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Fixed point and coincidence results are presented for multivalued generalized ¢-weak contractive
mappings on complete metric spaces, where ¢ : [0,+00) — [0,+o0) is a lower semicontinuous
function with ¢(0) = 0 and ¢(t) > 0 for all t > 0. Our results extend previous results by Zhang and
Song (2009), as well as by Rhoades (2001), Nadler (1969), and Daffer and Kaneko (1995).

1. Introduction

Let (X,d) be a metric space. We denote the family of all nonempty closed and bounded
subsets of X by CB(X).

A mapping T : X — X is said to be ¢-weak contractive if there exists a map ¢ :
[0, +00) — [0, +00) with ¢(0) = 0 and ¢(t) > 0 for all ¢ > 0 such that

d(Tx,Ty) <d(x,y) - ¢(d(x,y)) (1.1)

forall x,y € X.
Also two mappings T,S : X — X are called generalized ¢-weak contractions if there
exists a map ¢ : [0, +00) — [0, +o0) with ¢(0) = 0 and ¢(t) > 0 for all £ > 0 such that

d(Tx,Sy) < M(x,y) - 9(M(x,y)) (1.2)
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for all x, y € X, where

(1.3)

M(x,y) = max{d(x/y),d(x,Tx),d(y, sy), d(x,Sy) +d(y,Tx) }

2

A mapping T : X — CB(X) is said to be a weak contraction if there exists 0 < a < 1 such that

H(Tx,Ty) <aN(x,y), (1.4)

for all x, y € X, where H denotes the Hausdorff metric on CB(X) induced by d, that is,

H(A,B) := max{sup d(x, B), sup d(y,A)}, (1.5)
xX€A Yy€EB

for all A, B € CB(X), and where

d(x,Ty) +d(y, Tx) } (16)

N(x,y) = max{d(x,y),d(x, Tx),d(y, Ty), 3

A mapping T : X — CB(X) is said to be ¢-weak contractive if there exists a map
¢ :[0,+00) — [0, +00) with ¢(0) = 0 and ¢(¢) > 0 for all ¢ > 0 such that

H(Tx,Ty) <d(x,y) - ¢(d(x,y)), (17)

forall x,y € X.

The concepts of weak and ¢-weak contractive mappings were defined by Daffer and
Kaneko [1] in 1995.

Many authors have studied fixed points for multivalued mappings. Among many
others, see, for example, [1-4], and the references therein.

In the following theorem, Nadler [3] extended the Banach Contraction Principle to
multivalued mappings.

Theorem 1.1. Let (X, d) be a complete metric space. Suppose T : X — CB(X) is a contraction
mapping in the sense that for some 0 < a < 1,

H(Tx,Ty) < ad(x,y), (1.8)

forall x,y € X. Then there exists a point x € X such that x € Tx (i.e., x is a fixed point of T).

Daffer and Kaneko [1] proved the existence of a fixed point for a multivalued weak
contraction mapping of a complete metric space X into CB(X).

Theorem 1.2. Let (X, d) be a complete metric space and T : X — CB(X) be such that

H(Tx,Ty) <aN(x,y), (1.9)
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for some 0 < a < 1 and for all x,y € X (ie., weak contraction). If x +— d(x,Tx) is lower
semicontinuous (l.s.c.), then there exists xo € X such that xo € Txy.

In Section3 we extend Nadler and Daffer-Kaneko’s theorems to multivalued
generalized weak contraction mappings (see Definition 2.1).

Rhoades [5, Theorem 2] proved the following fixed point theorem for ¢-weak
contractive single valued mappings, giving another generalization of the Banach Contraction
Principle.

Theorem 1.3. Let (X, d) be a complete metric space, and let T : X — X be a mapping such that

d(Tx,Ty) <d(x,y) - 9(d(x,y)), (1.10)

for every x,y € X (ie., p-weak contractive), where ¢ : [0,+00) — [0, +00) is a continuous and
nondecreasing function with ¢(0) = 0 and ¢(t) > 0 for all t > 0. Then T has a unique fixed point.

By choosing ¢ (t) = t — ¢(t), p-weak contractions become mappings of Boyd and Wong
type [6], and by defining k(f) = (1 — ¢(t))/t for t > 0 and k(0) = 0, then ¢-weak contractions
become mappings of Reich type [7].

Recently Zhang and Song [8] proved the following theorem on the existence of a
common fixed point for two single valued generalized ¢p-weak contraction mappings.

Theorem 1.4. Let (X, d) be a complete metric space, and let T,S : X — X be two mappings such
that for all x,y € X

d(Tx,Sy) < M(x,y) - 9(M(x,y)), (1.11)

(i.e., generalized p-weak contractions), where ¢ : [0,400) — [0,+00) is an Ls.c. function with
¢(0) = 0and ¢(t) > 0 for all t > 0. Then there exists a unique point x € X such that x = Tx = Sx.

In Section 4, we extend Theorem 1.3 by assuming ¢ to be only ls.c., and extend
Theorem 1.4 to multivalued mappings.

2. Preliminaries

In this paper, (X, d) denotes a complete metric space and H denotes the Hausdorff metric on
CB(X).

Definition 2.1. Two mappings T,S : X — CB(X) are called generalized weak contractions if

there exists 0 < a < 1 such that

H(Tx,Sy) <aM(x,y), (2.1)

forall x,y € X.
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Definition 2.2. Two mappings T,S : X — CB(X) are called generalized ¢-weak contractive if
there exists amap ¢ : [0, +00) — [0, +00) with ¢(0) = 0 and ¢(t) > 0 for all ¢ > 0 such that

H(Tx, Sy) < M(x,y) - p(M(x,9)) 2)

forall x,y € X.

In the proof of our main results, we will use the following well-known lemma, and
refer to Nadler [3] or Assad and Kirk [9] for its proof.

Lemma 2.3. If A,B € CB(X) and a € A, then for each € > 0, there exists b € B such that

d(a,b) < H(A,B) +e. (2.3)

3. Extension of Nadler and Daffer-Kaneko’s Theorems

The following theorem extends Nadler and Daffer-Kaneko’s Theorems to a coincidence
theorem, without assuming x +— d(x, Tx) to be lLs.c.

Theorem 3.1. Let (X, d) be a complete metric space, and let T, S : X — CB(X) be two multivalued
mappings such that for all x,y € X,

H(Tx,Sy) <aM(x,y), (3.1)

where 0 < a < 1 (i.e., multivalued generalized weak contractions). Then there exists a point x € X
such that x € Tx and x € Sx (i.e.,, T and S have a common fixed point). Moreover, if either T or S is
single valued, then this common fixed point is unique.

Proof. Obviously M(x,y) = 0if and only if x = y is a common fixed point of T and S.

Lete > Obesuchthat p = a+¢ < 1. Let xo € X and x; € Sxp. By Lemma 2.3, there
exists xo € Txy such that d(xo, x1) < H(Tx1,Sx0) + eM(x1,x0). Again by using Lemma 2.3,
there exists x3 € Sx; such that d(x3,x2) < H(Sxp, Tx1) + e M(xp, x1). By induction and using
Lemma 2.3, we can find in this way a sequence {x,} in X such that xpx,; € Sxpx and

d(x2k41, %2k) < H(Sx0k, Txok-1) + €M (X2k, X2k-1) (3.2)

and xox.2 € Txory1 and

d(xok+2, Xok+1) < H(TXk41, Sxok) + €M (X2k41, X2k ). (3.3)
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It follows that

d(Xon41, Xon)
< H(Tx24-1, Sx24) + €M (X2n-1, X21,)

< PM(x21-1, X2n)

Ad(x2-1, Sx2,) + d(x0, Txo,—
:ﬂmax{d(XZn—lern)rd(x2n—1,TX2n—1),d(XQn,SxZn), ( -1 2 ) ( 2 2 1)}

2
A(xop-1,X0p41) +0 }

< ﬁmax{d(xZn_l,xZn), A(xXan1, %on), d (amy Xoms1), .

= pmax{d(xon-1,X24), A(X2n, X2n41) }

= ﬁd(xZn—lr X2n),
(3.4)

since if otherwise d(xon, Xon+1) > d(Xon, Xon-1), then d(xon, Xon+1) < Pd(x24, X2p+1) and so
d(x2n, X2n41) = 0. Hence 0 = d(x2,, X2n41) > d(x24, X2,-1) and this is a contradiction.
Similarly,

d(xon12, Xon41) < PA(Xons1, Xon). (3.5)
From (3.4) and (3.5), we conclude that
d(xp41, xx) < Pd(xx, xk-1), (3.6)

for all k € N. Since ff < 1 and (3.6) holds, {x,} is a Cauchy sequence. Since (X, d) is complete,
there exists x € X such that lim,, _, ,x,, = x.
We have
d(x2n+2, Sx) < H(Tx2441, Sx)

< aM(xp41,X)

= lXmaX{d(erH_l,x),d(x2n+1,Tx2n+1),d(x, Sx), d(erH—l/ Sx) + d(x, T_X'zn+1) }

2
d(xons1, Sx) + d(X, Xon42) }

< “max{d(x2n+l/x)rd(x2n+1rx2n+2)rd(xl Sx)/ >

(3.7)

Letting n — oo in the above inequality, we conclude that d(x, Sx) < ad(x, Sx). So d(x, Sx) =
0. Since Sx € CB(X), we have x € Sx.
Similarly, x € Tx. Therefore, T and S have a common fixed point.
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Furthermore, if T is single valued, then this common fixed point is unique. In fact, if x
and y are two common fixed points for T and S, then

d(x,y) < H({x},Sy)

= H({Tx}, Sy)
< aM(x,)
d(x,S d(y, T
=amax{d(x,y),d(x,Tx),d(y,Sy), (x y);’ (v x)} (3.8)
d(x, d(y,
Samax{d(x,y),0,0, (x y);— (Y x)}
=ad(x,y).
Since0<a<1,d(x,y)=0,andsox =y. O

Remark 3.2. The last part of the proof of Theorem 3.1 shows that if S,T : X — CB(X) are
multivalued and xy is a common fixed point, and Tx, or Sxj is a singleton, then the common
fixed point of T and S is unique.

By taking T = S in Theorem 3.1, we get the following corollary that extends the Daffer
and Kaneko theorem (Theorem 1.2).

Corollary 3.3. Let (X, d) be a complete metric space and let T : X — CB(X) be such that

H(Tx,Ty) <aN(x,y), (3.9)

for some 0 < a < 1 and for all x,y € X (i.e., weak contraction). Then there exists xo € X such that
xo € Txyp.

Example 3.4. Let X = [0, 1] be endowed with the Euclidean metric. Let S,T : X — CB(X) be
defined by Tx = [0, x/4] and Sy = {y/4}. Obviously,

(3.10)
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So T and S have a common fixed point (x = 0), and since S is single valued, this fixed point
is unique.

4. Extension of Rhoades and Zhang-Song’s Theorems

First we extend Zhang and Song’s theorem (Theorem 1.4) to the case where one of the
mappings is multivalued.

Theorem 4.1. Let (X, d) be a complete metric space and let T : X — Xand S : X — CB(X) be
two mappings such that for all x,y € X,

H({Tx), Sy) < M(x,y) - p(M(x,9)), @1)

(i.e., generalized -weak contractive) where ¢ : [0,+00) — [0,+00) is Ls.c. with ¢(0) = 0 and
@(t) > 0 for all t > 0. Then there exists a unique point x € X such that Tx = x € Sx.

Proof. Unicity of the common fixed point follows from (4.1).
Obviously M(x, y) = 0if and only if x = i is a common fixed point of T and S.
Let xop € X and x; € Sxp. Let x5 := Tx;. By Lemma 2.3, there exists x3 € Sx; such that

d(xs, %) < H(Sx, (T)) + 5p(M(xz, ) 42)

We let x4 := Tx3. Inductively, we let xp, := Tx2,-1, and by Lemma 2.3, we choose x2,.+1 € Sx2,
such that

1
d(x2n+1, X2n) < H(Sx20, {Tx2n-1}) + E‘P(M(xzn, X2n-1))- (4.3)

We break the argument into four steps. O
Step 1. limy,, ond(xps1, Xn) = 0.

Proof. Using (4.1) and (4.3),

1
d(x2n41, %2n) < H({Tx2-1}, Sx2n) + E‘P(M(xZn—lzxZn))
(4.4)

1
< M(x24-1, X2n) — E(P(M(xzn—llxz;q)),
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where
d(x2n-1, X2n)

< M(x2p-1, X2n)

d(x2n-1, Sx2n) + d(X2n, TX2-1) }

= max { d(x2p-1,X2n), A(X2n-1, Tx2p-1), d(X21, SX21), >

d(xon-1, Xou41) + 0 }

< max{d(XZn—1, Xon), A(Xon-1, Xon), A(X2n, X2n41), >

= max{d(x2u-1, X2n), A(X20, X2n41) }

= d(xon-1, %) (by (4.4)).

(4.5)
So M (x24-1, Xon) = d(X24-1, X2,). Hence by (4.4),
d(xXon+1, X2n) < d(Xon, Xon-1)- (4.6)
Also
d(x2n+2, Xon+1) = A(TX2n11, X2n+1)
< H({Tx2n41}, Sx2n) (4.7)
< M(x2p41, X2n) — (M (X2041, X21)),
where
d(x2n41, X2n)
< M (X241, X2n)
d(xp41, Sx25) + d(x24, Tx0p,
= max{d(x2"+1/x2n)/d(x2n+1/Tx2n+1)/d(x2n/ Sxan), (Xane1, S%zn) 5 (x2 2n11) }
] 4.8)
0 + d(x20, Xon+
< max{d(x2n+1/x2n)/d(x2n+1/x2n+2)/d(x2n1x2n+l)1 % }
= max{d(xn+1, X2n), A(X2n41, X2n42) }
= d(xons1,%20)  (by (4.7)).
So M (x2n+1, X2n) = d(X2u41, X2n). Hence by (4.7),
d(xXon+2, Xon41) < d(Xone1, Xon). (4.9)

Therefore, by (4.6) and (4.9), we conclude that



Fixed Point Theory and Applications 9
d(xks1, x) < d(xk, Xx-1), (4.10)
forall k e N.

Therefore, the sequence {d(xk+1, xx)} is monotone nonincreasing and bounded below.
So there exists r > 0 such that

lim d(xy41, x,) = lim M(xp41, %) =7 (4.11)
Since g is ls.c.,
¢p(r) < iminf (M (xn, Xp-1)) < Hminf (M (x20-1, X20))- (4.12)
By (4.4), we conclude that
1
r<r- E‘P(T)’ (4.13)
and so ¢(r) = 0. Hence r = 0. O

Step 2. {x,} is a bounded sequence.

Proof. If {x,} were unbounded, then by Step 1, {x;,,} and {x2,-1} are unbounded. We choose
the sequence {n(k)}%_; such that n(1) = 1, n(2) > n(1) is even and minimal in the sense that
d(xn2), Xna)) > 1, and d(xu2)-2, Xn)) < 1, and similarly n(3) > n(2) is odd and minimal in the
sense that d(x,3), Xn(2)) > 1, and d(x,@)-2, Xn@)) < 1,...,1n(2k) > n(2k-1) is even and minimal
in the sense that d(x,k), Xnk-1)) > 1 and d(x,K)-2, Xnek-1)) < 1, and n(2k + 1) > n(2k) is
odd and minimal in the sense that d(xn(2k+1), xn(zk)) > 1 and d(xn(2k+1)_2, xn(zk)) <1
Obviously n(k) > k for every k € N. By Step 1, there exists Ny € N such that for all
k > No we have d(xx41, xx) < 1/4. So for every k > Ny, we have n(k + 1) - n(k) > 2 and
1< d(xXne1), Xn(i))
< d(Xn(ks1), Xn(ke1)-1) + A(Xn(kr1)-1, Xn(ks1)-2) + A(Xn(ks1)-2, Xn(k)) (4.14)

< d(xn(k+l)/xn(k+l)—1) + d(xn(k+1)—1/xn(k+l)—2) + 1.
Hence limy —, o d (Xy(k+1), Xn(k)) = 1. Also

1 < d(Xu(ks1), Xn(k))
< d(Xn(ke), Xn(ke1)11) + A(Xn(ke)+1, Xne) 1) + A (Xn(ky+1, Xn())
< d(Xns1), Xn(s1)s1) + A(Xnges1)s1, Xngert)) + A (Xn(es1), Xnci)) (4.15)
+d (%), Xn(ks1)) + A (X1, Xnk))

< 2d (X p(icr1), Xn(kr1)1) + A(Xn(ier1), Xngie) ) + 2d (Xn()+1, Xn(k) ),

and this shows that limy _ .. d(Xn(k+1)+1, Xn@i)+1) = 1.
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Soif n(k + 1) is odd, then
A(Xn(k1)+1, Xn()+1) < M(Xnke1), Xne)) — @ (M (Xnest), Xni)) ) (4.16)

where
1 < d(Xn(ks1), Xn)) < M(Xngesty, Xn())

= max{ A(Xn(k+1), Xnk) ), A(Xnges1), Txnge1) ), A(Xniic), Sxn(iy ),

A (Xn(e1), SXn)) + A(Xn), TXn(es1)) }
2

< max{d(xn(kﬂ);xn(k))/ A (Xn(s1), Xn(e1)+1 ), A(Xn(ic), Xn()+1) 417)

A(Xn(ks1), Xn(k)1) + A(Xn(k), Xn(ke1)+1) }
2

< maX{ A (Xn(ics1), Xnk) ) » A (Xn(kr1), Xnges1y+1) , A(Xn(i), Xn(ky+1 ),

2d (Xn(ics1), Xni)) + A(Xn)+1, Xn()) + A (Xn(kr1)41, Xn(ks1)) }
2 7

and this shows that limy_, .o M (Xu(k+1), Xn(k)) = 1. Since ¢ is L.s.c. and (4.16) holds, we have
1<1-¢(1).5S0 ¢(1) = 0 and this is a contradiction. O

Step 3. {x,} is Cauchy.

Proof. Let C,, = sup{d(x;,x;) : i,j > n}. Since {x,} is bounded, C, < +co for all n € N.
Obviously {C,} is decreasing. So there exists C > 0 such that lim, ., C, = C. We need to
show that C = 0.

For every k € N, there exists n(k), m(k) € N such that m(k) > n(k) > k and

1
Cy - % < d(Xm(k), Xnk)) < Ck- (4.18)
By (4.18), we conclude that
Jim d (xm(r), Xn)) = C- (4.19)

From Step 1 and (4.19), we have

Lim d(Xp(ic)1, Xngy+1) = Hm d(Xm)+1, Xn())
k— o0 k— oo
(4.20)
= lim d(xm(k),xn(k)+1) = lim d(xm(k),xn(k)) =C.
k— oo k— o0
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So we may assume that for every k € N, m(k) is odd and n(k) is even. Hence

A(Xm+1, Xn+1) = A(TXmic), Xn(icy1)
< H({Txm(k) }, an(k)) (4.21)

< M (Xm(k), Xnky) = (M (Xm(k), Xnk)) ),
where
A(Xmk), Xn(k)) < M (Xm(k), Xn(k))

= max{ A(Xmw), Xn) ) » A(Xmey, TxXmi) ), A(Xn(ie), SXnky) s

A(Xmx), Sxn(ky) + A (Xnt), TXm(x)) }
2

(4.22)

< max { A(Xmw), Xn) ) » A(Xmi), Xmiie)+1) , A(Xni), Xn(i+1),

A(Xm), Xn+1) + A(Xn), Xmiey+1) }
5 .

This inequality shows that limy _, .o M (X (k), Xn(x)) = C. Since ¢ is Ls.c. and (4.21) holds, we
have C < C - ¢(C). Hence ¢(C) = 0 and so C = 0. Therefore, {x,} is a Cauchy sequence. [

Step 4. T and S have a common fixed point.

Proof. Since (X, d) is complete and {x,} is Cauchy, there exists x € X such that lim, _, ., x, = x.
For every n € N

d(xon12,5x) = A(Tx2p41, Sx) < H({Tx2p41}, Sx)

(4.23)
< M(x2441,X) — (M (x2041, X)),
where
M(x2441, )
= max{d(xz,zﬂ, x),d(xon41, TX2n11),d(x, Sx), d(x241, 5x) er d(x, Txpp41) } 424)
= max{d(x2n+1,x)/d(x2n+1,x2n+2)/d(xl 5x), A, Sx)2+ A0 Xon.2) }'

and this shows that lim,, _, ., M (x2,,41, x) = d(x, Sx).
Since ¢ is l.s.c. and (4.23) holds, letting n — oo in (4.23) we get

d(x,5x) <d(x,S5x) —¢(d(x, Sx)). (4.25)
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So ¢p(d(x,Sx)) = 0 and hence d(x, Sx) = 0. Since Sx € CB(X), then x € Sx.Also

d(Tx,x) < H({Tx},Sx) < M(x,x) —p(M(x, x)), (4.26)

where

d(x,Sx) +d(x,Tx)

M(x,x) = max{d(x,x),d(x, Tx),d(x,5x), } =d(x,Tx). (4.27)

2
So from (4.26), we have
d(Tx,x) <d(Tx,x) —p(d(Tx, x)). (4.28)
Thus ¢(d(Tx,x)) =0, and hence d(Tx, x) = 0. Therefore, x = Tx. O

Remark 4.2. In the proof of Theorem 2.1 in Zhang and Song [8], the boundedness of the
sequence {C,} is used, but not proved. Also, for the proof that {x,} is a Cauchy sequence, the
monotonicity of ¢ is used, without being explicitly mentioned.

In our proof of Theorem 4.1, which is different from [8, Theorem 2.1], ¢ is not assumed
to be nondecreasing.

The following theorem extends Rhoades’ theorem by assuming ¢ to be only Ls.c..

Theorem 4.3. Let (X, d) be a complete metric space, and let T : X — X be a mapping such that
d(Tx,Ty) <d(x,y) - ¢(d(x,y)), (4.29)

for every x,y € X (i.e., p-weak contractive), where ¢ : [0,+00) — [0, +o0) is an Ls.c. function with
©(0) =0and ¢(t) >0 forall t > 0. Then T has a unique fixed point.

Proof. The proof is similar to the proof of Theorem 4.1, by taking S = T, and replacing M (x, y)
with d(x, y). O

Remark 4.4. With a similar proof as in Theorem 4.1, in Theorem 4.3 we can replace the
inequality (4.29) by the following inequality (4.30) for two single valued mappings T,S :
X - X

d(Tx,Sy) < M(x,y) —p(d(x,y)). (4.30)

5. Conclusion and Future Directions

We have extended Nadler and Daffer-Kaneko’s theorems to a coincidence theorem without
assuming the lower semicontinuity of the mapping x + d(x, Tx).

We have also extended Rhoades’ theorem by assuming ¢ to be only ls.c., as well as
Zhang and Song’s theorem to the case where one of the mappings is multivalued. Future
directions to be pursued in the context of this research include the investigation of the case
where both mappings in Zhang and Song’s theorem are multivalued.
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