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Let {S;)Y, be N strict pseudocontractions defined on a closed convex subset C of a real Hilbert
space H. Consider the problem of finding a common element of the set of fixed point of
these mappings and the set of solutions of an equilibrium problem with the parallel and cyclic

algorithms. In this paper, we propose new iterative schemes for solving this problem and prove
these schemes converge strongly by hybrid methods.

1. Introduction

Let H be a real Hilbert space and let C be a nonempty closed convex subset of H. Let f be a
bifunction from C x C to R, where R is the set of real numbers.
The equilibrium problem for f : C x C — Ris to find x € C such that

f(xy) >0 (1.1)

for all y € C. The set of such solutions is denoted by EP(f).

A mapping S of C is said to be a k-strict pseudocontraction if there exists a constant
x € [0,1) such that

52 - SylF < llx - yIF + xll 1 - S)x - (1 - )y (1.2

for all x,y € C; see [1]. We denote the set of fixed points of S by F(S) (ie., F(S) = {x € C:
Sx = x}).
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Note that the class of strict pseudocontractions strictly includes the class of
nonexpansive mappings which are mapping S on C such that

1% =Syl < lx -y (1.3)

for all x,y € C. That is, S is nonexpansive if and only if S is a O-strict pseudocontraction.

Numerous problems in physics, optimization, and economics reduce to finding a
solution of the equilibrium problem. Some methods have been proposed to solve the
equilibrium problem (1.1); see for instance [2-5]. In particular, Combettes and Hirstoaga [6]
proposed several methods for solving the equilibrium problem. On the other hand, Mann
[7], Nakajo and Takahashi [8] considered iterative schemes for finding a fixed point of a
nonexpansive mapping.

Recently, Acedo and Xu [9] considered the problem of finding a common fixed point
of a finite family of strict pseudocontractive mappings by the parallel and cyclic algorithms.
Very recently, Liu [3] considered a general iterative method for equilibrium problems and
strict pseudocontractions. In this paper, motivated by [3, 5, 9-12], applying parallel and cyclic
algorithms, we obtain strong convergence theorems for finding a common element of the set
of fixed points of a finite family of strict pseudocontractions and the set of solutions of the
equilibrium problem (1.1) by the hybrid methods.

We will use the notation

(1) — for weak convergence and — for strong convergence,

(2) wiw(xy) = {x : 3xy; — x} denotes the weak w-limit set of {x,}.

2. Preliminaries
We need some facts and tools in a real Hilbert space H which are listed as below.
Lemma 2.1. Let H be a real Hilbert space. There hold the following identities.

(i) llx = yI? = %I - I - 2(x ~ ,y), for all x, € H.
(i) llbx + (1= Dyl = HxlP+ A -DlyIP~tA-Dllx - yIP, for all t € [0,1], forall x,y € H.

Lemma 2.2 (see [4]). Let H be a real Hilbert space. Given a nonempty closed convex subset C ¢ H
and points x,y,z € H and given also a real number a € R, the set

{UECZ ||y—v||2§||x—v||2+(z,v)+a} (2.1)

is convex (and closed).

Recall that given a nonempty closed convex subset C of a real Hilbert space H, for any
x € H, there exists a unique nearest point in C, denoted by Pcx, such that

llx = Pex|| < [[x - | (2.2)

for all y € C. Such a Pc is called the metric (or the nearest point) projection of H onto C.
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Lemma 2.3 (see [4]). Let C be a nonempty closed convex subset of a real Hilbert space H. Given
x € Hand z € C, then y = Pcx if and only if there holds the relation

(x-y,y-z)>0 VzeC. (2.3)

Lemma 2.4 (see [13]). Let C be a nonempty closed convex subset of H. Let {x,} is a sequence in H
and u € H. Let g = Pcu. Suppose {x,} is such that wy,(x,) C C and satisfies the condition

o, —u|l < ||u—g| Vn. (2.4)

Then x, — q.

Lemma 2.5 (see [9]). Let C be a nonempty closed convex subset of H. Let {x,} is a sequence in H
and u € H. Assume

(i) the weak w-limit set wy,(x,) C C,

(ii) for each z € C, limy,_, o ||x;, — z|| exists.
Then {x,} is weakly convergent to a point in C.
Proposition 2.6 (see [9]). Assume C be a nonempty closed convex subset of a real Hilbert space H.

(i) If T : C — C is a k-strict pseudocontraction, then T satisfies the Lipschitz condition

1+

Irx-Tyl < 1

Z”x—y”, Vx,y € C. (2.5)

(ii) If T : C — Cis a x-strict pseudocontraction, then the mapping I — T is demiclosed (at 0).
That is, if {x,,} is a sequence in C such that x,, — x and (I-T)x, — 0, then (I-T)x = 0.

(iii) If T : C — C is a x-strict pseudocontraction, then the fixed point set of F(T) of T is closed
and convex so that the projection Pr(ry is well defined.

(iv) Given an integer N > 1, assume, for each 1 < i < N, T; : C — C be a x;-strict
pseudocontraction for some 0 < x; < 1. Assume {\;}%, is a positive sequence such that
SN i = 1. Then XX, \iT; is a w-strict pseudocontraction, with x = max{x; : 1 < i <
N}

(v) Let {Ti}fi1 and {A,-}fﬁl be given as in (iv) above. Suppose that {Ti}ﬁ\:]1 has a common fixed
point. Then

N N
F <Z Mi) = F(T). (2.6)
i=1 i=1

Lemma 2.7 (see [1]). Let S : C — H be a k-strict pseudocontraction. Define T : C — H by
Tx = Ax + (1 — A\)Sx for each x € C. Then, as A € [x,1), T is a nonexpansive mapping such that
F(T) = F(S).
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For solving the equilibrium problem, let us assume that the bifunction f satisfies the
following conditions:

(Al) f(x,x) =0forall x € C,
(A2) f is monotone, thatis, f(x,y) + f(y,x) < 0forany x,y € C,
(A3) foreach x,y,z € C, lim sup,_,f(tz+ (1 -t)x,y) < f(x,y),

(A4) f(x,-) is convex and lower semicontionuous for each x € C.

We recall some lemmas which will be needed in the rest of this paper.
Lemma 2.8 (see [14]). Let C be a nonempty closed convex subset of H, let f be bifunction from C xC
to R satisfying (A1)—(A4) and let r > 0 and x € H. Then there exists z € C such that
1
f(z,y)+;<y—z,z—x>20, Yy e C. (2.7)
Lemma 2.9 (see [6]). Forr >0, x € H, define a mapping T, : H — C as follows:

Tr(x):{zeC|f(z,y)+%(y—z,z—x>ZO,VyEC} (2.8)

forall x € H. Then, the following statements hold:

(i) T, is single-valued;

(ii) T, is firmly nonexpansive, that is, for any x,y € H,

Tox - Ty < (Tox - Toy, x - y); (2.9)

(iii) F(T,) = EP(f);

(iv) EP(f) is closed and convex.

3. Parallel Algorithm

In this section, we apply the hybrid methods to the parallel algorithm for finding a common
element of the set of fixed points of strict pseudocontractions and the set of solutions of the
equilibrium problem (1.1) in Hilbert spaces.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H and f a bifunction
from C x C to R satisfying (A1)—(A4). Let N > 1 be an integer. Let, foreach1<i< N, S;: C — C
be a x;-strict pseudocontraction for some 0 < x; < 1. Let k = max{x; : 1 <i < N}. Assume the set
F = NY, F(S;) N EP(f) #0. Assume also {111.(") VN, is a finite sequence of positive numbers such that
SN ™ =1forall n € Nand infos1n™ > 0 forall 1 <i < N. Let the mapping A, be defined by

N
An= 1" (3.1)
i=1
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Given x1 € C, let {x,}, {u,}, and {y,} be sequences generated by the following algorithm:
Uy = Trnxn/
Ayt = Al + (1= A) An,

n =0 xn+(1—an)Aﬁ"u ,

i ! (3.2)
Co={z€C:|lyn—z| <llxn-2zll},
Qun={zeC:(xp—z,x1—x,) >0},

Xns1 = Pc,n0, X1
for every n € N, where {a,} C [0,a] for some a € [0,1), {A,} C [x,b] for some b € [x,1), and
{rn} C (0, o0) satisfies liminf, _, 1, > 0. Then, {x, } converge strongly to Prx;.
Proof. The proof is divided into several steps.

Step 1. Show first that {x,} is well defined.
It is obvious that C, is closed and Q, is closed convex for every n € N. From
Lemma 2.2, we also get C,, is convex.

Step 2. Show F c C,NQ, foralln e N.
Indeed, take p € F, from u,, = T, x,, we have

llen =PIl = 1T = Trpll < | = pl (3.3)

for all n € N. From Proposition 2.6, Lemma 2.7, and (3.3), we get

lyn =l = [ + 1 - an) Ay, - p”

< ap||xn—p|| + (1 -an) Al — p” (3.4)
< [lxn = pl-

So p € C, for all n. Next we show that F C Q, for all n € N by induction. For n = 1, we have
F c C = Q4. Assume that F ¢ Q,, for some n > 1. Since x,+1 = Pc,ng,X1, we obtain

(X1 —2,X1 = Xp1) 20, VzeC,NQy. (3.5)

As F ¢ C,NQ, by induction assumption, the inequality holds, in particular, for all z € F. This
together with the definition of Q,.; implies that F C Q,.1. Hence F C Q, holds for all n > 1.

Step 3. Show that

llxn — x1]| < ||x1 — ql|, where g = Prx. (3.6)
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Notice that the definition of Q, actually x,, = Py, x1. This together with the fact F C Q, further
implies

lxn, —x1]| < ||en —p|| VpeF (3.7)

Then {x,} is bounded and (3.6) holds. From (3.3), (3.4), and Proposition 2.6(i), we also obtain
{un}, {yn}, and {Six,} are bounded.

Step 4. Show that

[Ixn41 = 2] — 0. (3.8)

From x, = Pg,x1 and x,.1 € Qn, we get (Xp1 — Xp, X, — x1) > 0. This together with
Lemma 2.1(i) implies

2041 — xn||2 = [l — 21 = (30 = x1)||2
= [l = 2] = lltn = 11 = 2(Xns1 = X, X0 = x1) (3.9)
< lltmer =21 = e = 21 .
Then ||x,—x1|| < ||xpc1—x1]|, that s, the sequence {||x,—x1]|} is nondecreasing. Since {||x,—x1||}
is bounded, lim,, . o, ||, — x1]| exists. Then (3.8) holds.

Step 5. Show that

|Anxn = xu|| — 0. (3.10)
From x,,1 € C,, we have
[y = 2l < l1xns1 = 2all + |y = 2 [| < 202001 = ]l (3.11)
By (3.8), we obtain
lyn = xa]| — O. (3.12)

For p € F, we have

|2 S <Trnxn - Trnp’xn _P>

a1 = 1T 0~ Ty
(3.13)
1

= (= pn =) = 5 (l1an =PI + 120 =PI = 0 = 0]P),

hence,

||un—p||2 < ||xn—p||2— %, — 1| (3.14)
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Therefore, by the convexity of || - ||?, we get

A 2
A'uy, — p”

lya - pl* < aullx —p|I” + 1 - an)

< | = plI” + (1= @) | - p||°

(3.15)
< @l =l + (@) (I~ I ~ s )
=l = plI* = (0 = )l = 1l
Since {a,} C [0, a], we get
(1= )l = wall” < [l =PI = lym — pII” (3.16)
< lxew =yl (llxn = I+ Ny = Il
It follows that
llocn = unll — 0 (3.17)

from (3.12). Observe that ||y, — uu|| < ||y — Xull + ||xn — un||, we also have ||y, — u,|| — 0.On
the other hand, from y,, = a,,x, + (1 - an)Aﬁ"un, we compute

(1-ay) A,);"un -u,

= || = a) (Anraen - )

= |y = 140 — (20 = 1) | (3.18)

< lyn = tn| + anllxn — uall.

From {a,} C [0,a], (3.17), and ||y, — u,|| — 0, we obtain | A s, — 1| — 0. Itis easy to get

”Aﬁ”xn — x|l < ' Aﬁ"x,, - Aﬁ"un + ”Aﬁ"un — U || + ||tn — x4l
(3.19)
< 2l =l + [ A7 = 10|
Combining the above results, we obtain ||Aﬁ" X, — xp|| — 0. From (3.2), we have
[ Anraen = | = Il + (1= 1) A =
(3.20)

= (1 - )| Anxy — x4|| — 0.

It follows from {\,,} C [x, b] that ||A,x, — x,|| — 0.
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Step 6. Show that

we(xn) C F. (3.21)

We first show wy, (x,,) C ﬂf\ll F(S;). To see this, we take w € wy,(x,) and assume that x,, — w
as j — oo for some subsequence {xn/.} of x,,.
Without loss of generality, we may assume that

" — i (asj—o0), 1<i<N. (3.22)
It is easily seen that each 7; > 0 and Y Y, rlf") =1. We also have

Apx — Ax (as j — o0) Vx € C, (3.23)

where A = 3%, #;S;. Note that by Proposition 2.6, A is x-strict pseudocontraction and F(A) =
NY, F(S;). Since

”Axn]. =X || < | ApyXpn; — Axp || + | Ap;Xn; = X,
N ) (3.24)
< Z 7’lin/ - 7ll| ||Sixn]- + | An,-xn/- - xn]- s
i=1
we obtain by virtue of (3.10) and (3.22)
”Axn/. — x| — 0. (3.25)

So by the demiclosedness principle (Proposition 2.6(ii)), it follows that w € F(A) = nfﬁl F(S))
and hence wy,(x,) C ﬂf\zfl F(S;) holds.

Next we show wy,(x,) C EP(f), take w € wy,(x,), and assume that Xp, ~wasj — oo
for some subsequence {x, } of x,. From (3.17), we obtain u,, — w. Since {u,,} C C and C is
closed convex, we get w € C.

By u, = T;,x,, we have

f(un,y) + %(y —Up, Uy —Xy) 20, VyeC. (3.26)

From the monotonicity of f, we get

%(y —Up, Un —Xn) = f(y,un), VYyeC, (3.27)
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hence

Un; = Xn,
Yt — > f<y, un,,>, Yy eC. (3.28)

From (3.17) and condition (A4), we have

0> f(y,w), YyeC. (3.29)

FortwithO<t<landy € C,lety; =ty + (1 —t)w. Since y € C and w € C, we obtain y; € C
and hence f(y;, w) < 0. So, we have

0=f(yoy) <tf(yry) + A-Of (Yo w) <tf(yoy)- (3.30)
Dividing by t, we get
f(yy) 20, VyeC (3.31)
Letting t — 0 and from (A3), we get

f(wy) 20 (3.32)

forall y € C and w € EP(f). Hence (3.21) holds.

Step 7. From (3.6) and Lemma 2.4, we conclude that x,, — g, where g = Prx;.

A very similar result obtained in a way completely different is Theorem 3 of [11].

Theorem 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H and f a bifunction
from C x C to R satisfying (A1)-(A4). Let N > 1 be an integer. Let, foreach1 <i< N, S;: C — C
be a x;-strict pseudocontraction for some 0 < x; < 1. Let k = max{x; : 1 <i < N}. Assume the set
F = NY, F(S:) NEP(f) #0. Assume also {711.(") VN, is a finite sequence of positive numbers such that
SN "™ =1 for all nand inf,s 5™ > 0 for all 1 < i < N. Let the mapping A, be defined by

N
An= 1" (333)
i=1



10 Fixed Point Theory and Applications

Given x1 € C = Cy, let {x,}, {un}, and {y,} be sequences generated by the following algorithm:

cuy =Ty, Xy,
Ay = NI + (1= A) Ay,
Yn = Apxp + (1 - an)Afl"un, (3.34)
Cra ={z€Cu: |lyn—z[ < llxn - =Il},

Xu+1 = P, X1

n+1

for every n € N, where {a,} C [0,a] for some a € [0,1), {A,} C [x,b] for some b € [x,1), and
{rn} C (0, o0) satisfies liminf, _, 1, > 0. Then, {x,} converge strongly to Prx;.

Proof. The proof of this theorem is similar to that of Theorem 3.1.

Step 1. {x,} is well defined for all n > 1.

We show C,, is closed convex for all n by induction. For n = 1, we have C = C; is closed
convex. Assume that C,, for some n > 1 is closed convex, from Lemma 2.2, we have C,,,; is
also closed convex. The assumption holds.

Step 2. F C Cy.
Step 3. ||xn, — x1|| < ||g — x1]| for all n, where g = Prx;.
Step 4. ||xps1 — x4]| — 0.
Step 5. ||Anxy — x4|| — 0.
Step 6. wy(x,) CF.
Step 7. x, — q.
The proof of Steps 2-7 is similar to that of Theorem 3.1. O

A very similar result obtained in a way completely different is Theorem 3.1 of [10].

4. Cyclic Algorithm

Let C be a closed convex subset of a Hilbert space H and let {S;}Y;! be Nx;-strict
pseudocontractions on C such that the common fixed point set

N-1
F(Si)#0. (4.1)

i=0
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Let xo € C and let {a,},., be a sequence in (0, 1). The cyclic algorithm generates a sequence
{x,}521 in the following way:

x1 = apxo + (1 — a9)Soxo,

X2 =a1x1 + (1 —a1)S1x1,

(4.2)
XN = an-1xN-1 + (1 —an-1)Sn-1XN-1,
XN+ = anxn + (1 - an)Soxn,
In general, x,., is defined by
Xpi1 = AnXy + (1 = &) S[n)Xn, (4.3)

where Sp,) = S;, withi = n(mod)N, 0<i< N -1.

Theorem 4.1. Let C be a nonempty closed convex subset of a real Hilbert space H and f a bifunction
from C x C to R satisfying (A1)—(A4). Let N > 1 be an integer. Let, foreach0<i< N-1,S;: C —
C be a x;-strict pseudocontraction for some 0 < x; < 1. Let k = max{x; : 0 <i < N —1}. Assume the
set F = NNg' F(Si) NEP(f) #0. Given xo € C, let {x,}, {un}, and {y,} be sequences generated by

the following algorithm:
CUy = Trnxn/

Stn

[n] = )LnI + (1 - )Ln)S[n],

= Xy + (1= a,) S u,
Y ( 5 (4.4)
Cn= {Z eC: ”]/n _Z” < “xn _Z”}/
Qn=1{z€C:(xp—z,x0—xn) 20},

Xn+1 = Pc,ng, X0
for every n € N, where {a,} C [0,a] for some a € [0,1), {A,} C [x,b] for some b € [x,1), and

{rn} C (0, o0) satisfies liminf, _, 1, > 0. Then, {x,} converge strongly to Prxy.

Proof. The proof of this theorem is similar to that of Theorem 3.1. The main points include the
following.

Step 1. {x,} is well defined for all n > 1.

Step2. FCC,NQy.
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Step 3. ||xn — x0l| < |lg — x0|| for all n, where g = Prxy.
Step 4. ||xps1 — x4]| — O.
Step 5. ||Sinyxn — xull — 0.

To prove the above steps, one simply replaces A, with S|, in the proof of Theorem 3.1.
Step 6. Show that wy,(x,) C F.

Indeed, assume w € wy, (x,) and x,, — w for some subsequence {xy,,} of {x,}. We may
further assume I = n;(mod N) for all i. Since by [|x,+1 — x4l — 0, we also have x;,,; — w for
all j > 0, we deduce that

||x"i+j - S[l+f]x"i+f|| = ||x"i+f - S["i+f]x"i+i|| — 0. (4.5)

Then the demiclosedness principle (Proposition 2.6(ii)) implies that w € F(Sy.;;) for all j.
This ensures that w € ﬂg& LE(S)).
The proof of w € EP(f) is similar to that of Theorem 3.1.

Step 7. Show that x,, — g.

The strong convergence to g of {x,} is the consequence of Step 3, Step 5, and
Lemma 2.4. O

Theorem 4.2. Let C be a nonempty closed convex subset of a real Hilbert space H and f a bifunction
from C x C to R satisfying (A1)—(A4). Let N > 1 be an integer. Let, foreach0<i< N-1,S;: C —
C be a xj-strict pseudocontraction for some 0 < x; < 1. Let x = max{x; : 0 <i < N —1}. Assume
the set F = ﬂf‘z’gl F(Si) N EP(f)#0. Given xo € C = Cy, let {x,}, {un}, and {y,} be sequences
generated by the following algorithm:

cuy =Ty, xp,
An
S[n] = )LnI + (1 - )Ln)S[n],
Yn = apxp + (1 - zxn)Sf‘;]un, (4.6)
Cui1 = {Z €Cy: ”yn - Z” < lxn = Z”}r

Xne1 = Pc,,, X0

n+l

for every n € N, where {a,} C [0,a] for some a € [0,1), {A,} C [x,b] for some b € [k,1), and
{ra} C (0, 00) satisfies liminf,, _, .1, > 0. Then, {x,} converge strongly to Prx.

Proof. The proof of this theorem can consult Step1 of Theorem 3.2 and Steps 2-7 of
Theorem 4.1. O
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