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The existence of approximate fixed points and approximate endpoints of the multivalued almost
I-contractions is established. We also develop quantitative estimates of the sets of approximate
fixed points and approximate endpoints for multivalued almost I-contractions. The proved results
unify and improve recent results of Amini-Harandi (2010), M. Berinde and V. Berinde (2007), Ciri¢
(2009), M. Pacurar and R. V. Pacurar (2007) and many others.

1. Introduction and Preliminaries

In fixed point theory, one of the main directions of investigation concerns the study of the
fixed point property in topological spaces. Recall that a topological space X is said to have
the fixed point property if every continuous mapping f : X — X has a fixed point. The
major contribution to this subject has been provided by Tychonoff. Every compact convex
subset of a locally convex space has the fixed point property. Another important branch of
fixed point theory is the study of the approximate fixed point property. Recently, the interest
in approximate fixed point results arise in the study of some problems in economics and game
theory, including, for example, the Nash equilibrium approximation in games; see [1-3] and
references therein.

We establish some existence results concerning approximate fixed points, endpoints,
and approximate endpoints of multivalued contractions. We also develop quantitative
estimates of the sets of approximate fixed points and approximate endpoints for set-valued
almost I-contractions. The results presented in this paper extend and improve the recent
results of [4-10] and many others.
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Now, we give some notions and definitions.

Let (X, d) be a metric space and let (X) and CI(X) denote the families of all nonempty
subsets and nonempty closed subsets of X, respectively. Let X and Y be two Hausdorff
topological spacesand T : X — pP(Y) a multivalued mapping with nonempty values. Then
T is said to be

(1) upper semicontinuous (u.s.c.) if, for each closed set B C Y, T"}(B) = {x € X : T(x) N
B#0} is closed in X;

(2) lower semicontinuous (1.s.c.) if, for each open set B C Y, T"'(B) = {x € X : T(x) N
B#(} is openin X;

(3) continuous if it is both u.s.c. and l.s.c,;
(4) closed if its graph Gr(T) = {(x,y) € X xY : y € T(x)} is closed;
(5) compact if c1 T(X) is a compact subset of Y.

For any subsets A, B, of a metric space X, we consider the following notions:

d(A,B) =inf{d(a,b) : a € A,b € B}: the distance between the sets A and B;
6(A,B) =sup{d(a,b) : a € A, b € B}: the diameter of the sets A and B;

6(A) =supld(x,y): x,y € A}: the diameter of the set A;

H(A,B) = max{sup,.,d(a,B),sup,.;d(b,A)}: the Hausdorff metric on CI(X)
induced by the metric d.

LetT : X — P(X) be a multivalued mapping. An element x € X such that x € T(x)
is called a fixed point of T. We denote by F(T') the set of all fixed points of T, that is, F(T) =
{xeX:xeT(x)}.

A mapping T : X — P(X) is called

(mc) a multivalued contraction (or multivalued k-contraction) if there exists a number 0 <
k < 1 such that

H(Tx,Ty) <kd(x,y), Vx,yeX, (1.1)

(mac) a multivalued almost contraction [6] or a multivalued (6, L)-almost contraction if there
exist two constants 6 € (0,1) and L > 0 such that

H(Tx,Ty) <0d(x,y) +Ld(y,Tx), Vx,yeX, (1.2)

(gmac) a generalized multivalued almost contraction [6] if there exists a function « : [0, 0) —
[0,1) satisfying lim sup, _, . a(r) < 1 for every t € [0, o) such that

H(Tx,Ty) <a(d(x,y))d(x,y) +Ld(y,Tx), Vx,yeX. (1.3)

It is important to note that any mapping satisfying Banach, Kannan, Chatterjea,
Zamfirescu, or Ciri¢ (with the constant k in ]0,1/2[) type conditions is a single-valued almost
contraction; see [5, 6, 8, 11].
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2. Approximate Fixed Points of Multivalued Contractions

Definition 2.1. A multivalued mapping T : X — (X)) is said to have the approximate fixed
point property [2] provided

;g)f( d(x,Tx) =0 (2.1)

or, equivalently, for any e > 0, there exists z € X such that

d(z,Tz)<e (2.2)

or, equivalently, for any e > 0, there exists x. € X such that

T(xc) N B(xe, €)#0, (2.3)

where B(x, r) denotes a closed ball of radius r centered at x.
We first prove that every generalized multivalued almost contraction has the
approximate fixed point property.

Lemma 2.2. Every generalized multivalued almost contraction has the approximate fixed point
property.

Proof. Let (X, d) be an arbitrary metric space and T : X — Cl(X) a generalized multivalued
almost contraction. Let x,, € X and y, € T(x,) be such that

Jim d(x, yn) = inf d(x, Tx). (2.4)

By passing to the subsequences, if necessary, we may assume that the sequence {a(d(x,, y.))}
is convergent. Then we have

1nf d(x,Tx) < mf{d(y, Ty):ye UTx} inf inf d(y,Ty) < 1r1f 1nf H(Tx Ty)

xex xeX yeTx

< inf inf [a(d(x,y))d(x,y) +L-d(y,Tx)] = mf 1nf [ a(d(x,y))d(x,y)]

xeX yeTx
< inf [a(d (¥, y)) A (e, )] < Tim (@, ) Tim d (i, )
ne n—oo n—oo

< limsup  a(r)inf d(x, Tx).
7 — (infyexd(x,Tx))* xex

(2.5)
Since lim sup, ¢ aieray @(1) < 1, we get infrexd(x,Tx) = 0. This completes the
proof. O

Corollary 2.3 (see [5, Theorem 2.5], [10, Theorem 2.1]). Let (X, d) be a metric space and T :
X — X asingle-valued almost contraction. Then T has the approximate fixed point property.
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The authors in [5, 10] obtained the following quantitative estimate of the diameter of
the set, F.(T) = {x € X : d(x,Tx) < €}, of approximate fixed points of single-valued almost
contraction T.

Theorem 2.4 (see [5, Theorem 3.5], [10, Theorem 2.2]). Let (X, d) be a metric space. If T : X —
X is a single-valued almost contraction with 6 + L < 1, then

(2+ L)e

6(F.(T)) < m/

Ve > 0. (2.6)

The following simple example shows that the conclusion of Theorem 2.4 is not valid
for set-valued almost contractions.

Example 2.5. Let T : [0,1] — CI([0,1]) be defined by T(x) = [0,1] for all x € [0,1]. Then 0 =
H(T(x),T(y)) < (1/2)d(x,y) and so T is multivalued almost contraction with 6+L =1/2 < 1.
Further, F.(T) = [0,1] and so 6(F.(T)) = 1. This shows that conclusion of Theorem 2.4 is not
true whenever T is multivalued almost contraction.

Theorem 2.6. Let (X,d) be a metric space. If T : X — CUX) is a generalized multivalued
almost contraction, then T has a fixed point provided either (X,d) is compact and the function
f(x) =d(x,Tx) is lower semicontinuous or T is closed and compact.

Proof. By Lemma 2.2, we have inf,cx f(x) = infyex d(x, Tx) = 0. The lower semicontinuity of
the function f(x) = d(x,Tx) and the compactness of X imply that the infimum is attained.
Thus there exists an x¢ € X such that f(xo) = d(x9, Txp) = 0 and so xg € Txp.

Suppose that T is closed and compact. According to Lemma 2.2, T has the approximate
fixed point property. Therefore, for any € > 0, there exist x. € X and y. € X such that

Ye € T(xe) N B(x¢, €). (2.7)

Now, since Y := cl(T'(X)) is compact, we may assume that {y.} converges to a point z € Y
as € — 0. Consequently, {x.} also converges to z as e — 0. Since T is closed, then z € T(z).
This completes the proof. O

Let I : X — X be a single-valued mapping and T : X — Cl(X) a multivalued
mapping. Then T is called a multivalued almost I-contraction [6, 8] if there exist constants 6 €
(0,1) and L > 0 such that

H(Tx,Ty) <0d(Ix,Iy) + Ld(Iy,Tx), Vx,ye€X. (2.8)

We say that T is a generalized multivalued almost I-contraction if there exists a function a :
[0,00) — [0,1) satisfying lim sup, _,,. a(r) < 1 for every t € [0, o) such that

H(Tx,Ty) <a(d(Ix,1y))d(Ix,Iy) + Ld(Iy,Tx), Vx,yeX. (2.9)
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The mappings I and T are said to have an approximate coincidence point property provided

infd(Ix,Tx) =0 (2.10)

or, equivalently, for any e > 0, there exists z € X such that

d(Iz,Tz) <e. (2.11)

A point x € X is called a coincidence (common fixed) point of  and T if Ix € Tx (x = Ix €
Tx).

Theorem 2.7. Every generalized multivalued almost I-contraction in a metric space (X, d) has the
approximate coincidence point property provided each Tx is I-invariant. Further, if (X, d) is compact
and the function f(x) = d(Ix,Tx) is lower semicontinuous, then I and T have a coincidence point.

Proof. Let T : X — CI(X) be a generalized multivalued almost I-contraction and let x,, € X
and v, € T(x,) be such that

n—oo

lim d(Ix,, yn) = J1Cr€1)f(d(1x, Tx). (2.12)

By passing to the subsequences, if necessary, we may assume that the sequence
{a(d(Ixy, yn))} is convergent. Then we have

J1Cre1)f<d(1x, Tx) < 1nf{d([y, Ty):y€ xg(Tx} = chlg)g ylélexd(Iy, Ty) < ;2)1; ylélexH(Tx, Ty)

<inf inf [a(d(Ix,Iy))d(Ix,Iy) + Ld(1y, Tx)]

xeX yeTx
= inf inf a(d(Lx, Iy))d(Ix, 1y)] < inf[a(d(Lxn, yn))d(Ixn, yu)]

< lim a(d(Ixy, yn)) lim d(Ix,, y,) < limsup  a(r)inf d(Ix,Tx)
n—o n—o r— (infrexd(Ix,Tx))* xeX
(2.13)

since each Tx is I-invariant, that is, for each y € Tx, we have Iy € Tx. Since

lim sup a(r) <1, (2.14)
r— (infrexd(Ix,Tx))* ’

we get infyex d(Ix, Tx) = 0.

Further, the lower semi-continuity of the function f(x) = d(Ix,Tx) and the
compactness of X imply that the infimum is attained. Thus there exists z € X such that
f(z) =d(Iz,Tz) =0and so Iz € Tz as required. This completes the proof. O
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Corollary 2.8. Every multivalued almost I-contraction in a metric space (X, d) has the approximate
coincidence point property provided each Tx is I-invariant. Further, if (X,d) is compact and the
function f(x) = d(Ix,Tx) is lower semicontinuous, then I and T have a coincidence point.

Recently, Ciri¢ [7] has introduced multivalued contractions and obtained some
interesting results which are proper generalizations of the recent results of Klim and
Wardowski [9], Feng and Liu [12], and many others. In the results to follow, we obtain
approximate fixed point property for these multivalued contractions.

Theorem 2.9. Let (X, d) be a metric space and T a multivalued mapping from X into C1(X). Suppose
that there exist a function ¢ : [0,00) — [0, 1) such that

lim supg(r) <1, Vte[0,00), (2.15)

r—t
and x, € X and y,, € Tx,, satisfying the following two conditions:
fny e ) = il ),

f(Wn) < o(f(xn))d (X0, Yn),

(2.16)

where f(x) = d(x,Tx). Then T has the approximate fixed point property. Further, T has a fixed point
provided either (X, d) is compact and the function f(x) is lower semicontinuous or T is closed and
compact.

Proof. Let x, € X and y, € Tx, be the sequences that satisfy (2.16). By passing to
subsequences, if necessary, we may assume that both of the sequences f(x,) and ¢(f(x,))
are convergent (note that f(x,) is bounded since f(x,) < d(xy,y,)). Then we have

oS00 = Igfde T < Jof Al Ty) < Tl gt @l Ty)
< ’lqlglgd(ynr Tyn) < irelIgT(P(f(xn))d(xnr yn) < nh_I)rc}Q ‘P(f(xn»nh_{lgod(xn/ yn) (2.17)

< limsup  ¢(r)inf f(x).
r— (limy oo f (%)) xeX

Since lim SUP, _, (tim, ... f(x2)) p(r) <1, we getinfyex f(x) = infrex d(x, Tx) = 0.

Further, the lower semi-continuity of the function f(x) = d(x,Tx) and the
compactness of X imply that the infimum is attained. Thus there exists zy € X such that
f(z0) = d(z0,Tzp) = 0 and so zy € Tzo.

The second assertion follows as in the proof of Theorem 2.6. This completes the
proof. O

Theorem 2.10. Let (X, d) be a metric space and T a multivalued mapping from X into C1(X).
Suppose that there exist a function ¢ : [0,00) — [0,1) such that

lim sup ¢(r) <1, Vte[0,00), (2.18)

r—t+



Fixed Point Theory and Applications 7

and x, € X and y,, € Tx,, satisfying the following two conditions:

lim d(xy, yn) = in}f(d(x, Tx),
XE

n—oo

f(yn) < o(d(xn, yn)) A (Xn, yn),

(2.19)

where f(x) = d(x,Tx). Then T has the approximate fixed point property. Further, T has a fixed point
provided either (X, d) is compact and the function f(x) is lower semicontinuous or T is closed and
compact.

Proof. Let x, € X and y, € Tx, satisfy (2.19). By passing to subsequences, if necessary, we
may assume that the sequence ¢(d(x,, y,) is convergent. Then we have

oS00 = I dte T < Jof Al Ty) < Jof gl @l Ty)
< inf d(Yu, Tyn) < inf ¢(d(xXn, yn) )d (%0, Yn) (2.20)

< lim ¢(d(xn,yn)) lim d(x,, y,) < lim sup (p(r)in)f(f(x).
n— oo n— oo r*(mfxexf(x))Jr XE

Since im sup, _, ¢, £+ (1) <1, we getinfrex f(x) = 0.

Further, the lower semi-continuity of the function f(x) = d(x,Tx) and the
compactness of X imply that the infimum is attained. Thus there exists zy € X such that
f(z0) = d(z0,Tzp) = 0and so zy € Tz.

The second assertion follows as in the proof of Theorem 2.6. This completes the
proof. O

3. Endpoints of Multivalued Nonlinear Contractions

Let T : X — 2% be a multivalued mapping. An element x € X is said to be a endpoint (or
stationary point) [13] of T if Tx = {x}. We say that a multivalued mapping T : X — 2X has
the approximate endpoint property [4] if

inf sup d(x,y) =0. 3.1)

xeX yeTx

Let I : X — X be a single-valued mapping and T : X — CI(X) a multivalued contraction.
We say that the mappings I and T have an approximate endpoint property provided

fsupdlixy) =0 (32)

A point x € X is called an endpoint of I and T if Tx = {Ix}.
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For each € > 0, set

E.(IT) = {x € X :supd(Ix,y) < e}. (3.3)

yeTx

Lemma 3.1. Let (X, d) be a metric space. Let I : X — X be a single-valued mapping such that
rd(x,y) <d(Ix,1y) forall x,y € X, where r > 0 is a constant. If T : X — CU(X) is a multivalued
almost I-contraction with 0 + L < 1, then

(2+ L)e

SELT) < 5= a7 Dy

Ve > 0. (3.4)

Proof. For any x,y € E.(I,T), we have

d(Ix,Iy) = H({Ix}, {Iy})
<H({Ix},Tx)+ H(Tx,Ty) + H({Iy},Ty)
<2e+60d(Ix, Iy) + Ld(Iy, Tx) (3.5)
<2e+60d(Ix,Iy) + Ld(Iy, Ix) + Ld(Ix, Tx)
<e(+L)+(0+L)d(Ix,1y)

and so

2+ L)e

d(Ix,Iy) < T-@+0) (3.6)
Since rd(x,y) < d(Ix,1y), from (3.6), we have
(2+ L)e
O

The following simple example shows that under the assumptions of Lemma 3.1,
E.(I,T) may be empty.

Example 3.2. Let T : [0,1] — CI([0,1]) be a multivalued mapping defined by T'(x) = [0,1]
for each x € [0,1] and I the identity mapping. Then 0 = H(T(x),T(y)) < (1/2)d(x,y) and so
T is a multivalued almost I-contraction with 6 + L = 1/2 < 1. However, E.(I, T) = () for each
O<ex<1/2.

Lemma 3.3. Let (X, d) be a metric space. Let I : X — X be a continuous single-valued mapping
and T : X — CI(X) a lower semicontinuous multivalued mapping. Then, for each € > 0, E.(I,T) is
closed.

Proof. Let x,, € E.(I,T) be such that with x, — xasn — oo. Let z € Tx. Since T is lower
semicontinuous, then there exists z, € Tx, such that z, — z. Since x, € E.(I,T), then
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SUp cry, d(Ix,,y) < € and so d(Ix,, z,) < €. Since I is continuous, d(x,z) < e. Therefore,
SUpP ety d(Ix,y) < e, thatis, x € E.(I, T). This completes the proof. O

Theorem 3.4. Let (X, d) be a complete metric space. Let I : X — X be a continuous single-valued
mapping such that rd(x,y) < d(Ix,ly), where r > 0 is a constant. Let T : X — CI(X) be a lower
semicontinuous multivalued almost I-contraction. Then I and T have a unique endpoint if and only if
I and T have the approximate endpoint property.

Proof. 1tis clear that, if I and T have an endpoint, then I and T have the approximate endpoint
property. Conversely, suppose that I and T have the approximate endpoint property. Then

C, = {xGX:supd(Ix,y)S%}#b, Vn e N. (3.8)

y€Tx

Also it is clear that, for each n € N, C,, 2 C,41. By Lemma 3.3, C,, is closed for each n € N.
Since I and T have the approximate endpoint property, then C, #0 for each n € N. Now, we
show that lim,, _,, 6(C,) = 0. To show this, let x, y € C,,. Then, from Lemma 3.1,

6(Ca) = 6(E (1 1)) < ST 0ET 9)
and so lim,, ., 6(C,,) = 0. It follows from the Cantor intersection theorem that
(Cn = {x0}. (3.10)
neN
Thus x is the unique endpoint of I and T. O

If I is the identity mapping on X, then the above result reduces to the following.

Corollary 3.5. Let (X, d) be a metric space. If T : X — CI(X) is a multivalued almost contraction
with® + L < 1, then

(2+ L)e

O6(Ec(T)) < T-@+0) Ve >0, (3.11)

where E¢(T) = {x € X : sup, ., d(x,y) < e}.

Corollary 3.6. Let (X, d) be a complete metric space. Let T : X — Cl(X) be a lower semicontinuous
multivalued almost contraction with 6 + L < 1. Then T has a unique endpoint if and only if T has the
approximate endpoint property.

Corollary 3.7 (see [4, Corollary 2.2]). Let (X, d) be a complete metric space. Let T : X — CI(X)
be a multivalued k-contraction. Then T has a unique endpoint if and only if T has the approximate
endpoint property.
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Theorem 3.8. Let (X, d) be a complete metric space and T a multivalued mapping from X into C1(X).
Suppose that there exist a function ¢ : [0,00) — [0, 1) such that

lim sup¢(r) <1, Vte [0, c0), (3.12)

r—tt
and x, € X and y,, € Tx,, satisfying the two following conditions:
lim d(x,,yn) = 1nf F(x),

n— oo

F(yn) < o(d(xn, yn))d(Xn, Yn),

(3.13)

where F(x) = sup, cy ) d(x,y). Then T has the approximate endpoint property. Further, T has an
endpoint provided (X, d) is compact and the function F(x) is lower semicontinuous.

Proof. We first prove that T has the approximate endpoint property. Let x,, € X and y,, € Tx,,
that satisfy (3.13). By passing to subsequences, if necessary, we may assume that the sequence
{e(d(xn,yn))} is convergent. Then we have

inf F(x) < inf inf F(y) < mfF(yn) < mf(p(d(xn,yn))d(xn,yn)

xeX neN yeTx,
(3.14)
< lim (p(d(xn,yn)) hm d(xn,yn) < lim sup (p(r)mf F(x).
n=e 7 — (infrex F(x))*
Since im sup, _, ¢, ryy* 9(1) <1, we get
inf F(x) = 0. (3.15)

xeX

Thus T has the approximate endpoint property. The lower semi-continuity of the function
F(x) and the compactness of X imply that the infimum is attained. Thus there exists zp € X
such that F(zp) = 0. Therefore, T(zo) = {zo}. This completes the proof. O

The following theorem extends and improves Theorem 2.1 in [4].

Theorem 3.9. Let (X, d) be a complete metric space. Let I : X — X be a continuous single-valued
mapping such that rd(x,y) < d(Ix,Iy), where r > 0 is a constant. Let T : X — CU(X) be a
multivalued mapping satisfying

H(Tx,Ty) <¢(d(Ix,1y)), VYx,yeX, (3.16)

where ¢ : [0,00) — [0, 0) is a function such that lim sup,_, ¢(r) < ¢(t) and @(t) < t for each
t > 0. Then I and T have a unique endpoint if and only if I and T have the approximate endpoint
property.
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Proof. Itis clear that, if I and T have an endpoint, then I and T have the approximate endpoint
property. Conversely, suppose that I and T have the approximate endpoint property. Then

Cn= {x € X : H({Ix},Tx) = supd(Ix,y) < %} #0, VneN (3.17)
yeTx

Also it is clear that, for each n € N, C,, 2 C41. Since the mapping x — SUP, d(Ix,y)
is continuous (note that I and T are continuous), we have that C, is closed. Now we show
that lim,, .o, 6(C,) = 0. On the contrary, assume that lim,_,,, 6(C,) > 0. Since 6(1(C,)) >
r6(Cp), then lim,, ., 6(I(C,)) = rp > 0 (note that the sequences {6(1(C,))} and {6(C,)} are
nonincreasing and bounded below and then they have the limits). Let xi, yx» € C, be such
that limy . oo d(IUXk 0, 1Yin) = 6(1(Cy)). Given x,y € C,, from (3.16) and triangle inequality,
we have

d(Ix,Iy) = H({Ix},{Iy}) <H({Ix},Tx) + H(Tx,Ty) + H({Iy}, Ty) < % +g(d(Ix,Iy)).
(3.18)

Therefore, we have
d(Ix,Iy) —¢(d(Ix,Iy)) < %, Vx,y € Cp. (3.19)

From (3.19), we have 0 < d(Ixkn, Iyin) — ¢ (d(Ixkn, Iyin)) <2/nfor each k € N and so we
get

SN

> lilgn inf[d(Ixin, Iyin) — ¢ (d(Ixin, Iyin))]
> liin infd(Ixkn, Iyin) + lilzn inf[—¢ (d(Ixin, Iyin))] (3.20)

= 6(I(Cy)) — lim sup ¢ (d(Ixin, Iykn)) > 6(1(Cn)) = gr(6(1(Cn))).-

k— o0

Hence we have

0< B(1(C) - $(6IC)) < =

, VneNlN. (3.21)
From (3.21), we obtain

Jlim (6(I(Cy)) = ¢:(6(I(Cn)))) = 0. (3.22)
Since lim,, o, 6(I(C,)) = 1y, from (3.22), we get lim,, oo ¢(6(1(C,))) = ro. Thus

1o = lim ¢(6(I(Cy))) < lim sup ¢(r) < ¢s(ro) < 1o, (3.23)

r—n
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which is a contradiction and so ry = 0. It follows from the Cantor intersection theorem that

(N Cn = {x0}. (3.24)

neN

Thus H({Ixg},T(xg)) = supyeTde(Ixo,y) = 0 and hence T(x9) = {Ixp}. To prove the
uniqueness of the endpoints of I and T, let x be an arbitrary endpoint of I and T. Then
H({Ix},Tx)=0and so x € ey Cn = {x0}. Thus x = xp. This completes the proof. O

From Theorem 3.9, we obtain the following improved version of the main result of [4].

Corollary 3.10. Let (X, d) be a complete metric space. Let T : X — CL(X) be a multivalued mapping
satisfying

H(Tx,Ty) <¢(d(x,y)), Vx,yeX, (3.25)
where ¢ : [0,00) — [0, 00) is a function such that lim sup, _, ¢s(r) < @ (t) and ¢ (t) < t for each
t > 0. Then T has a unique endpoint if and only if T has the approximate endpoint property.

Example 3.11. Let X = [0, 1] with the usual metric d(x,y) =[x —y|. Let T : X — CI(X) be a
multivalued mapping defined by Tx = [x/2,1] and ¢ : [0,00) — [0, o0) be a function defined
by

% ifo<t<1,
w(t) = 2 (3.26)
— ift>1.
1+t
Then
1
H(Tx,Ty) = 5|x-y| = ¢(|x - y]) = ¢(d(x,¥))- (3.27)

Then T and ¢ satisfy the conditions of Corollary 3.10, but the conditions of Theorem 2.1 in
[4] are not satisfied (note that lim ¢, (t — ¢ (¢)) = 1).
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