union Pnt = PricU Patec U Pane U Paie U Pay
of disjoint sets, of respective disjoint indexing sets Inic, Inec, Imne, Inme, and Iy, whose sum
of respective cardinals equalizes N that is

N = card In. + card Inee + card Inge + card Inge + card Iy, (2.8)

with at least one of them being nonempty. Note from (2.1) that any function in M is
constructed by taking a function in its primary class Py for each interval [t;t1); for
all t;, t;y;; € ST(o) and some o : T — N. In this way, f € M, with M = M(o, Py),
is identical to some fj,- € PM, for some j; € N within each real interval [ti, tis1) for each
pair t;, ti.1 € ST(o) with the switching rule o : T — N being defined in such a way that
o(t;) = ji € N and o(ti1) = jui(#ji) € N. Thus, f(t) = f;(t); for all t € [t;, ti.1). The sets
Pre, Paniee, Puvne, Puie and Pay, considered in this section of the manuscript are defined in
the sequel.

(1) The class Py, of strictly contractive primary self-maps from T x X to X is defined as
follows.

Definition 2.1. f : T x X — X belongs to the class Pas of strictly contractive primary
self-maps from T x X to X if for any x,y € X, t(> t;) € T, for all t; € ST, the following
inequality holds:

[1£ & x(®) = (& y )] < k(t, t)[|x(0) =y ()

I (2.9)

where k € PC(O)(R0+, [0, k) N Ro,) for some real constants k € [0,1) where x(t) denotes the
valuein X of x : Tx X — XatteT.

Note from Definition 2.1 that for each f; : T x X — X in Py it exists a function
k; € PC(O)(R0+, [O,Ei) N Ry;) for some real constant E- € [0,1), for alli € Ip C N. It is
assumed that #; is the first element in ST. The terminology “strictly contractive self-map” is
used for the standard contractions referred to in the Banach contraction principle [6, 16] as
a counterpart of the alternative terminology used for large contractions [6], here introduced
below. Since strict contractions are also large contractions, since contractive self-maps are also
nonexpansive ones, and since the sets Py and N are investigated as corresponding unions of
disjoint components, the class of large contractions (resp., that of nonexpansive self-maps) are
characterized as members of a set which excludes the strict contractions (resp., as members
of a class which excludes any contractive self-map).

Remark 2.2. Note that the dependence of the functions k; : Rp» — R on the switching rule o :

T — N is a generalization which often occurs in practical cases. For instance, if a dynamic
system (2.5) changes its parameterization at time t = t, € ST from a stability matrix A; to
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another one A;, j,i(#j) € N, then A(t) = Asp) = Aj; some i € N so that o(t) = i, for all
t € [ty — €,t¢) what leads to

x(t,x(t)) = f(t, x(t)) = fi(t,x(t)) = e x(t,), VtE [to,to+e) (2.10)

for some sufficiently small real constant € > 0 if £, € ST. Since e?i**) is also a fundamental
matrix of a time-invariant linear dynamic system (i.e., the active system parameterization
starting at time f,) for initial vector state x(t;), then it is of exponential order so that
edt1|| < ki(t, te(0)) = Kie Pit-t) < k; < 1 for t > t, + pu for some real constant y and
some real constants K; > 1 (being norm-dependent) and p; € R,;i € N.

(2) The class Paye. of nonstrictly contractive large-contractive primary self-maps from T x X
to X is now defined as follows.

Definition 2.3. f : T x (X \ Pmc) — X belongs to the class Pyso. of nonstrictly contractive
large-contractive primary self-maps from T x X to X if it fulfils the joint condition C; A C; for
any x,y € X, t(>t) €T, forall t; € ST, where Conditions C; and C; are defined as follows.

(@) f: Tx(X\ Pmc) — X satisties Condition C; &

£t x®) = f(tLy®) | < [|x(t) - y(t)

;o Vx,y(#x) eX, Vit(>t), Vt eT. (2.11)

(b) f: T x(X\ Pm:) — X satisfies Condition C; & foralle € R,, 36 = 6(¢)(€ Ros) <1
such that

[((y) eXAllx -yl >e]

2.12)
- ”f(t,X(t)) - f(t/y(t))” < 6(t/ tl)”x(tl) - y(tl)”/ Vt(> tl)/ Vt; € ST,

where 6§ € PC© (Ros, [0,5) N Ry;) for some real constant 5¢€ [0,1).

Definition 2.3 applies to all f; in Pas \ Pape with 6; € PC(O)(R0+, [0, 3,-) N Ry, ) for some
real constant §; € [0,1), forall i € Ipge. C N.

(3) The class Py of noncontractive nonexpansive primary self-maps from T x X to X is
defined as follows.

Definition 2.4. f : T x (X \ (Ppc U Papec)) — X belongs to the class Py of noncontractive
nonexpansive primary self-maps from T x X to X if forany x,y € X, t(>t;) € T, t; € ST, the
following inequality holds:

£t x(®) = fF(Ly@)[| < |lxt) -y @) ¥x,y €X, VE(> 1), 1 €ST. (213)

Note that the above inequality is fulfilled by any f; € P \ (Pume U Paec), for all i €
Ipntne C N

(4) The class Pz of expansive upper-bounded primary self-maps from Tx X to X satisfying
a global Lipschitz condition and an additional bounding property is now defined as follows.
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Definition 2.5. f : T x (X \ (Pmc U Pmec)) — X belongs to the class Py of expansive upper-
bounded primary self-maps from T x X to X satisfying a global Lipschitz condition and
an additional bounding property if for any x,y € X, t(> t;) € T, t; € ST, the following
inequalities hold:

£t x(®) = f(tLy®)| = Bt ) ||x(tr) - y(t) || y

x,y€X, Vt(>t), YheT,  (2.14)
£t x®) = f(Ly®)] <kt t)]|x(t) - y(t) ||

where f € pCc©® (Ros, [ﬁ, o) NR,),and k € PC(O)(R0+, [,B,E) N R,) for some real constants
B e (1,0)and k € [B, ) CR,.

The above upper-bounding condition has been assumed to facilitate the subsequent
exposition. Note that there exists f§; € pC©® (Ros, [Bi, o)NR,)and k; € pCc@ (Ros, [ﬁi,ﬁi) NR;)
for some finite real constants Bi € (1,00) and Ei € [ﬁi,oo) C R, for any f; in Py, for all
i € Inge € N and that (Pae U Paree U Puine) 2 Paie. Note also that this requirement is not very
restrictive since it is fulfilled, for instance, by compact self-maps from T x X to X, also by
bounded self-maps from T x X to X and, even, by unbounded piecewise-continuous maps
of positive exponential order. That means that any state-trajectory solution generated from
bounded initial conditions in globally exponentially stable continuous-time linear dynamic
systems fulfil such a property for finite time in T. Many nonlinear dynamic systems whose
state-trajectory solutions do not exhibit finite escape times also possess this property.

(5) The class Pps of neither nonexpansive nor expansive primary self-maps from T x X
to X satisfying a global Lipschitz condition is defined in the sequel. This class includes, for
instance, primary self-maps which are expansive and globally Lipschitzian and nonexpansive
over alternate subsets of T of finite measure and primary functions which are, for instance,
asymptotically nonexpansive while being expansive for proper (then finite) subsets Ty C T =
Ro,.

Definition 2.6. f : T x X — X belongs to the class Py, of neither nonexpansive nor expansive
primary self-maps from T x X to X satisfying a global Lipschitz condition if it satisfies the
following inequality:

| £t x(®) - f(ty®)| <kt t)]|x(t) —yt)||; Yx,y €X, VE(>t), V1 €ST,  (2.15)

where k € PC?(Ry,, Ro; NR) is uniformly upper-bounded by some finite real constant k (>
1) eR,.

There exist k; € PC”(Ry,, Ro: NR) being uniformly upper-bounded by some finite real
constants Ei(> 1) € Ry, for each f; in Ppsy, for all i € Ing, C N. Note that Py, := Py \ (Ppe U
PMéc U PMne U PMe)-

Since Pur = Pate U PaiecU Paine U Pre U Py, and all the self-mappings fi from Tx X to X
in all the component subsets satisfy a global Lipschitz condition, the following result is direct
via recursion for each pair of consecutive elements of ST(c) from the definition of the class of
primary functions Py for M as a union of disjoint classes and Definition 2.1 and Definitions
2.3-2.6.
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Lemma2.7. f(e M): TxX — X, being generated from a class of primary self~maps Pnr of M in
X by any switching rule o : T — N, possesses the two following properties:

(@)

£t x(t)) = FCyEN

< k(t ) ||x(t) - y(b) || (2.16)

j-1
= H[ka(t,-)(tm,fi)] |x(t) —y(t)|; VYx,y€X, Vi, tj(>t) € ST(o)(i € Z.,),
i=1

(ii)

| f(tx(®) - f(ty®)|
<k(t, t)||x(t) —y(t) ||

j-1
= ko) (t, tj)H[ka(t,-)(tm,ti)] |x(t) —y(t)|; Vx,y€X, Vt,tj(>t) € ST(o) (i € Z,),
i=1

[V(T )t € [tj, tjx) if tjm €ST| V [V(T' 1) € (tj,00) NT if =~ 3 t(>t;) € ST(0)].
(2.17)

Proof. Any function f : T x X — X in M = M(o, Pu) is constructed for each interval [t;,t;.1)
by taking a function in its primary class Py, for all ¢;,t;.1 € ST(0) and someo : T — N.
In this way, f € M, with M = M(o, Py), is identical to some f; € PM, for some j; € N
within each real interval [t;,t;.1) for each pair t;,t;,1 € ST(0) with the switching rule o :
T - N being defined in such a way that o(t;) = j; € N and o(tiv1) = jin(#ji) € N. Thus,
f) = fi(t), for all t € [t;,ti11). The primary class consists of a disjoint union of classes
defined in Definition 2.1 and Definitions 2.3-2.6 which all have upper-bounding functions of
the form of the first inequality in (2.16). The function k(t,¢;) can be directly expanded for
any t € [tj,t;,1) and t; € ST(0), provided that some next consecutive t;,; € ST (o) exists, and
for any t € [tj, o), otherwise (i.e., if switching ends, i.e., ST(c) has finite cardinal, and the
last switching point is ;) via recursion from the preceding interswitching intervals [t;,¢;;1);
t; € ST(o),forall i € } O

Remark 2.8. The last logic proposition for the validity of Property (ii) of Lemma 2.7 means
that ko) (- t;) € PC?((tj.1,t;) N T,Ro,) if ;1 € ST and, otherwise, that is, if {t € ST :
t > tj} = @ so that ¢; is the last element in ST (with the physical sense that the switching
process generated by the switch rule o : T — N stops in finite time), then ko) (1 t)) €
PCO(S\ [ti, 1N S, Ros).

Lemma 2.7(ii) leads to the following direct consequent result.
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Lemma 2.9. Assume that T is Lebesgue-mesasurable with u(T) = oo. Then, the self-map f(e M) :
X — X, being generated from a class of primary self-maps Py from T x X to X, which satisfies the
given assumptions, from the switching rule o : T — N, is strictly contractive if there exists some
finite Ty € T with [t1,t1 + To) C T such that

j-1
<ko(t,-) (t + To, tj)H[ko(t,-)(ti+1,fi)]> <y<l1 (2.18)

i=1

witht; € ST(o), foralli € 7,]' = {maxi € Z, : t;(<t1+Ty) € ST(0)}. The condition (2.18) implies

Je1
3 lim <k0(t].) (i’1 + €Ty, tj)H[kc(t,-)(tHl/ti)]) =0, (2.19)
i=1

Z.5¢— >

where t; € ST(o), forall i € 7, je:={maxi € Z,: tj(<t +€Ty) € ST(0)}, and also

T>t— oo

j(h-1
3 lim <ka(t/.)(t,t]-)1_[[ka(ti)(ti+1,ti)]> =0, (2.20)
i=1

where t; € ST(0), forall i € f, jt) :=={maxi € Z, : t;(< t; +t) € ST(0)}.
The self-map f(e€ M) : X — X is still strictly contractive if (2.18) holds by replacing
t; — t* for some finite t* € T even if t* ¢ ST (o).

Proof. It follows that if (2.18) holds, then proceeding inductively

”f(tl + €T0,x) — f(tl + gT(), y) ”
<y|lftth+ (@ =-DTo,x(h + (€ =1)To)) - f(h + (¢ = DTo, y(t + (¢ - DTo))||  (2.21)

<Ylxt) -yt)|; YxyeX, veeZ,

so that one gets

EIZ 131?’1 ”f(tl + ZTo,x(tl + gT())) - f(tl + gTo,y(tl + gTo)) ”

S( lim Y€>IIX(t1)—y(t1)II=0; Vx,y €X,

YATEY AT

(2.22)
Fdim[1F@x0) = £ y®) | =limsupll £, x(0) - £y @)

+dt— o0

=, lign ||f(t1 + €Ty, x(ty + €To)) — f(t1 + €To, y(t + €Tp)) || =0, Vx,yeX,
D f—w
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so that f(€ M) : X — X, being generated from a classof primary self-maps Py from T x X
to X from the switching rule ¢ : T — N, is strictly contractive from Banach’s contraction
principle. Equations (2.19) and (2.20) are a direct consequence of the fact that (2.18) implies
directly

jh-1
lim sup <ka(tj)(t, ti) H [ko(ti)(ti+lrti)]>
i=1

T t— o

(2.23)

Tot— oo

jh-1
= lim inf<ko(tj)(t,tj)H[kg(ti)(tm,ti)]) =0.
i=1

The second part of the result is obvious since the finite interval [t1,t*) of T may be removed
from the discussion by still keeping the strict contraction property. O

To discuss some practical situations that guarantee the fulfilment of the condition
(2.18), let us define the following subsets ST(a, b, o, Pp) of ST(o, Pa), as a union of disjoint
components associated with some proper or improper subset of the class of primary functions
being active to build f(€ M) : X — X each on some nonempty subset of the subset [a, b) of
T:

ST(a,b,0,Pp) = |J STi(a,b,0,Pa) = | STi(a, b, 0, Pu) = ST(0, Pw) \ ([@,B) NT)

ieN(a, b) ieN
(2.24)
with
N(a,b,0,Py) = | | Ni(a,b,0,Py)
ieN
= NMC(aIbIUIPM) U NMgC(a,b,O',PM)
(2.25)

U NMne(a/ b/G/ PM) U NME((a/ b/ o, PM)G) U NMr(a/ blo-l PM)
QN: U Ni = Npe U Npee U Nyvine U Navte U Ny,
ieN
being such thato : T'\ [a,b) — N(a,b) :
[@#STi(a, b,0,Py) = [Ht]-EST(O', Py):o(t)y=o(t;) =i €N for some [tj,tj +€)Cla, b)CT]]
(2.26)

= Ni(a,b)#0 for any given i € N,
N(a,b) := {i € N : STi(a,b,0, Px) #0

= card Iy (a,b, o, Pyp) + card Inec(a, b, o, Py) + card Ingpe(a, b, o, Pyp)

(2.27)

+card Ipe(a,b, o, Pyp) + card Iz (a, b, o, Pyp),
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where ST;(a,b,0, Py) 20 for any i € N such that f(t) = f;(t) for any proper or improper
subset of (a,b) and

N =card N = card In. + card Inee + card Ingme + card Inge + card Ip,,
No = IMCO' ) IMZCU ) IMnea U IMea ) IMrc c N/
N, = card Inieo + card Inieeo + card Inmeo + card Inges + card Inmo < N,

T = Tpc(o, Pp) U Tviec (0, Par) U Tavine (0, Par) U Tage (0, Par) U Tarr (0, Par)

- < U TMCI.(G,PM)> u< U TMgCi(G,PM)> u< U TMnei(o,PM)>
i€lveo i€lyec i€1Mppo
V] < U TMe,-(O'/PM)> V] < U TMri(O'/PM)>/

i€l peo i€lnro

ST(o, Ppm) = STme(o, Pa) U STaec(0, Pa) U ST e (0, Par) U STare (0, Par) U STy (0, Par)

= < U STMC,»(O'/PM)>U< U STM@C,-(GIPM)>

i€lnMco i€lpmeco

iEIMnL,J i€lpeo i€lpro

u< U STMne,.((o,PM>>> u< U STME,.(o,PM>> u( U STMn(a,PM)>

C < U TMci(O'rPM)> U( U TMZci(O'/PM)>

i€lpco i€lMeco

Ul U Twmne (o, Pm) u< U TMei(o,PM)> u< U TMr,.(o,PM)>
iGIMnEa i€lpeo i€lnyro

= Tmc(0, Pp) U Taiee (0, Pat) U Tavne (0, Par) U Tme (0, Pag) U Ty (0, Py) C T.
(2.28)

Note that N depends on Py, but not on the o, since a particular switching rule can remove
some primary self-maps from generating a particular self-map from TxX to X. Note also that
the above decompositions are also extendable “mutatis-mutandis” to any subsets T'(a,b) C T
and ST(a,b) C ST.

The interpretation of card Iny(a,b, o, Pp) < card Iy < N is the number of strictly
contractive primary self-maps from T x X to X; that is, members of Py, being active on any of
the subsets of finite measure of (a,b) C T. Note that the sets ST(a, b, o, Py;) and N(a, b,o, Pyp)
are, respectively, the set of switching points used to build f : X — X from the primary class
of functions Py on [a,b) C T by the switching rule and o : T \ [a,b) — N which restrict
its image (since its domain is restricted) to some N(a,b,0,Py) C N which is the subset of
active primary functions for some nonempty subset of [a,b) C T. The interpretations of the
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disjoint decompositions of, in general, nonconnected subsets, of the sets T and ST in (2.28)
are related to. Note that for any given o : T — N, one has by construction

T =lai,by) = | [tis tin) = U<U < U [aijZ/bij€)>>
icy HEST i \jeN \¢eN;(aib)
= U<< U [aij,bi]-)> U < U [ai]-,bij)> (229)
i jENMC jENMc
u< U [aif,bij>> u< U [aif,bij>> u< U [aif,bz-»)),
FENMc jENMe JENMe

2U< U [aiffbij)> = U ( U [tijrti+1j)>/ (2.30)
i \JjeNme i€ST; \ jENMe

where the sets [a;, b;) are connected disjoint subsets of T since a; = t;(0) € ST(0) and a;41 =
b; = ti1(0) € ST(0) are consecutive switching points under the switching rulec : T — N, y =
Z. if card ST = yj (i.e., infinity numerable if 0 : T — N generates infinitely many switching
points), and y = card ST < yo with dcard sT(€ Z4) < o0 and bearq sT(€ Z+) = oo, otherwise.
However, the subsets [a;j¢, bij¢) and [a;j, bij) of [a;, b;) are not necessarily connected for any
given switching rule o : T — N since it can make a particular primary function at disjoint
subsets of T active to build f € M(o).

Note that the set T also includes any subset being obtained by replacing Nz in (2.30)
with any other of the disjoint components of N. Note also that Condition (2.18) needs the
presence of a strictly contractive self-map as a member of the primary functions for the given
switching rule as it is discussed in the subsequent result.

Lemma 2.10. A necessary condition for the strict contractive condition (2.18) to hold is that
switching rulec : T — N which generates f(€ M) : X — X has at least one self-map f; € Py #0
being a member of the primary self-maps Ppy.

Proof. Proceed by contradiction by assuming that the generalized condition obtained from
(2.18) for any finite t; € T holds with Pps. = 0. If Ppre = Paioe = 0 then Py = Phne U Pate U Py
and then (2.18) does not hold and, instead, we have,

j-1
<k0(tj)(t1 + TO/ )H O'(t)(tH—lIt ) > 1; VTO eT (231)
i=1

so that

j)-1
Taltir—r}oo inf <k0(t).) (t, tj) 11:1[ [kg(ti)(ti+1,t,~)]> >1>0, (2.32)
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and, then, either

Tot— 0

j-1
lim <ka(t/-) (t, tj) H [ko(ti)(ti+1, ti)]> >1>0 (2.33)
i=1

provided that it exists, or if the above limit does not exist, then f(¢ M) : X — X is not
strictly contractive. A second possibility is Py = @ and Ppgec # 0 so that Pyg = Py, U Prige U
Ppe U Ppgr. Then, for any suchao : T — N

Tt — oo

jH-1
lim inf <k0(tj) &) 1 [kg(ti)(tm,ti)]) > 0. (2.34)
i=1

Now, if lim7s;— o inf(ka(t].) (t, t,-)j Hfi)l_l

above follows. Otherwise, if limrs;—. o0 inf(ko (t,) TIY) ' ko@y (tis1, £:)]) = 0, then either

(Kot (11 + To, t) 1, ko (tis1, £)]) < 1 fails, for all Ty € T, or it holds for some Ty € T
but there is no 0 < y < 1 such that (2.18) holds since it has been assumed that Py satisfies
Pyie N Ppjpe = @. O

[ko@t) (tisa,t)]) > O, then the same contradiction as

Remark 2.11. Concerning Lemma 2.10, note that fixed points can still exist for f(e¢ M) : X —
X even if Py = (. A such a situation can happen, for instance, if a self-map f € M of X is built
with a switching rule o : T — N involving above primary functions in a class Py = Ppec 7 0.
It is well known that a large contraction self-map in a Banach space can possess fixed points
(see, e.g., [6]). However, Lemma 2.10 proves that if Pys. = @, the strict contraction condition
(2.18) does not hold for any Ty € T.

The mains result of this section follows.

Theorem 2.12. Assume that T is Lebesgue-mesasurable with u(T) = oo and consider a switching
rulec: T — N which generates f(€e M) : T x X — X, with M = M(o, Pum) defined by the class
Pyp of primary self-maps from T x X to X satisfying the given assumptions. The following properties
hold.

(i) f(e M) : T xX — X has a fixed point under Lemma 2.9 if u(Tpc(0)) = oo and
(T \ Trie(0)) < oo.

(ii) f(e M) : T xX — X has a fixed point if p(Tnrec(0)) = oo and p (T \ Tarec(0)) < oo
and, furthermore, AM (< o0) € R such that the boundedness condition

| f(t* + €To, x(t* + €T0)) - x(t")|| < M; Vx € X, V€ € Zo, (2.35)

holds in the case that f(€ M) : T x X — X is not Lipschitzian.

(iii) f(e M) : TxX — X has a fixed point if y(Tprc(0) UTnec(0)) = oo and u(T\ (Tmc(o)U
Trec(0))) < oo and, furthermore, AM (< oo) € R, such that the boundedness condition

|| f (£ + €To, x(t* + €T0)) - x(t*)|| < M; Vx € X, V€ € Zy, (2.36)
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holds in the case that f(e M) : X — X is not Lipschitzian; then f(€e M) : T xX — X
has a fixed point.

Proof. (i) Proceed by contradiction by taking into account the set inclusion properties (2.30)
and by assuming that the extended form of (2.18) in Lemma 2.9 to any replacement t; — #*
(finite) does not hold. Since p(T \ Tarc(0)) < oo and p(Tarc(0)) = oo, there exists a finite t* €
ST(o) such that f(t,x(t)) = fow (t, x(t)) for o(t) € Ng(t) = Inmcor; for all t(> t* € ST(0)) €T,
and for Ty = t* + t' (some finite ' € T), it follows by complete induction that

|| f (£ + €To, x(t* + €To)) — f (£ + €To, y(t* + €Tp)) ||
<yllf(E + (€ -DTo, x(t" + (€ -1)To)) - f(t" + (€ = DTo, y(t" + (¢ - DTy)) || (2.37)
<yllxt) -y(t)|; VYxyeX VeeZ,

for some y € [0,1) since o(t) € Inmco), for all ¢(> t*) € T which is a contradiction. Then,
Lemma 2.9 holds with Ty = +* + t' for the valid replacement ST(c) 3 t; — t*(< o) € T so that
f(e M) : T xX — Xis strictly contractive and has a fixed point.

(ii) Since f : X — Xisalarge contraction, the real sequence below {g¢},., isbounded
monotonically strictly decreasing for any pair x* = x(t*), y* = y(t*) #x* € X since

ge = ge(t', To, x*,y*) = || f(t* + €T, x(t* + €To)) — f (t* + €Ty, y(t* + €Ty)) ||

<goa=|fE+E@ = 1)To, x(t*+(€ - V)To))— f (£ + (€ = )To, y(t*+(€ - 1)Tp))|| V€ € Z..
(2.38)

Thus, for any prefixed &y € Ry, 369 = 60(ep) € R, and €y = €y (o) € Zy such that

”f(t* + éTo,x(t* + eTo)) - f(t* + éTO,y(t* + eTo)) ” (2 39)
< L||x(t" +€To) - y(t* + €To)|| <c0, V€ > '

provided that g, = ||x(+* + €To) — y(t* + €T9)|| is sufficiently close to zero satisfying g, < gg, <
0o < €9/ L where L is the Lipschitz constant of the self-map f from T x X to X, provided to be
Lipschitzian, and any given x*, y* #x* € X. If g — 0as ¢ — oo, then the self-map f from
T x X to X has a fixed point in X and the result is proven. Furthermore, the error sequence
{ge(x", y") = 118e(x") = ge(y*)|I} yz,, Which maps X x X in Ry, is a Cauchy sequence and has
a zero fixed point in Ro,. Also, {||ge(x*)[[},cz,, is a Cauchy sequence with a limit in X which
is a fixed point of f(¢ M) : T x X — X. Otherwise, assume that 3¢ € (0,6¢] € R, such
that {ge¢} 7, is not a Cauchy sequence or, if so, it does not converge to zero while satistying
ge > ¢; forall € > €. Then, 36 = 6(¢) € R, such that

. j
£<ge<blg < % 0 asj—o0; V> &, Vj € Zy.. (2.40)

Then, there is a finite sufficiently large jo = jo(¢) € Z. such that the above result is a
contradiction for all j( > jo) € Z,. Then, the self-map the Lipschitzian self-map f from
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T x X — X to X has a fixed point in X. Now, if f(€¢ M) : T x X — X is not Lipschitzian, but
it satisfies the given boundedness alternative condition, then

£<g0j<8g<8M—0 asj— oco; V€ >8, VjEZ,, (2.41)

which is again a contradiction for for all j(> jy) € Z, such that ¢ > 6" M concluding that
f(e M) : X — X has a fixed point.(iii)Since p(Tr1c(0) U Tarec(0)) = oo, then either

(1) u(Tme(o)) = o0 A u(Tarec(0)) < oo and then the proof follows from Property (i), or
(2) u(Tnme(o)) < 00 A u(Tarec(0)) = oo and then the proof follows from Property (ii), or
(3) u(Tme(o)) = oo A u(Tarec(0)) = oo and then the proof also follows from Property
(ii).
O

Remark 2.13 (An interpretation of Theorem 2.12). Theorem 2.12 extends the Banach contrac-
tion principle of strictly contractive maps and the fixed point properties of large contractions
to the case when the self-map is defined via switching-based combination of contractive
primary self-maps as follows. If y(Tpc(0)) = oo, then the self-map f from T x X to X is built
with a set of strictly contractive self-maps from T'x X to X on a subset of its domain of infinity
Lebesgue measure. If, furthermore, y(T\Tar-(0)) < oo, then there is a finite t* € T (e.g., a finite
time instant if T = Ry, ) such that all the primary self-maps used to build the self-map f are
strictly contractive for all > #*. A conclusion is that the self-map f from T x X to X is strictly
contractive so that it has a fixed point. A close reasoning leads to the conclusion that the self-
map f from T x X to X is a large contraction if p(Taec(0)) = oo and p(T \ Tarec(0)) < oo
or if pu(Tamc(o) U Tapec(0)) = oo and p(T \ (Tamc(0) U Taec(0))) < oo. In all those cases, the
subset of the domain of T where each primary self-map is activated by the switching rule
o:T — N are not necessarily connected. In the case when p(Tac(0) U Tapec(0)) = oo
(Theorem 2.12(iii)) the joint subset of the domain of T where the primary self-maps building
f are either strictly contractive or large contractive has infinite measure, what leads to the
same conclusions about the existence of fixed points as in the two former cases, although
it is not necessarily connected. A counterpart of Theorem 2.12 can be formulated for the
case when T is discrete countable sequence (say, e.g., Zo.). In this case, the finite Lebesgue
measures referred to in Theorem 2.12 are replaced by the cardinals of finite subsequences of
T and the infinity Lebesgue measures are replaced by yj (i.e., sequences of countable infinity
many nonnegative integers). The usefulness of the extended results ofTheorem 2.12 relies on
its use on the stability properties of switched dynamic systems with asymptotic convergence
of their state trajectory solutions to a fixed point. They also rely, to a more basic level, on the
fixed point properties of maps which are not necessarily Lipschitz-continuous but being built
with Lipschitz-continuous functions through a switching process.

Remark 2.14. In the case that p(Tarc(0) U Tarec(0)) = (T \ (Tae(0) U Tarec(0))) = oo the
existence of a fixed point is not guaranteed under the given conditions. Some “ad hoc”
conditions for the existence of fixed points are given in the next section.

Remark 2.15. 1f a fixed point exists for a particular self-map f(€ M) : T x X — X built
with a class Py of N primary self-maps switched according to a rule o : T — N under the
sufficiency-type conditions of Theorem 2.12, then such a fixed point is unique in the Banach
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space X. The result is directly extendable to complete metric spaces (X, d) what allows to
consider a parallel formulation for the case that the domain of f(€e M) : T x X — X, that
is ST, is an infinite sequence on nonnegative real numbers. If the formalism is applied on
a compact metric space, then it is not required for large contractions the fulfilment of the
boundedness condition of Theorem 2.12(ii)-(iii) from Edelstein fixed point theorem [8] which
can be proven using the Meir-Keeler theorem [9] as observed in [10].

The following property from T x X to X being a fixed point space relative to a set of
maps [16] is obvious under the conditions which guarantee the existence of at least a fixed
point in X for any f in the class M = M(o, Par).

Assertion 2.16. The Banach space X is a fixed point space relative to the class of self-maps
M = M(o, Ppr) which satisfies any of the properties of Theorem 2.12.

Example 2.17. Consider X = R and a set N of N € Z, primary self-maps Py all having the
structure

fi(t,x(t)) = koi - ki(t - t]')x(ti), x(t]') eX (2.42)

for some given ko; € R, ki : R — Ry, (being piecewise continuous and uniformly bounded
on Ry,); i € N, for all t € T. Note that the primary self-maps depend on a switching rule
o : Ry, — N whichisa piecewise constant real function defined as o(t) = o(t;), for all
t € [ti, tis1) C T where {t; = tj(0)} = ST C T = Ry, is the switching sequence. The class M
consists of the piecewise continuous self-maps f on R built as follows:

f(t) = x(t) = fa(t)(t, X(t)) = kog(t) - ko'(t)(t - t]-)x(t,-); Vt e [t]', t]'+1), Vt]' e ST. (243)

Note that o(t) = o(t;) € N = {1,2,...,N}, forallt € [tj,tj,1), for all t; € ST C Ro;.
If o(t) =i € N, forallt € [t t,1), then

| (tir1) =y (tj1)|

|kow (tje1 = 1) ||x(t) -y (t))]

IT lkow tin —t)||x(t) = y(t)|;  Vt; €ST, Yt € ST(t)) :=ST\ {t1,...,tj}.
o(t)EST(t))

IN

IN

(2.44)

Theorem 2.12 is applied as follows. If all the primary self-maps are strictly contractive for the
switching rule o : Ry, — N, that is, ki(tip —t;) < 1, foralli € N, that is, a sufficiently
fast switching cadence is used, it follows that the real self-map possesses a fixed point
from Banach contraction principle for any switching rule. It is not difficult to see that the
property also holds if the primary self-maps are large contractions or there are mixed large
and strict contractions used by the switching rule to build the self-map f. Each particular
fixed point may depend on the switching rule and X = R is a fixed point space for the class
M of self-maps built in such a way. The property may be generalized by using also primary
nonexpansive maps with associated k(-) having unity absolute upper-bound provided that
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the switching rule involves nonexpansive self-maps being always used on subsets of Ry.
of finite Lebesgue measure or, otherwise, combined with contractive primary self-maps both
(alternately) run on sets of infinity Lebesgue measure. If Pas has also nonexpansive self maps,
then a fixed point does not exist for all the class M of constructed self-maps so that X = R
is not a fixed point space. Finally, if expansive primary self-maps are also considered, then
a fixed point still exists for switching rules satisfying a condition like that of Lemma 2.9 for
some finite real Ty according to the following constraint:

|x(T1 + To) — ]/(Tl + To)l

< TT It - 0 |x@) - y@| sylxm -ym] %
0 (t)€STS (T1, Ty)
for some real constant y € [0, 1), where
T =T (¢,To) =t1 + (£ -1)Top; V€€Z,
STH(Ty, To) = {11, Tu(¢, To), (¢, To), (€, To), £,(6,To) |, 46

t5(¢,Ty) = {mint; : t; € ST(0), t; > T1(¢,To)},

t5,(¢,Ty) = {max t; : t; € ST(0), t; < T1(¢,Ty) + Ty ).

The above results are directly extendable to the linear space X = R" endowed with any
Euclidean norm.

Example 2.18. If the replacements k;(t—t;) — y(T;) = 1/ki(t—t;) <yi,i € N, are performed in
(2.42) to define the class of primary self-maps, that is, a sufficiently slow switching cadence
is used, then, the residence interval taken for the next switch after the switch at t; makes to
strictly decrease the function k;(t —t;). As a result, the existence of a fixed point is guaranteed
by any switching rule involving at least a primary self-map generating f : TxR — Ror
sufficiently large residence intervals compared with the times where the remaining primary
self-maps are used to generate f : T xR — R.

3. Some Extensions

It is now assumed that the class Py = Patc U Patec U Prine U Pate U Ppgy of primary self-maps
from T x X to X still satisfies weaker assumptions than the given ones in the previous section
as follows.

(1) The real constants y; € [0,1), i € Ip;e C N are not necessarily upper-bounds for
the primary self-maps f; from T x X to X in Pyr. Instead, the class Py is redefined so
that the upper-bounding functions k;(t,ty), for all t € T, for all {y € T are assumed to be
nonnegative and uniformly upper-bounded by finite constants C; € R, (possibly exceeding
or being equal to unity within some subsets of their definition domains) on S. Furthermore,
they are assumed to be asymptotically strictly contractive (i.e., taking asymptotically values being
less than unity) in the precise sense that limsup, _, ki(t, to) < y; for some y; € (0,1). Note that
this condition implies that for any given ¢; € (0,1 - y; — 6;] N R with arbitrary 6; € (0,1 -y;) N
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R, 3t; = ti(&;,yi) € Ssuch that S 5 t > t, the upper-bounding function k;(t,ty) associated
with f; € Py satisfies the limiting upper-bounding condition k;(t,to) <yi+€ <1-6; < 1.

Note that the condition limsup;_, ki(to + T,to) < y; is fulfilled if k;(ty + T, to) is
uniformly bounded in [ty ty + T] and it is also monotone strictly decreasing on some
[to+T',to + T] C [to,to + T]. In this case, there is also a subinterval [ty + T' + T",tp + T] C
[to + T’, to + T] C [to, to + T] in which ki(to +T, t) < Yi < 1, forallt e [to +T + T”,fo + T] This
condition is important in practice since exponentially stable dynamics such as those in (2.5)
systems fulfil it. Thus, it is possible to construct switching rules which respect a sufficiently
large minimum residence time interval at least at one of their stable parameterizations to
guarantee the existence of a fixed point and the exponential stability to the origin in the
dynamic system is unforced as a result.

(2) The class Ppie. is assumed to be the set of asymptotically large contractive primary
self-maps from T x X to X in the sense that Condition C; for any primary self-map f; from
T x X to X in the class Ppie. is replaced with its asymptotic counterpart:

limsup|| fi(t, x()) - fi(t, y(®)) || < ||x(t) —y(t)|; Vx, y(#x) € X, Vi(>t), h €ST (3.1)
t— oo

so that || fi(t, x(t)) — fi(t, y(t))| fulfils the strict upper-bounding condition in some subset of T
of infinite Lebesgue measure. The Condition C; is left unaltered.

(3) The class of noncontractive nonexpansive self-maps Py from T x X to X is
defined to fulfil a similar condition to the above one by using instead under nonstrict
inequality.

(4) The remaining classes of primary functions are assumed to be as those given in
Section 2.

Although three of the subsets of primary self-maps are redefined under weaker
conditions, the notation of Section 2 is kept for them in order to facilitate the exposition. The
subsequent notation t € ST;(o, Py, a,b), for j € N, stands for switching points of f € P, the
rule ¢ acting on the primary class Pys of self-maps from T x X to X being within the subset
[a,b) CT. If the arguments and b are omitted, then t € ST;(o, Par) is understood to be within
any subset of T.

The main result of this section extends Theorem 2.12 as follows.

Theorem 3.1. Under the assumptions in this section, assume also that all the self-maps of the class
Py in X are also uniformly bounded, that T is Lebesgue-measurable with u(T) = oo and consider a
switching rule o : T — N which generates f(€ M) : T x X — X, with M = M(o, Pn) defined by
the set Py of primary self-maps from T x X to X satisfying all the above assumptions. The following
properties hold.

(i)f(e M) : T x X — X has a fixed point if u(T \ Tpe(0)) < o0, u(Tae(0)) = oo and a
minimum finite residence interval T,, being sufficiently large compared to u(T \ Ta.(0)) is respected
at any t; € ST;(0), for all j € Ipe C N before the next switching in the following precise sense:

[t ST, ¥j € e C N|
:¢[<STA0)3tH12ti+TH,Vé(#j)EIMCQTV>A(ﬂHte(hjﬂi)ﬂSTMckﬂ)] (3.2)

Vv [~3t(> t;)ST(0)],
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or there is a finite number of switches with the last switching point being to a primary self-map in
Pae.

(i) f(e M) : TxX — X has a fixed point if u(Tarec(0)) = oo and u(T \ Tarec(0)) < o0
and, furthermore, IM (< o0) € Ry such that the boundedness condition

(£ + €To, x(t* + €To)) — x(*) || < M; Vx € X, VI € Zy) (3.3)

holds in the case that f(e M) : X — X is not Lipschitzian, then f(e¢ M) : X — X has a fixed
point and a minimum finite residence interval T,, being sufficiently large compared to p(T \ Tarec(0))
is respected at any t; € ST;(0), for all j € Ipgee C N.

(iii) f(e M) : T x X — X has a fixed point if p(Tpc(0) U Tavec(o)) = oo and p(T \
(Tmce(o) UTamec(0))) < oo and, furthermore, AM (< oo) € R, such that the boundedness condition

|| f (£ + €To, x(t* + €To)) - x(t*)|| < M; Vx € X, V€ € Zy, (3.4)

holds in the case that f(€ M) : TxX — Xisnot Lipschitzian, then f(€ M) : TxX — X has a fixed
point providing that a minimum residence interval is respected for at least one of the asymptotically
strictly contractive or asymptotically large contractive self-maps in Ppy.

Proof. (i) Assume p(T \ Tamc(0)) < oo, p(Tpce(0)) = oo. Since f € M(o, Py) is uniformly
bounded piecewise-continuous since all the functions in Py are also uniformly bounded, the
corresponding rate over-bounding functions k : T x T — Rg, are also uniformly bounded.
Then, since (T \ Tac(0)) < oo, then the following situations can occur.

(1) The last switching occurs at a finite point #; in ST (o, Py) with switching of the
self-map f € M(o, Py) from T x X to X to an asymptotically contractive primary self-map.
Also, t; is the left boundary of a connected interval of S being of infinity Lebesgue measure.
Formally: 3t; € ST; (0, Pm) € STame(o, Pv) € ST(o, Pym) such that (ST (o, Pa, ti, 00)) = oo for
some j € In C N, that is, there is no switching point being larger than the largest switching
point ¢; in ST under the switching ruleoc : T — N. Then,

|t x(t) = fF(ty®)|| < k()| f (ki x(8) = f(t,y ) || < 2Mk(tt) <yi+ei <1 (3.5)

provided that t > t; + T,; for any given positive real constant &; < 1 - y; such that
ST;(o, Pm, ti,0) 3 t; > t* € ST(0, Py) is sufficiently large but finite since lim sup, _, _ ki(t, to) <
Yi. Thus, the self-map f € M(o, Pp) has a fixed point.

(2) There is no last switching point but after a finite switching points all the switching
points exceeding some sufficiently large finite one involve switches to asymptotically strictly
contractive primary self-maps from T x X to X.

Then, //L(ST] (O', Py, t;, ti+1)) < oo such that t; € ST] (O', PM) and tiy1 = min(t >t
t € ST(o,Pm)) € STe(o, Py ) for some €(#j) € Im C N. First, assume that j & Ipme and
(#7j) € Inmc generates the next switching point t;,; € ST under a primary self-map in Py,
with ‘u(STg(O', Py, ti1, tiv 2)) < oo, and

> u(STe(0,Pu, ty 1)) = 00 = [u(T \ Tre(0)) < 00 A p(Tpe(0)) = o). (3.6)

j€IMme, ti2ti
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This situation can occur of a simply connected subinterval [t;, co)of Tas.. Using a parallel
reasoning to that of case (1) involving complete induction, one gets that 31im;_, .|| f (, x(t)) —

ft,y(t)|l = 0since

limsup | f(t,x()) - f (L y®)]| <, lim  (2Mp)/ =0 (37)

T>t— o 0+ 3

with p := max(yj +¢;: j € Ipmc) <1~ 06 provided thattj,g > t; + Trej) > t; + T, > t;if t; € ST,
for some € = 2(j)(#€4(j— 1)) € Ipc C N with Tre(j) 2 T; > 0 being sufficiently large but finite.
It is again concluded that the self-map f € M(o, Pap) has a fixed point.

(3) There is no last switching point but, after a finite switching point, the sequence
of all the switching points exceeding some sufficiently large finite one contains an infinite
sequence of switching points to primary self-maps from T x X to X which are not
asymptotically contractive. This case cannot occur since then p(T'\ Ty (0)) = oo contradicting
the given assumptions.

Property (i) has been fully proven.

Properties (ii)-(iii) are proven in a similar way to their stronger parallel properties in
Theorem 2.12 by using the upper-bounding limiting property of (2.18) for the extended class
of primary self-maps. The detailed proof is omitted. O

Corollary 3.2. Theorem 3.1(i) is fulfilled for any switching rule such that the minimum residence
intervals referred to are respected in only one of the asymptotically strictly contractive primary self-
maps. Theorem 3.1(ii) is extendable to the fulfilment of a sufficiently large residence interval by one of
the asymptotically large contractive primary self~maps. Theorem 3.1(iii) is extendable to the fulfilment
of the above property by either one of the asymptotically strictly contractive or one of the asymptotically
large contractive primary self-maps.

Theorem 3.1 addresses the case when the subset of T, where f € M(o, Pur) is defined
via not asymptotically (strict or large) contractive primary self-maps in P, has a finite
Lebesgue measure; that is, switches in-between primary self-maps can involve no contractive self-
maps over finite intervals. It is furthermore interesting to make that assumption more powerful
by considering that T is the countable union of infinitely many connected subsets of finite
Lebesgue measure whose boundaries are each pair of consecutive switching points. Sets
formed by unions of some finite number of those subsets for consecutive switching points
are assumed to contain at least one asymptotically either strict or large contractive primary
self-map generating f € M(o, Pnr). The subsequent result extends Theorem 3.1 to the case when
the conditions of Lemma 2.9 are modified to their asymptotic versions. It is admitted that the sets of
primary self-maps which are not contractive may be asymptotically compensated by the contractive
ones, so that the built f(€ M) : T x X — X by the switching rule o : T — N is asymptotically
contractive in some sense to guarantee the existence of a fixed point. Its proof follows directly by
combining a directly extended Lemma 2.9 to its asymptotic version with Theorem 3.1 since
any f(e M) : T x X — X is uniformly bounded on its definition domain.

Corollary 3.3. Assume that all the self-maps of the class Pyy in X are also uniformly bounded, that T
is Lebesgue-measurable with u(T) = oo, and consider a switching rule o : T — N which generates
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f(eM):TxX — X, with M = M(o, Py) defined by the class Pyy of primary self-maps from
T x X to X satisfying either

i+j-1
lim sup <kg(ti) (t; + To, tj) H (ko) (ti1, ti)]> <y<1 (3.8)

i— oo

for some sufficiently large Ty € T or the Condition C, of Section 2 for large contractions, together with
the (asymptotic) modified condition Cy :

liltnsup”fi(t,x(t)) - filby®)|| < ||xt) —yt)|; Vx,y(#x) € X, Vi(>t), t € ST. (3.9)

Then, f(€ M) : T x X — X has a fixed point.

Remark 3.4. The results of Sections 2 and 3 are extendable directly to the discrete case for the
sets P and Py by replacing Lebesgue measures with discrete ones.

Example 3.5. Fixed point theory is a useful tool to investigate the stability of dynamic systems
including standard linear continuous-time or discrete systems and time-delay systems [2, 6]
as well as hybrid dynamic systems including coupled continuous-time and discrete-time
subsystems [1]. Now, it is discussed the case of a delay-free continuous-time system under a
switching rule operating among a given set of parameterizations and subject to controlled and
uncontrolled impulses. Consider the linear dynamic unforced time-varying system:

x(t) = Aonx(t) + Boyu(t) + Boonuo(t), x(0) € R”,

u(t) = D, Kc(t)6(t-t)x(t);  uo(t)y= > Ko(t)6(t—t),

t;€ Imp,, t;€lmp,

(3.10)

where Imp_ and Imp,, which are not required to be disjoint, are the real sequences of
impulsive time instants where feedback control impulses and open-loop (i.e., feedback-free)
control impulses occur, respectively, with the control Dirac distributions being u(t) and u(t),
respectively, of respective piecewise-constant function matrices of dynamics A(t) = Ag) :
T — R™ and control matrix functions B(t) = Bs¢) : T — R™ ™ and By(t) = Boory : T —
R™ ™ being run by a switching rule o(t) = o(t;) € N = {1,2,...,N}, forall t € [t} tj;1), for
all t; € ST C Ro; where ST is the strictly ordered sequence of switching time instants. The
real impulsive amplitude sequences {K_(t;) }tielmpc and {Ko(ti)}tielmpo of elements in R™ ™
are assumed to be uniformly bounded and can be finite or infinite. An empty or nonempty
sequence of impulsive time instants can occur as follows for some p; € Z,:

{ti =tio, tin,.--, tip,-—lf ti+1} C [ti, ti+1)} Vti, i1 € ST(G)/ (311)

either within any simply connected time interval [t;,ti,1), where t;,ti,1 € ST(0) are two
consecutive switching points, or within any interval [t;, o) if the switching rule o : Ro, =
T — N generates a finite sequence ST of switching time instants of last element ;. The
following impulsive constraints are assumed.
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(1) Jemp € R, such that tjj; — tj > emp for any two consecutive impulsive time
instants t;;,t;;1 € Imp_ U Imp,), if any, within [ti, tis1) with t; ,t;1 € ST being any
two consecutive switching time instants. Also, 3e; € R, such that t;, 1 — t; > &, for
any two consecutive switching time instants. The interpretation is that there is no
accumulation point either of switching time instants or of impulsive time instants.

(2) It t; ¢ Imp,, then K, (t;) = 0, and if t; ¢ Imp,,, then Ko(t;) = 0.
3
(4

(5) If [t;, tis1) is of finite Lebesgue measure, then 1 < p; < oo (i.e., there is at most a finite
number of impulsive instants in any finite time interval within two consecutive
switching instants).

If p; = 1, then there isno t € (Imp, UImp,) N (¢, ti11) and Ty =ty — t;.

)
)
) If p; = 1and t; ¢ Imp_ UImp,, then thereisno t € (Imp_ U Imp,) N [t;, t;11).
)

(6) If there is a finite number of switches generated by the switching law o : Ry, — N,
so that a finite ¢; is the last one, with [t;, o0) being of infinite Lebesgue measure then
1 < pi < oo (i-e., an infinite or finite number of impulsive instants can occur within
an infinite time interval).

(7) If p; = oo, then [t;, ti+1) is of infinity Lebesgue measure so that ¢, = co.

The unique state trajectory solution of this dynamic system satisfies

x(tija) = eA““i)T"fx(t;'j),

x(t;}H) = (In + BK (t,-]-))x(tij+1) + BQKo(tij)Tl
(3.12)

= (I, + BK, (tij))eA"“ﬁT"fx(t;rj)

+BoKo(ti;);  Vtij, tije1 € (Imp, U Lmp, ) C [ti, tis1); Vit ti1 € ST,

where 7;; := t;j1—t;; and I, is the nth identity matrix. One gets by applying the above relations
recursively for the sequence of tie instants {t; = tio, ti, ..., tip.—1,tis1 }

x(th,) = ﬁ [(In + BK.(t;))] e mx () + pzl le [(L + BK.(tie))e?0™ | BoKo ()
j=0 j=0 €= j+1 .
so that
Xt | < peoe X B | + pooy; Vi tisn € ST (3.14)
with

pi—1 pi—1
Pco(t) = H [(In + BK. (tif))eAU“i>Tij] S f_)co(ti) = Co(ti)e)m(mﬂ H [”I” +BK, (tif) ”] ’
70 =0

(3.15)
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where 7; ;= tj1 — t; = Z?j 7;j and Aoy, is the numerical radius Amax (Ao + AtTr(t,-))/ 2 (or 2-
matrix measure with respect to the spectral £;-norm) of Ay, and the fundamental matrix
function is upper-bounded as follows |le?f|| < C;e!! for any A; € R™" and some real

constants C; > 1 and \;, for all i € N. Then,

”x(t;-l) -y(t) ” < Peott) ”x(t:) -y(t) ” = ﬁco(t,-) ”x(t:r) -y(t) ”

< co(tj t+ - t+
[[peoc | lxCt5) -y D 16

< T [Peoey | I1(E1) — w(57)
j=1

; Vti, ti1 € ST, Vxl,Vyl e X.

If t; < oo is the last switching time instant, then 7; = t;;1 = oo and
[[x(5) =y Ol < peotollx(£7) = y (E) | < Peoqey 12 (E) =y (ED) I

< 1:[[%@] () -y ()|

pi-1 (3.17)
< Cope' @ ( T Tl + BKc(t) ]

=0
i1
) T T[Peoty | I(E) =y (D)1 Ve € [8:,00),
=1
and furthermore,
lim sup||x(t) -y )]
picl i-1 (3.18)
< lim sup Cottpe™ TTn+ BRI T[Peosy] )1t v (DI
— 0 j=0 j=1
Also, one gets for any finite Ty € Ry, any p € Z, for all t;, tj, € ST
[x(t] + (p+1)To) ~y(t; + (p+ ) To) ||
Aoy (t-t n e
< Ca(tﬂ)e oty (t=ty) H[”I" +BKc(tj)”] H[pco(t,-)]
=0 j=v (3.19)

x Co(tysmy €@ &0 || x (£ + pTo) —y (£ + pTy) ||

= kp||x(t] +pT,) - y (] +pT,)

7
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where k, = k,(Ty, o) € R, is defined directly from the above expression, provided that there
is at least one switching time instant within [t; + pT, t; + (p + 1)To], where
ty = t,(p,To) =min(t € ST : t > t, + pT,),
ty=t,(p,To) =max(t €eST:t <t + (p+1)Ty) > t, (3.20)

ti+ (p+1)To > t, >t +pT,,.

The case that there is no impulse but one switch within [t; + pT, t; + (p + 1)To] is included
in the above formula by removing the norms ||I, + BK,(t,;)| since the involved p(, are zero.
The case of no switch-no impulse occurring in [t; + pT,, t; + (p + 1)T] is also particular case
of the above formula (3.19) resulting to be for t,, = t; + pT|,

lx(t + (p+ 1)To) =y (&5 + (p + 1)) || < Coprye™ ™ ™|\ x(t +pTy) = y (& +pT) ||

= kp||x (] + pT,) -~y (t +pTy)||-
(3.21)

It follows directly from recursion in (3.21) that for any switching rule o : Ry, — N if there
exists a Top = To(0) € R, such that k, = k,(Tp,0) <1,

14
lx(t; + (p+1)To) —y(&; + (p+ 1)To) || < (I I[ki]>llx(tT+To)—y(tT+To)|I (3.22)
i=1

so that the state-trajectory solution possesses a fixed point exists since

3 tim_|lx(6 +pT) -y (6 < T)|
(3.23)
= lim ||x(& +pT,) —y(t; +To)|| =0; Vx(t),y(t) €R.

R,3t—+c0

It turns out that if there is at least one stability matrix Ay € {A; :i € N}, then there are always
switching rules o : Rg; — N which lead to a state-trajectory solution possessing a fixed
point. Since Cpetet=t) < 1, since A; < 0, for any sufficiently large residence interval (f — ;)
such that o(t;) = € (i.e, for a sufficiently large time interval free of switches and impulses
previous to the next switch after each switch to the stability matrix A, has happened), then
the associated map for this switching is asymptotically strictly contractive. They can occur
also switches to nonexpansive (\; = 0) or expansive (\; > 0) generated by the switching rule
but a fixed point always exists for such a rule if for some Ty = Ty (o) € R, there is a dominance
of the switching intervals associated with A, so that k, < 1. In the presence of impulses, the
result is still valid by increasing, if necessary, the residence interval before to the next switch
after switches to the parameterizing matrix A, have happened. It is possible to achieve a
constant k, = k,(Tp, o) < 1 for some T since the norm upper-bounding real function of time
Cpe*¢(t1) is monotone strictly decreasing related to the residence interval 7; = t;;; — t;.
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Remark 3.6. It is important to point out that it is obvious that the generalization of the given
formalism to switching rules o : ST — Z, is direct; that is the codomain Z, of ¢ coincides
with the image of o so that infinitely many distinct primary self-maps are used to construct
f : TxX — X. This implies necessarily that the switching rule generates infinitely many
switches so that the discrete measure of ST is infinity.
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