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The aim of this paper is to continue the research work that we have done in a previous paper
published in this journal (see Mihail and Miculescu, 2008). We introduce the notion of GIFS, which
is a family of functions fi,..., f, : X" — X, where (X, d) is a complete metric space (in the above
mentioned paper the case when (X, d) is a compact metric space was studied) and m, n € N. In case
that the functions fi are Lipschitz contractions, we prove the existence of the attractor of such a
GIFS and explore its properties (among them we give an upper bound for the Hausdorff-Pompeiu
distance between the attractors of two such GIFSs, an upper bound for the Hausdorff-Pompeiu
distance between the attractor of such a GIFS, and an arbitrary compact set of X and we prove its
continuous dependence in the fi’s). Finally we present some examples of attractors of GIFSs. The
last example shows that the notion of GIFS is a natural generalization of the notion of IFS.

1. Introduction
1.1. The Organization of the Paper

The paper is organized as follows. Section 2 contains a short presentation of the notion of an
iterated function system (IFS), one of the most common and most general ways to generate
fractals. This will serve as a framework for our generalization of an iterated function system.

Then, we introduce the notion of a GIFS, which is a finite family of Lipschitz
contractions fi : X™ — X, where (X, d) is a complete metric space and m € N.

In Section 3 we prove the existence of the attractor of such a GIFS and explore its
properties (among them we give an upper bound for the Hausdorff-Pompeiu distance
between the attractors of two such GIFSs, an upper bound for the Hausdorff-Pompeiu
distance between the attractor of such a GIFS, and an arbitrary compact set of X and we
prove its continuous dependence in the fi's).

Section 4, the last one, contains some examples and remarks. The last example shows
that the notion of GIFS is a natural generalization of the notion of IFS.
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1.2. Some Generalizations of the Notion of IFS

IFSs were introduced in their present form by John Hutchinson and popularized by Barnsley
(see [1]). There is a current effort to extend Hutchinson'’s classical framework for fractals to
more general spaces and infinite IFSs. Some papers containing results on this direction are
[2-7].

1.3. Some Physical Applications of IFSs

In the last period IFSs have attracted much attention being used by researchers who work on
autoregressive time series, engineer sciences, physics, and so forth. For applications of IFSs
in image processing theory, in the theory of stochastic growth models, and in the theory of
random dynamical systems one can consult [8-10]. Concerning the physical applications of
iterated function systems we should mention the seminal paper [11] of El Naschie which
draws attention to an informal but instructive analogy between iterated function systems
and the two-slit experiment which is quite valuable in illuminating the role played by
the possibly DNA-like Cantorian nature of microspacetime and clarifies the way in which
probability enters into this subject. We also mention the paper [12] of Stomczyniski where
a new definition of quantum entropy is introduced and one method (using the theory of
iterated function systems) of calculating coherent states entropy is presented. The coherent
states entropy is computed as the integral of the Boltzmann-Shannon entropy over a fractal
set.

In [13], Bahar described bifurcation from a fixed-point generated by an iterated
function system (IFS) as well as the generation of “chaotic” orbits by an IFS, and in [14]
unusual and quite interesting patterns of bifurcation from a fixed-point in an IFS system, as
well as the routes to chaos taken by IFS-generated orbits, are discussed. Moreover, in [15]
it is shown that random selection of transformation in the IFS is essential for the generation
of a chaotic attractor. In [16, Section 6.4], one can find a lengthy but elementary explanation
which features of randomness play the main role.

2. Preliminaries

Notations. Let (X, dx) and (Y, dy) be two metric spaces.

As usual, C(X,Y) denotes the set of continuous functions from X to Y, and d :
C(X,Y)xC(X,Y) — R, =R, U {0} defined by

d(f,g) = supdy (f(x), §(x)) 2.1)

is the generalized metric on C(X, Y).
For a sequence (f,), of elements of C(X,Y) and f € C(X,Y), fa R f denotes the
u.c . u
punctual convergence, f, — f denotes the uniform convergence on compact sets, and f, —
f denotes the uniform convergence, that is, the convergence in the generalized metric d.
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Definition 2.1. Let (X, d) be a complete metric space and m € N.

For a function f : X" = xJ" X — X, the number

inf{c:d(f(e, ..., xm), f(y1,..., ym)) <cmax{d(x1,y1),...,d(Xm, Ym) },
VX1, X, Y1, Ym € X},

(2.2)

which is the same with

up A(fx,..o, xm), f(Y1,- o Ym)) (2.3)

Ko e EXAX( A L) o G ) 150 TOAX( A (21, 1), A (X, Yim) |

is denoted by Lip(f) and it is called the Lipschitz constant of f.

A function f : X™ — X is called a Lipschitz function if Lip(f) < oo and a Lipschitz
contraction if Lip(f) < 1.

We will use the notation LCon,,(X) for the set { f : X™ — X : Lip(f) < 1}.

Notations. P(X) denotes the subsets of a given set X and P*(X) denotes the set P(X) — {0}.
For a subset A of P(X), by A* we mean A — {(}.
Given a metric space (X, d), K(X) denotes the set of compact subsets of X and B(X)
denotes the set of closed bounded subsets of X.

Remark 2.2. Tt is obvious that K(X) C B(X) C P(X).

Definition 2.3. For a metric space (X, d), we consider on P*(X) the generalized Hausdorff-
Pompeiu pseudometric h : P*(X) x P*(X) — [0,+oo] defined by h(A, B) = max(d(A,B),
d(B,A)) =inf{r € [0,00] : AC B(B,r) and B C B(A,r)}, where B(A,r) = {x € X : d(x, A) <
r}and d(A, B) = sup,,d(x, B) = sup,, (inf,epd(x, y)).

Remark 2.4. The Hausdorff-Pompeiu pseudometric is a metric on B*(X) and, in particular, on
K*(X).

Remark 2.5. The metric spaces (B*(X), h) and (K*(X), h) are complete, provided that (X, d) is
a complete metric space (see [1, 7, 17]).

The following proposition contains the important properties of the Hausdorff-
Pompeiu semimetric (see [1, 17] or [18]).

Proposition 2.6. Let (X, dx) and (Y, dy) be two metric spaces. Then one has the following:

(i) if H and K are two nonempty subsets of X, then

h(H, K) = h(ﬁ, E) ; (2.4)
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(ii) if (Hi);er and (Ki);ep are two families of nonempty subsets of X, then

h< UH;, U K1> = h< UH;, 'UIKi> < sup h(Hi, Ki)} (25)
€

iel iel iel i iel

(iii) if H and K are two nonempty subsets of X and f : X — X is a Lipschitz function, then

h(f(K), f(H)) < Lip(f)h(K, H). (2.6)

Definition 2.7. An iterated function system on X consists of a finite family of Lipschitz
contractions (fk),_; on X and is denoted S = (X, (fk)_17)-

Theorem 2.8. Let (X, d) be a complete metric space, let S = (X, (fi)y_15) be an IFS. Then there
exists a unique A(S) € K*(X) such that

def

Fs(A(9) = fABS) .- fu(AS) = AS). (2.7)

The set A(S) is called the attractor of the IFS S = (X, (fi)y—17)-

Given a metric space (X, d), the idea of our generalization of the notion of an IFS is to
consider contractions from X™ = x;”, X to X, rather than contractions from X to itself.

Definition 2.9. Let (X,d) be a complete metric space and m € N. A generalized iterated
function system on X of order m (for short a GIFS or a GmIFS), denoted S = (X, (fk),_17)
consists of a finite family of functions ( fx) k=T fi: X™ — Xsuchthat f1,..., f € LCony,(X).

Earlier several authors tried to coin the name generalized IFS. One should note
the paper [19] in which notion tightly corresponds to contractive multivalued IFS from [2].

3. The Existence of the Attractor of a GIFS for Lipschitz Contractions

In this section m is a fixed natural number, (X, d) will be a fixed complete metric space, and
all the GIFSs are of order m and have the form S = (X, (f«),_15), where n is a natural number.
We prove the existence of the attractor of S (Theorem 3.9) and study its properties
(among them we give an upper bound for the Hausdorff-Pompeiu distance between
the attractors of two such GIFSs (Theorem 3.12), an upper bound for the Hausdorff-
Pompeiu distance between the attractor of such a GIFS, and an arbitrary compact set of X
(Theorem 3.17) and we prove its continuous dependence in the fi’s (Theorem 3.15)).

Definition 3.1. Let f : X — X be a function. The function Fy : K*(X)™ — K*(X) defined by

Ff(Kl,Kz,...,Km) Zf(Kl,Kz,...,Km) = {f(x1,x2,...,xm) tXj € K, V] S {1,...,m}},
3.1)

forall Ky, Ky, ..., K, € K*(X), is called the set function associated to the function f.
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The function Fs : K*(X)™ — K*(X) defined by

n
Fs(Ky, Ky, ..., Kp) = | JFf (K, Koo, Ki), (3.2)
k=1

for all Ky, Kj,...,K,, € K*(X), is called the set function associated to the GIFS S.

Lemma 3.2. For a sequence (f,,), of elements of C(X™,X) and f € C(X™,X) such that f, = f,
one has

fn(K1/K2l-~-/Km) Hf(I<1/I<2/-"/I<m)/ (33)

in(K*(X), h), forall K1,K,, ..., K, € K*(X).

Proposition 3.3. Let (X, dx) and (Y, dy) be two complete metric spaces and let f,, f € C(X,Y) be
such that sup, ., Lip(fx) < +oco and f, = f onadense set in X. Then

Lip(f) < supLip(fa),
n>1 (34)

fu 5 .
Proof. In this proof, by M we mean sup,,., Lip(fn)-
Let us consider A = {x € X | f,(x) — f(x)}, which is a dense set in X, let K be a
compact set in X, and let ¢ > 0.

Since f is uniformly continuous on K, there exists 6 € (0,¢/3(M + 1)) such that if
x,y € K and dx(x,y) < 6, then

dr (f(0, f(y)) < 5. (35)

Since K is compact, there exist x1, x2, ..., x, € K such that
P 6
Kcl| |B(xi,=). .
c U1 <xl, 2) (3.6)

Taking into account the fact that A is dense in X, we can choose y1, 2, ..., Y, € A such
that

6 6
y1€B<x1,§>,...,ypeB<xp,§>. (3.7)

Since, for all i € {1,...,p}, limy,— o fnu(vi) = f(vi), there exists n, € N such that for
every n € N, n > n., we have

dy (fu (), f (1)) < 5, (338)

foreveryie {1,...,p}.
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For x € K, there exists i € {1,...,p}, such that x € B(x;, 6/2) and therefore

6 6 £
dx(x,yi) de(x,xi)+dx(xi,yi) < E+§ <6< m, (39)
and so
€
dy (f (vi), f(2)) < 3- (3.10)
Hence, for n > n., we have
dy (fa(x), f(x)) < dy (fa(x), fu (i) +dy (fa(yi), f(vi)) + v (f (vi), £ (x))
£ € € 2¢ (3.11)
< YrsrSamM—t L2
_de(x,yl)+3+3 _M3(M+1) + 3 <e€
Consequently, as x was arbitrary chosen in K, we infer that f, — f on K, and so
fn 55 f. (3.12)
The inequality
Lip(f) < sg?Lip(fn) (3.13)
is obvious. O
Lemma 3.4. Let A1, Ay, ..., Am be subsets of R.
Then
(1) inf,ea,,. a,ea, max{ay, ..., a,} = max{inf A;,...,inf A, };
(2) SUP, e, a e, max{ai, ..., an} = max{sup Aj,...,sup A,}.
Lemma 3.5. If f : X" — X is a Lipschitz function, then
Lip(Fy) = Lip(f). (3.14)
Lemma 3.6. In the framework of this section, one has
Lip(Fs) < max{Lip(f1),...,Lip(fx)}. (3.15)

The proofs of the above lemmas are almost obvious.
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Theorem 3.7 (Banach contraction principle for LCon,,(X)). For every f € LCon,,(X), there
exists a unique a € X, such that

fla,a,...,a)=a. (3.16)

For every xo,x1,...,xm-1 € X, the sequence (xy),s;, defined by Xiim = f(Xkm-1,
Xk+m—2,- -+, Xk), for all k € N, has the property that

lim x, = a. (3.17)

n—oo
Concerning the speed of the convergence, one has the following estimation:

m(Lip(£))"™ max{d(xo, x1), d(x1,%2), ..., d(Xp1,%n) }

d(xn, a) < , (3.18)
1-Lip(f)
for every n € N.
Proof. See [20, Remark 5.1]. O

Remark 3.8. The point a from the above theorem is called the fixed point of f.
From Theorem 3.7 and Lemma 3.6 we have the following.

Theorem 3.9. In the framework of this section, there exists a unique A(S) € K*(X) such that
Fs(A(S8),A(S),...,A(S)) = A(S). (3.19)

Moreover, for any Hoy, Hy, ..., Hy 1 € K*(X), the sequence (Hy),>, defined by Hy.p =
Fs(Hym-1, Hicom—2, - - ., Hy), for all k € N, has the property that

,}LHC}OH" = A(S). (3.20)
Concerning the speed of the convergence, one has the following estimation:

m(max{Lip(f1),...,Lip(fs) })["/m] max{h(Ho, H1),...,h(Hy_1, Hpy)}
1 -max{Lip(f1),...,Lip(fn)}

h(H,, A(S)) <
(3.21)

foralln e N.
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Definition 3.10. The unique set A(S) given by the previous theorem is called the attractor of
the GIFS S.

Theorem 3.11. If f, g € LCon,,(X) have the fixed points a and p, then

d(a,p) gmin{ a(f(B.g,..., B).B), —d(a,g(a,a ..... zx))}
T Tip(7) () o
1 _
a(f, o).
< T-min{Lip(7) Lip(e)] 8
Proof. We have
d(a,p) =d(f(a,...,2),8(B,.--.p))
<d(f(a,...,a), f(B,....B)) +d(f(B,-...B), &(B,--.. B))
(3.23)
=d(f(a,...,a), f(B,...,B)) +d(f(B,.--,B), B)
<Lip(f)d(a,p) +d(f(B,.--.P).B),
A(w,) S T A BB B).B) 629
and in a similar manner we get
d(a,p) < md(d,g(u,a ..... a)). (3.25)
Therefore
e ) <mind a1 ) 1 ()d<a,g<a,a ..... a>>}
=min{ ———d(f(B,...,0),2(B,..., d(f(a,...,a),2(a,..., a
U BB, ) )
. 1
<min) i 09 T 09| = om0
(3.26)
O]

From Theorem 3.11 and Lemma 3.6, we have the following.
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Theorem 3.12. In the framework of this section, if S = (X, (fx)ii;) and S’ = (X, (8k)y_17) are
two m dimensional GIFSs, then

h(A(.S),A(_S')) < ﬁ max{a(fl,gl),. . .,H(fn/gn) }/ (327)

where y = min(max{Lip(f1),...,Lip(fn)}, max{Lip(g1),...,Lip(gn)}).

Theorem 3.13. Let f,, f € LCon,,(X) with fixed points a,, and a, respectively, such that

supLip(fn) <1,
=t (3.28)

fo > f

on a dense set in X™.
Then

a, — a. (3.29)

Proof. From the fact that sup,,, Lip(f») < 1and f, % f onadense set in X", it follows, using
Proposition 3.3, that

fn S f (3.30)
on X™ and
Lip(f) < sngllaLip (fn)- (3.31)
From Theorem 3.11, we have
da ) € ————d(a, fula,a,...,0)), (332)
1-Lip(fu)
and hence
d(a,a,) < ! - d(a, fa(a,a,..., a)) (3.33)
1= sup,, Lip(fx)
foralln € N.

Since f, =5 f on X™, we obtain that

nli_r)rgof,,(vc,a,...,tx) = f(a,a,...,q), (3.34)
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and consequently, using the above inequality, we obtain that

lim a, = a.

n—oo

(3.35)
O

Proposition 3.14. Let S; = (X, (f,i)k:ﬁ), where j € N*, and let S = (X, (fk)y_15) be m-

dimensional generalized iterated function systems such that

supmax{Lip(f{),. . .,Lip(fi)} <1,

j21
fi > fi
on a dense set in X™, for every k € {1,...,n}.
Then
Fg “5 Fs.
Proof. Using Proposition 3.3, we obtain that
e

on X" and

max{Lip(f1),..., Lip(fa)} < sppmax{Lip(f{),...,Lip<f,];> }

j21
Then, using Lemma 3.2 and Proposition 2.6(ii), we get
Fs, = Fs.

Since, according to Lemma 3.6, we have

LiP<F5,-> Smax{Lip(f{),...,Lip(fi)} < supmax{Lip(f{),...,Lip(f,{)} <1

j=1

for all j € N, we obtain, using again the arguments from Proposition 3.3, that

Fs “S Fs.

]

From Theorem 3.13, Proposition 3.14, and Lemma 3.6, we have the following.

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)
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Theorem 3.15. Let S; = (X, ( f,{)k:ﬁ), where j € N*, and let S = (X, (fi) 1) be m-dimensional
generalized iterated function systems having the property that

SJI;F max{Lip(f{),...,Lip(fi)} <1,

(3.43)
fi = fi

on a dense set in X™, for every k € {1,...,n}.
Then

A(Sj) — A(3). (3.44)
Theorem 3.16. Forf € LCon,,(X) having the unique fixed point a and for every x € X, one has

d(f(x,x,...,x),x)

dx(x,a) < . Lip(f) (3.45)

Proof. We can use the Banach contraction principle for g € LCon; (X), where
g(x) = f(x,x,...,x) (3.46)
forall x € X. O

Theorem 3.17. For a generalized iterated function system S = (X, (fi)y_1;) and H € K*(X), the
following inequality is valid:

h(f(H,H,...,H),H)

h(A(S),H) < . - : (3.47)
1 -max{Lip(f1),...,Lip(fn)}

Proof. The function Gg : K*(X) — K*(X), defined by
Gs(K) =Fs(K,K,...,K) = | Jfx(K,K,...,K), (3.48)

k=1

for all K € K*(X), is a contraction and

Lip(Gs) < Lip(Fs) < max{Lip(f1),..., Lip(fa)}. (3.49)
O

4. Examples

In this section we present some examples of attractors of GIFSs. Example 4.3 shows that the
notion of GIFS is a natural generalization of the notion of IFS.
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Example 4.1. Let Ay, Ay, ..., Ay € B(X) and a € X, where X is a Banach space and B(X) is the
set of linear and continuous operators from X to X.

Let us consider the function f : X — X, given by

fx1,x0,...,xm) = Aix1 + Apxo + -+ + ApXm + @, (4.1)

for every xi,xp,...,xm € X.
Then

||f(x1/x2/~-'/xm) —f(yllyZI---/]/m)”
= [[Ar(x1 - 1) + Aa(x2 = y2) + -+ + A (Xm = ym) |

(4.2)
S st < (B 1 ) mas( o - al t- el),
k=1 k=1
for every x1,x2,...,Xm, Y1, Y2,...,Ym € X, and so
Lip(f) <X I Akll- (4.3)
k=1
In particular, if X = R and Ay = axlg, for every k € {1,...,m}, then
Lip(f) <D lal- (44)
k=1
Let us consider f{", f{" : R™ — R given by
21
fO(xll-XZr oo rxm) =Z gxkr
k=1
(4.5)
8-m &1
fi(xr, x2,..00, %) = g ' Z g Xk
k=1
for every x1,x,...,xm € R.
Then
. ) m
Lip(fo) = Lip(f1) < 5 (4.6)

If m < 8, then fo, f1 are contractions.
We consider the GIFS 8™ = (R, (f", f{")), wherem € {1,2,...,7}.
If m >4, then

A(S™) = [0,1]. (4.7)
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Indeed, fo [0 1] ,10,1]) = [0,m/8], f1 1,10, 1],...,[0,1]) =[1-m/8,1]
and so [0,1] fo 1,10, 1] L0,1]) u f7( [O 1],...,[0,1]), that is, [0,1] =
Fsn([0,1],..., [O 1]). Thls proves that A(S™) =0, 1]

If m =3, then

A(53) = [0, g] U [21] . (4.8)

Indeed, if A =[0,3/8] U [5/8,1], then

nnr=(pi bbbl bk )
(RN (R RN A

—oiuim 10 21 15§_0§
! 64’ 64 64’ 64 64”8 |8

and f7(A,A,A) = [5/8,1]. Hence A = f3(A, A, A) U f3(A, A, A). This proves that A(S?) =
If m =2, then

2 35 6 8 24 261 [27 291 [30
2 _ — — — — — — — — — —
A(5 ) - [0’ 32] v [32’32] v [32’32] N [32’32] v [32’32] v [32’1]' (4.10)

If m =1, then A(S") is a Cantor type set (more precisely A(S') consists of those elements of
[0, 1] for which one can use the digits 0 and 7 in order to write them in base 8).

Remark 4.2. Finally let us note that

A(S) cA(S) ca(S) ca(s) =a(s) =A(s) =A(S). (4.11)

Example 4.3. Let X be one of the spaces I, [, or co, where p > 1.

Letj: X — X, i, : R" — Xand oy : X — R be given by

j((xﬂ)nzl) = (0/ X1,X2,+ o, Xy - -)/
im ((Xn)ys1) = (X1, %2,...,%,,0,0,0,...) , (4.12)

Jfl((xn)nzl) =X1

for all (x,),>; € X.
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We consider the GIFS S = (X, (fo, f1)), where fo : X x X — Xand f; : XxX — Xare
given by

. (4.13)
filx,y) =i (”1(36) + 2) + ](Ty)
forall x,y € X.
Then
A(S) =k°fo [0, zl—k] (4.14)

Indeed, if A = x°[0,1/2], then j(A) = {0} x(x$,[0,1/2¥]) and 71 (A) = [0,1]. Hence

folA, A) = (”1;’4)) ]T [ ] ((0,0,0,..)} + {0}X<k°f0 [OZ%D
o]+ (& oz

fo(A, A) =i;"<”1(2A) +§> T) - [%1] % {(0,0,0,...)} + {0} x <:>EO [O%])
[z (& o]

and therefore A = fo(A, A) U f1(A, A). This, together with the fact that A is compact, proves
that A(S) = A = x[0,1/2F].

On one hand it is obvious that A(S) has infinite Hausdorff dimension. On the other
hand, for every finite IFS S, with contraction constant less then 1, we have dimp (A(S)) < 0.
Indeed, the proof of the above claim is similar with the one of Proposition 9.6, page 135, from
[18].

Therefore there exists no finite IFS consisting of Lipschitz contractions having as attractor the
set A(S) = x2,[0, 1/2F].

(4.15)
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