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Using the setting of generalized metric space, the so-called G-metric space, fixed point theorems
for mappings with a contractive and a generalized contractive iterate at a point are proved. These
results generalize some comparable results in the literature. A common fixed point result is also
proved.

1. Introduction

Sehgal in [1] proved fixed point theorem for mappings with a contractive iterate at a point
and therefore generalized a well-known Banach theorem.

Theorem 1.1. Let (X, d) be a complete metric space and let T : X — X be a continuous mapping
with property that for every x € X there exists n(x) € N so that for every y € X

(", T"0y) < q-d(x,y), where q € [0,1). (1.1)

Then T has a unique fixed point w in X and lim T (x0) = u, for each xo € X.

Guseman [2] extended Sehgal’s result by removing the condition of continuity of T
and weakening (1.1) to hold on some subset B of X such that T(B) C B, where, for some
Xo € B, B contains the closure of the iterates of xy. Further extensions appear in [3, 4]. Our
aim in this study is to show that these results are valid in more general class of spaces.

In 1963, S. Gdhler introduced the notion of 2-metric spaces but different authors proved
that there is no relation between these two function and there is no easy relationship between
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results obtained in the two settings. Because of that, Dhage [5] introduced a new concept of
the measure of nearness between three or more object. But topological structure of so called
D-metric spaces was incorrect. Finally, Mustafa and Sims [6] introduced correct definition of
generalized metric space as follows.

Definition 1.2 (see [6]). Let X be a nonempty set, and let G : X x X x X — R* be a function
satisfying the following properties:

(G1) G(x,y,z) =0ifx=y =z

(G2) 0 < G(x,x,y); forall x,y € X, with x #y;

(G3) G(x,x,y) <G(x,y,z), forall x,y,z € X, with z# y;

(G4) G(x,y,z) =G(x,z,¥) =G(y,z,x) =+, (symmetry in all three variables);

(G5) G(x,y,z) <G(x,a,a) +G(a,y,z),forall x,y,z,a € X.

Then the function G is called a generalized metric, or, more specifically, a G-metric on X, and
the pair (X, G) is called a G-metric space.

Clearly these properties are satisfied when G(x, y, z) is the perimeter of triangle with
vertices at x, y, and z € R?, moreover taking a in the interior of the triangle shows that (G5)
is the best possible.

Example 1.3. Let (X, d) be an ordinary metric apace, then (X, d) can define G-metrics on X by

(Es) Gs(x,y,2z) =d(x,y) +d(y,z) +d(x, z),
(Em) Gm(x,y,2z) =max{d(x,y),d(y, z),d(x,z)}.

Example 1.4 (see [6]). Let x = {a,b}. Define G on X x X x X by

G(a,a,a)=G(b,b,b)=0, G(a,ab)=1, G(a,b,b) =2, (1.2)

and extend G to X x X x X by using the symmetry in the variables. Then it is clear the (X, G)
is a G-metric space.

Definition 1.5 (see [6]). Let (X, G) be a G-metric space, and let {x,} be sequence of points of
X, a point x € X is said to be the limit of the sequence {x,}, if lim, ,,— G(x, x4, x,) = 0, and
one says that the sequence {x,} is G-convergent to x

Thus, if x, — x in a G-metric space (X, G), then for any e > 0, there exists N € N such
that G(x, x,,, x,) <€, foralln,m > N.

Definition 1.6 (see [6]). Let (X,G) be a G-metric space, a sequence {x,} is called G-Cauchy
if for every € > 0, there is N € N such that G(xy,, x,, x1) < €, for all n,m,l > N; that is, if
G(xy, Xm,x1) — Qasn,m,l — oo.

A G-metric space (X, G) is said to be G-complete (or complete G-metric) if every G-
Cauchy sequence in (X, G) is G-convergent in (X, G).

Proposition 1.7 (see [6]). Let (X,G) be a G-metric space, then the function G(x,y, z) is jointly
continuous in all three of its variables.
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Definition 1.8 (see [6]). A G-metric space (X,G) is called symmetric G-metric space if
G(x,v,y) =G(y,x,x), forall x,y € X.

Proposition 1.9 (see [6]). Every G-metric space (X, G) will define a metric space (X, dg) by
ds(x,y) =G(x,y,y) +G(y,x,x), Vx,yeX (1.3)
Note that if (X, G) is a symmetric G-metric space, then
de(x,y) =2G(x,y,y), Vx,yeX. (14)

However, if (X, G) is nonsymmetric, then by the G-metric properties it follows that
;G(x, v,y) <dc(x,y) <3G(x,y,y), VxyeX (1.5)

and that in general these inequalities cannot be improved.

Proposition 1.10 (see [6]). A G-metric space (X,G) is G-complete if and only if (X,dg) is a
complete metric space.

In recent years a lot of interesting papers were published with fixed point results in G-
metric spaces, see [7-18]. This paper is our contribution to the fixed point theory in G-metric
spaces.

2. Fixed Point Results

Let (X, G) be a G-metric space, f : X — X a mapping, B C X such that for some g € (0,1)
and each for x € B there exists a positive integer n = n(x) such that

G(f"™(2), £ (x), f¥)(x))

(2.1)
< q-max{G(z x,%),G(z f"® (x), f"(x)), G(f"¥) (2), x,x) }

for all z € B. Then we write f € (1). If
G(f" (@), f'9 (x), f9) (x))
1

<q- max{G(z, X, x), 3 [G(z,f”(x) (Z),fn(x)(z)> + G<xrfn(x) (x),fn(x)(x)>]/ (2.2)

[6(= £, @) + 6(5 ), %) |

N

for all z € B, we write f € (2).



4 Fixed Point Theory and Applications
Theorem 2.1. Let f € (1) or f € (2). Let B C X, with f(B) C B. If there exists u € B such that for
n=n(u), f"(u) = u, then u is the unique fixed point of f in B. Moreover, f*(yy) — u, k — oo, for
any yo € B for f € (1), and for f € (2) ifq <2/3.

Proof. If (X, G) is a symmetric space than dg(z, x) = 2G(z, x, x) and (2.1) becomes
do (") (z), 9 (x)) < qmax{dc(z,%),dc(z, @ (x)), de(x, 0 (2))},  (23)

and (2.2) becomes

4c (11 @), () < gmax{ de(z,2), 5 [de (= @) + de(x, )],
(2.4)

3 e (2579 ) + de(x /0 @)] |

thus the result follows from Theorem 12 in [3] and it is valid for any g < 1. Suppose now that
(X, G) is nonsymmetric space. Then by inequality (1.5) we have that (2.1) becomes

G(f"(2), f19(x), f@) (x))

(2.5)
<2q-max{G(z,x,%),G(z f" (x), 0 (x)), G(f"D(2),x,x) },

and (2.2) becomes

G(f"(2), f'9 (), f)(x))

<2g- max{G(z, X, x), % [G <Z, fr®(z), fr (Z)> + G(x, £ (x), fr1) (x)>], (2.6)

%[G<z, £ (x), f"(x)(x)> + G( £ (z), x, x)] }

Since 2g need not be less then 1 we can use metric fixed point results only for g < 1/2.
On the other side, using the concept of G-metric space, we are going to prove the result, if the
first case for any 0 < g < 1, and in the second one for 0 < g < 2/3. This means that our results
are real generalization in the case of nonsymmetric G-metric spaces.

Let f € (1). Uniqueness follows from (2.1), since for f"(z) = z, it follows that

G(z,u,u) = G(f"(z), f*(u), f*(u)) < qG(z,u,u). Now f"(f(u)) = f(u) implies that f(u) = u.
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Let yo € B, and assume f™(y) # u for each m. For m sufficiently large write m = kn+r,
k>1,and 1 <r <n. Then

G(f" (yo), ) = G(F* (o), f"(u), " ()
< qmax{G(f*1"" (yo), u,u), G(f*" (o), £ (), " W)),
G(f™ (yo),uu,) | 27)

= aG(f %" (yo), u,u) < -+ < 4*G(f" (o), u,u)

< g*max{G(f"(yo),u,u) : 1<p<nj,

so G(f™(yo),u,u) — 0,m — oo.
If f € (2), uniqueness follows from (2.2) since for f"(z) = z, it follows that G(z, u, u) =
G(f™(z), f"(u), f*(u)) < gmax{G(z,u,u),0} and further f(u) = u. Now for any yo € B

GUf™(yo) 1) = G(F*"™ (), £(w), f"(w)) < @M (yo,m, ), (28)

where

G(fE™ (yo), w,u),

1
M(yo,m,u) = 4 5 (G (yo), f" (o), ™ (o)) +0], (2.9)
2GS (o), 1, ) + GO (o), )]
For M(yo, m,u) = (1/2)[G(f*V™7 (yo), u, u) + G(f™(yo), u, u)] we have

1 1
§G<f(k_1)n+r(y0)/u, M) < EG(fm(yo)r“'”)'
(2.10)

26 (o), ) < 5G(FED" (o), )

which is a contradiction, and therefore

M (o) = max{ G £ (yo), 1), 5G (P (o), £ (o), £ o)) | (201
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If M(yo, m, u) = (1/2)G(f*D™ (yo), f™ (o), f™ (o)) then
G(F™ (yo), ) < ZG( £ (yo), w,10) + G (1, £ (y0))- (212)
So
2(1-9)G(f" (vo),u,1) < 4G(F*" (o), u,m). (2.13)

Therefore, G(f™(yo), u, u) < hG(f* V" (1), u, u), where h = max{q,q/2(1 - q)}. For h < 1,
G(f™(yo), u,u) — oo, m — 0. O

For f : X — X theset O(f;x0) = {f"(x0) : n € N} is called the orbit for x; € X.

Theorem 2.2. Let (X, G) be a complete G-metric space and let f : X — X be a mapping. Suppose

that for some xq € X the orbit O(f; xo) is complete, and that: for some q € [0, 1) and each x € O(f; xo)
there is an integer n(x) > 1 such that

G ( £ (2), 10 (), fr) (x)> <q-G(z,x,x) (2.14)

forall z € O(f; xp).
Then xi = f"(xkfl) (xk-1), k € N, converges to some u € X and forall m,k e N, m > k

Gk, X, Xm) <

5 max{G(f*(xo), x0,%0) : 1< p<n(xo)} (2.15)

Ifinequality in (2.14) holds for all x € O(f; xo), then f"® (u) = wand f*(xo) — u,k — oo.
Moreover, if f(O(f;x0)) C O(f;x0), then u is the fixed point of f.

Proof. If (X, G) is a symmetric G-metric space the statement easily follows from Guseman
fixed point result [2]. Let (X, G) be nonsymmetric G-metric space. Then by inequality (1.5)

do (" (2), £ (x)) < 2qdc(z,%). (2.16)

Thus, one can use the fixed point result in metric space only for 4 < 1/2. But here, using the
concept of G-metric, we prove the result for any 0 < g < 1. At first let us show that

sup G(f™(x0), x0,X0) = M < +c0. (2.17)
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For any m € N, sufficiently large, there exist k,7 € N, 1 < r < n(xp) — 1 such that
m =k -n(xg) +r. Then

G(f™ (o), x0,%0) < G(fF"00 (x0), 709 (x0), 70 (x0) ) + G (70 (), x0, %0 )
< gG(fIm (x0), 30,30 ) + G709 (x0), x0, %0 )
< qG(fFImE (xp), £ (x0), £700 (x0) ) + (1 +g)G((f7 (xo), x0, 0
< qzc<f<k—2>n(xo)+r(xO)lxOI xo) +(1+ q)G<f"(x°)(xO),xo, xo) <...

<G G(f (x), xo,x0) + (1+q+-++ ) G(F (x0), %0, %0)

1
< Emax{G(fp(xo),xo,xo) :1<p<n(x)} =M < +oo.
2.18)
Now, for each k € N
G(xk, Xk, Xks1) = G(f”(xk—l)(xk_l),fn(xk—l)(xk_l),fn(xk)fn(xk—l)(xk_1)>
< 4G (%1, Xt f1) (1) ) <+ (219)
< qu<x0,xo,f"(xk)(x0)> <g"M.
For all m, k € N, m > k, it follows that
g~
G (i, Xk, 2Xm) < G(Xk, Xk, Xit) + Gkt Xiewt, Xhr2) + o0+ G, X1, Xm) < qM'

(2.20)

so {xy} is Cauchy sequence and there exists u = limxy, for some u € X, and inequality (2.15)
is proved.

If we suppose that inequality in (2.14) is satisfied for all x € O(f; xo), then, for all
keN,

G(fn(u)(u),fn(u)(u),fn(u) (xk)> < qG(H, u, xk) (221)

so limy ) (xi) = £ (w).
On the other hand,

G(fn(u) (xx), Xk, xk) _ G(fn(u)fn(xk—l) (xkil),fn(xk—l) (xkil),fn(xkfl) (xk71)>

(2.22)
< qG<f"(“)(xk—1),xk—l,Xk-1> <. < qu(f"(“>(x0),xO, xo)

implies that lim;G(f™™ (xx), xk, xx) = 0.
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Since G is continuous it means that

G< £ (1), u, u> = 0. (2.23)

Hence ") (u) = u.
Now, let us suppose that f(O(f;x0)) € O(f;xo). Since f € (1) by Theorem 2.1 u is the
fixed point of f in X and limy f*(x0) = u. O

For n(x) = 1, in inequality (2.14) independently on x, we are going to simplify the
proof and to relax the condition in (2.14).

Corollary 2.3. Let (X, G) be a complete G-metric apace and let f : X — X. Suppose that there exist
a point xg € X and q € [0,1) with O(f; xo) complete and

G(f(2), f(x), f(x)) < gG(z,x,x) (2.24)

for each x,z = f(x) € O(f;x0). Then { f*(xq)} converges to some point u € X and for all k,m € N,
m >k,

k
G (xk, Xk Xm) < ﬂ—qc(xo,xo, f(x0)). (2.25)
If (2.24) holds, for all x € O(f; xo) or f is orbitally continuous at u, then u is a fixed point of f.
Proof. If (X, G) is a symmetric space than dg(x, z) = 2G(z, x, x) so (2.24) becomes
do(f(2), f (%)) < qdc(z, %), (2.26)

and result follows from Theorem 2 in [19].
Now, let (X, G) be a nonsymmetric G-metric space. Then since xx = f(xk-1), k €N,

G(xk, Xk, k1) < GG (-1, Xk-1, Xk) < -+ < G°G(x0, x0, f (%0)), (2.27)

soforallm,k e N, m >k,

k
G(xx, Xx, Xp) < 1q_—qG(x0,xo,f(xo)), (2.28)

and there exists u = limgxyg. If (2.24) holds for all x € O(f;xp), then by Theorem 2.2, since
n(u) =1, it follows that f(u) = u.

The fact that f is orbitally continuous at x = u, and that limy f¥(x0) = u, implies that
limy f**1(x0) = f(u), and therefore u = f(u). O



Fixed Point Theory and Applications 9
Remark 2.4. Let us note that this result is very close to Theorem 2.1 in [8].
Remark 2.5. In the statements above f does not have to be continuous.

The next theorems are generalizations of Ciri¢ fixed point results in [4].

Theorem 2.6. Let (X, G) be a complete metric space and T : X — X a mapping. Suppose that for
each x € X there exists a positive integer n = n(x) such that

G(T"x, T"x, T"y)

<q max{G(x, x,y),G(x,x,Ty),...,G(x,x, T"y),%[G(x, x,T"x) + G(x, T"x, T"x)]}
(2.29)

holds for some q < 2/3 and all y € X. Then T has a unique fixed point u € X. Moreover, for every
x € X, lim,,T™(x) = u.

Proof. If (X, G) is a symmetric space then dg(x, y) = 2G(x, x,y) and inequality (2.29) becomes
dc(T"x, T"y) < qmax{dc(x,y),dc(x,Ty),...,dc(x, T"x)}, (2.30)

for all y € X. Then the result follows from Theorem 2.1 in [4] and it is true for all g < 1.

Now suppose that (X, G) is nonsymmetric space. Then, by definition of the metric dg
and inequality (1.5) we have

dg(T"x,T"y) < 2qmax{dg(x,y),dc(x,Ty),...,dc(x,T"y),dc(x,T"x)}. (2.31)

But 2g need not to be less than 1, so we will prove the statement by using G-metric.
First, let us prove prove that

1
G(x, x, T"x) < Eb(x), m=12,..., (2.32)

where

b(x) = max{G(x, x,Tx),G(x,x,T?x),...,G(x,x, T"x),%[G(x, x,T"x) + G(x, T"x, T"x)] }
(2.33)

Clearly (2.32) is true for m = 1,2,...,n. Suppose that m > n, and that (2.32) is true for i < m
and let us proveitfori=m+1.Letm+1-n =r. Now

G(x, x, Tm+1x,> <G(x,x, T"x) + G(T"x, T"x, T’"+1x>,
(2.34)
G(T”x, T"x, Tm”x) < gb(x),
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where

b(x) = max{G(x, X, T”x), G(x, x, Tr+1x>’ .., G(X, X, Tr+nx)’

(2.35)
% [G(x,x, T"x) + G(x,T"x, T"x)] }

If b(x) = G(x,x,T™7), then (2.34) imply

G<x x T’””x) < LG(x x,T"x) < Lb(x). (2.36)
4 7 —_ 1 _ q 4 s —_ 1 _ q .
If b(x) #G(x, x, T"™"), then (2.34) imply
m+1 n q 1

G(x,x,T x) < G(x, x, T"x) + mb(x) < mb(x). (2.37)

Thus by induction we obtain (2.32).

Let us prove that {T™x},, is a Cauchy sequence. Let xg = x, ng = n(xp), x1 = T™xy, and
we define inductively a sequence of integers and a sequence of points {xy}; in X as follows:
ne = n(xg), and xg1 = T™xx, k = 0,1,.... Evidently, {xx}, is a subsequence of the orbit
{T™x0},,. Using this sequence we will prove that {T™xy},, is a Cauchy sequence.

Let xx be any fixed member of {xi}, and let x, = TPxo and x; = T7x¢ be any two
members of the orbit which follow after xx. Then x, = T"xy and x; = T*x for some r and s,
respectively. Now, using (2.29) we get

3
G (xx, xx, xp) = G<T"’”xk_1,T"k*lxk_l,T”k‘lT’xH) < EqG(xk—lka—errlxk—l)/ (2.38)

where
G(xk-1, k-1, T" xk1)
= max{G(xk-1, X1, T" Xpe-1), G<xk—1, X1, THlxk—l)/ . (2.39)
G(xk1, X1, T 2 1), Gk, Xieo1, T X1 ) }
Similarly, G(xk-1, Xk-1, T" xx-1) < (3/2)qG(xk-2, Xk-2, T"?xx—2), Wwhere

G(xk—2, Xk, T x1—2) = max{G(xx-2, Xk—2, T" Xx-2), ..., G(Xk-2, Xk—2, T xx2) } (2.40)

Repeating this argument k times we get

k
G (xk, xx, xp) < <§q> G(xq, x0, T™ x0). (2.41)
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Hence G(xx, Xk, Xp) < ((3/2)g)*b(xo). Similarly G(xk, xx, x;) < ((3/2)9)*b(x0), so
3 k
G(xp, xp, xg) < 2G(xk, Xk, Xp) + G(xk, Xk, Xg) < <§q> - 3b(xp). (2.42)

Since g < 2/3, it follows that {T™xy},, is a Cauchy sequence. Let lim,,, 7" (xo) = u € X.
We show that u is a fixed point of T. First, let us prove that T"u = u, where n = n(u). For
m > n = n(u), we now have

G(T"u, T"u, T"T™ x)
<q max{G(u, u, T"xy), G(u, u, Tm+1x0> oo, Glu,u, T™ " xg), (2.43)
1
5 [G(u,u, T"u) + G(u, T"u, T"u)] },
and on letting m tend to infinity it follows that
1
G(T"u, T"u,u) < qmax{O, 3 [G(u,u, T"u) + G(u, T"u, T"u)] } (2.44)

For g <2/3 we have T"u = u.
To show that u is a fixed point of T, let us suppose that Tu#u and let G(u, u, Tu) =
max{G(u,u, T"u) : 1 <r <n=mn(u)}. Then

G<u, u, Tku> - G<T"u, T, T"Tku>

< qmax{G(u, u,Tku>,G<u,u, Tk”u),. ..,G(u, u, T’””u),...,

(2.45)
[G(u, u, T"u) + G(u, T"u, T"u)] }

N —

< qu<u, u, Tku>.

Since g < 2/3, it follows that G(u, u, T*u) = 0, which implies that u is a fixed point of T.
Let us suppose that for some z € X, Tz = z. Then,

G(u,u,z) =G(T"u, T"u, T"z) < g max{G(u,u,z),0} (2.46)

implies that z = u and thus u is the unique fixed point in X. O
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If we suppose that T is continuous, then we may prove the following theorem.

Theorem 2.7. Let (X, G) be a complete G-metric space and let T : X — X be a continuous mapping
which satisfies the condition: for each x € X there is a positive integer n = n(x) such that

G(T"x, T"x, T"y)
(2.47)
<max{G(x,x,y),G(x,x,Ty),...,G(x,x,T"y),G(x,x,Tx),...,G(x,x,T"x) }

forsome g < 1and all y € X. Then T has a unique fixed point u € X and lim,,T™(x) = u € X, for
every x € X.

Proof. Let x be an arbitrary point in X. Then, as in the proof of Theorem 2.6, the orbit {T"x},,
is bounded and is a Cauchy sequence in the complete G-metric space X and so it has a limit
u in X. Since by the hypothesis T is continuous,

Ty = T"(”)lirﬁn T"x = lim T =y, (2.48)

m

Therefore, u is a fixed point of T"®. By the same argument as in the proof of Theorem 2.6, it
follows that u is a unique fixed point of T. O

Remark 2.8. The condition that T is a continuous mapping can be relaxed by the following
condition: T"™) is continuous at a point x € X.

3. A Common Fixed Point Result

Now, we are going to prove Hadzi¢ [20] fixed point theorem in 2-metric space, in a manner
of G-metric spaces.

Theorem 3.1. Let (X, G) be a complete G-metric space, S and T : X — X one to one continuous
mappings, A : X — SX NTX continuous mapping commutative with S and T. Suppose that there
exists a point xo € X such that O(A; xo) is complete and that the following conditions are satisfied:

(i) For every x € O(A; xo) there exists n(x) € N so that for all z € X and some q € [0,1)

G <A"(x) z, A"®x, AT x)
(3.1)
<gmin{G(Tx,Tx,Sz),G(I'x, Sx,Tz), G(Tx,Sx,5z),G(5x,5x,Tz)}.

(ii) There exists M > 0 such that for all z € O(A; xo)

G(Sxp,Sx9,z) < M < +oo. (3.2)
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Then there exists one and only one element u € X such that

Au=Su=Tu=u. (3.3)

(e.g., there exists a unique common fixed point for A, S, and T)

Proof. Since AX C SX NTX starting with xo we can define the sequence {x,} C X such that

Txop-1 = A" oy,

(3.4)
Sxox = An(xzk—l)X2k71.
Let
Tx2k_1, n=2k- 1,
Yo = keN. (3.5)
Sxok, n =2k,

We are going to prove that {y,} is Cauchy sequence

G(Yok-1, Yok-1, Yok ) = G<A"(x2k’2)x2k72, A"(xz’”)xzkfz,A"(xz"’l)xqu)
_ G( An(xai2) Xok_a, An(ek-2) Xk, A1) 1 gAn(xk-2) x2k_2>
< qG<5x2k—2, Sxzk-2, A"(m’l)xzk-2>
=qG <A"(x2"’3)x2k—3, AT 5, AT 5_1A"(x2"’3)x2k—3> (3.6)
< < g% 72G(Tay, Ty, A"y )
_ q2k—ZG<An(x0)x0, An(x(])xolAn(kafl)T—lAn(xO)x())

< q2k‘1G<Sx0, Sxg, A”("Zk’l)x()) < q2k‘1M.

Similarly one can prove that G(yak, Yok, Y2k+1) < qZkM, keN, forallm keN, m>k,

G(Yi, Y, Ym) < G(Yi, Yie, Vi) + G(Yie1, Yiest, Ym) < -+

m-1 qk (37)
< 2.6 yj,yjn) < M
j=k
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Thus we proved that {y,} is a Cauchy sequence, so there exists u € X such that
limy, = u. (3.8)

It obvious that limy Txp,_1 = limgSxor = u.
At first we will prove that Au = u

G (Y2, Yok, AYoka1) = G(Sxok, Sxok, AT X2k41)
=G (A"(xz"’l)xzk—h ARy, AATH) x2k>
= G Ay g, ATy g, AATER ST AN )
< qG<Tx2k—1/Tx2k—1/AAn(x2k )xzk—1> (3.9)
= GG (A" xyp o, AT 0y AAMCEIT T ATy )
< qu<Sx2k—2/ Sxok-2, AA"(XZk)x2k72> <o

< qZkG<Sx0, Sxg, AA"(ka)x()) < qZk - M,

so im G(yox, Yox, Ayaks1) = 0.
Now, since that G and A are continuous we have that G(u, u, Au) = 0so Au = u.
Further, let us prove that Tu = wu.

G(ka,ka, Tka) _ G(An(xzkfl)ka_l,An(xzk71)x2k_1, TATl(xzkfl)xzk_1>
< qG(Tx2k-1, Txok—1, STx2-1)

— qG(An(ka’Z)ka_z, An(XZkfz)ka_z, SA"(XZkfz)ka_2>

(3.10)
< ¢*G(Sx2k-2, Sxak-2, TSx2k-2)
- qZG(An(ka‘3)x2k_3, An(xzk-s)ka_3, TA"(xzk-a)ka_3> <.
< ¢**G(Sxo, Sxo, TSx0)
implies that
1iII<nG(y2k,yzk,Ty2k) =G(u,u,Tu) =0, (3.11)

and Tu = u. Similarly one can see that Su = u, so we prove that

Au=5Su=Tu=u. (3.12)
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If we suppose that w is some other common fixed point for A, S, and T then we have that

G(u/ u, (U) = G(An(u)u, A"(V-)u, An(u)w>
(3.13)
< qG(Su, Su, Tw) = qG(u, u, w) < G(u, u, w)

which is contradiction!
So, the common fixed point for A, S, and T is unique, and proof is completed. O

Remark 3.2. For S = T = Idx condition (2.14) is satisfied but the Theorem 2.2 is not just a
consequence of Theorem 3.1 since in Theorem 2.2 we do not suppose that f is continuous.

Acknowledgments

The authors are thankful to professor B. E. Rhoades, for his advice which helped in improving
the results. This work was supported by grants approved by the Ministry of Science and
Technological Development, Republic of Serbia, for the first author by Grant no. 144016, and
for the second author by Grant no. 144025.

References

[1] V. M. Sehgal, “A fixed point theorem for mappings with a contractive iterate,” Proceedings of the
American Mathematical Society, vol. 23, pp. 631-634, 1969.

[2] L. F. Guseman Jr., “Fixed point theorems for mappings with a contractive iterate at a point,”
Proceedings of the American Mathematical Society, vol. 26, pp. 615-618, 1970.

[3] B. E. Rhoades, “A comparison of various definitions of contractive mappings,” Transactions of the
American Mathematical Society, vol. 226, pp. 257-290, 1977.

[4] L.Ciri¢, “On Sehgal’s maps with a contractive iterate at a point,” Publications de I'Institut Mathématique,
vol. 33, no. 47, pp. 59-62, 1983.

[5] B. C. Dhage, “Generalised metric spaces and mappings with fixed point,” Bulletin of the Calcutta
Mathematical Society, vol. 84, no. 4, pp. 329-336, 1992.

[6] Z. Mustafa and B. Sims, “A new approach to generalized metric spaces,” Journal of Nonlinear and
Convex Analysis, vol. 7, no. 2, pp. 289297, 2006.

[7] Z. Mustafa, H. Obiedat, and F. Awawdeh, “Some fixed point theorem for mapping on complete G-
metric spaces,” Fixed Point Theory and Applications, vol. 2008, Article ID 189870, 12 pages, 2008.

[8] M. Abbas and B. E. Rhoades, “Common fixed point results for noncommuting mappings without
continuity in generalized metric spaces,” Applied Mathematics and Computation, vol. 215, no. 1, pp.
262-269, 2009.

[9] Z. Mustafa, W. Shatanawi, and M. Bataineh, “Fixed point theorem on uncomplete G-metric spaces,”
Journal of Matehematics and Statistics, vol. 4, no. 4, pp. 196210, 2008.

[10] W. Shatanawi, “Fixed point theory for contractive mappings satisfying ®-maps in G-metric spaces,”
Fixed Point Theory and Applications, vol. 2010, Article ID 181650, 9 pages, 2010.

[11] Z. Mustafa and B. Sims, “Fixed point theorems for contractive mappings in complete G-metric
spaces,” Fixed Point Theory and Applications, vol. 2009, Article ID 917175, 10 pages, 2009.

[12] A. Dehghan Nezhad and H. Mazaheri, “New results in G-best approximation in G-metric spaces,”
Ukrainian Mathematical Journal, vol. 62, no. 4, pp. 648-654, 2010.

[13] R.Saadati, S. M. Vaezpour, P. Vetro, and B. E. Rhoades, “Fixed point theorems in generalized partially
ordered G-metric spaces,” Mathematical and Computer Modelling, vol. 52, no. 5-6, pp. 797-801, 2010.

[14] Z. Mustafa, W. Shatanawi, and M. Bataineh, “Existence of fixed point results in G-metric spaces,”
International Journal of Mathematics and Mathematical Sciences, vol. 2009, Article ID 283028, 10 pages,
2009.



16 Fixed Point Theory and Applications

[15] S.Manro, S. S. Bhatia, and S. Kumar, “Expansion mapping theorems in G-metric spaces,” International
Journal of Contemporary Mathematical Sciences, vol. 5, no. 51, pp. 2529-2535, 2010.

[16] R.Chugh, T. Kadian, A. Rani, and B. E. Rhoades, “Property P in G-metric spaces,” Fixed Point Theory
and Applications, vol. 2010, Article ID 401684, 12 pages, 2010.

[17] Z. Mustafa, F. Awawdeh, and W. Shatanawi, “Fixed point theorem for expansive mappings in G-
metric spaces,” International Journal of Contemporary Mathematical Sciences, vol. 5, no. 50, pp. 2463-2472,
2010.

[18] M. Abbas, T. Nazir, and S. Radenovi¢, “Some periodic point results in generalized metric spaces,”
Applied Mathematics and Computation, vol. 217, no. 8, pp. 4094-4099, 2010.

[19] S. Park, “A unified approach to fixed points of contractive maps,” Journal of the Korean Mathematical
Society, vol. 16, no. 2, pp. 95-105, 1980.

[20] O. Hadzi¢, “On common fixed point theorems in 2-metric spaces,” Zbornik Radova Prirodno-
Matematickog Fakulteta. Serija za Matemati, vol. 12, pp. 7-18, 1982.



