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We prove the weak and strong convergence of the implicit iterative process to a common

fixed point of an asymptotically quasi-I-nonexpansive mapping T and an asymptotically quasi-
nonexpansive mapping I, defined on a nonempty closed convex subset of a Banach space.

1. Introduction

Let K be a nonempty subset of a real normed linear space X and letT : K — K be a mapping.
Denote by F(T) the set of fixed points of T, thatis, F(T) = {x € K : Tx = x}. Throughout this
paper, we always assume that F(T) #@. Now let us recall some known definitions.

Definition 1.1. A mapping T : K — K is said to be
(i) nonexpansive, if |[Tx — Ty|| < ||x —y| forall x, y € K;

(ii) asymptotically nonexpansive, if there exists a sequence {\,} C [1,00) with
lim,, ., A, = 1 such that ||[T"x — T"y|| < A,||x - y| forall x,y € Kand n € N;

(iii) quasi-nonexpansive, if |Tx — p|| < ||x - p|l forall x € K, p € F(T);

(iv) asymptotically quasi-nonexpansive, if there exists a sequence {p,} C [1,00) with
lim, _, oty = 1 such that ||[T"x — p|| < pullx —pl|l forall x € K, p € F(T) and n € N.
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Note that from the above definitions, it follows that a nonexpansive mapping must
be asymptotically nonexpansive, and an asymptotically nonexpansive mapping must be
asymptotically quasi-nonexpansive, but the converse does not hold (see [1]).

If K is a closed nonempty subset of a Banach space and T : K — K is nonexpansive,
then it is known that T may not have a fixed point (unlike the case if T is a strict contraction),
and even when it has, the sequence {x,} defined by x,.1 = Tx, (the so-called Picard sequence)
may fail to converge to such a fixed point.

In [2, 3] Browder studied the iterative construction for fixed points of nonexpansive
mappings on closed and convex subsets of a Hilbert space. Note that for the past 30 years or
so, the studies of the iterative processes for the approximation of fixed points of nonexpansive
mappings and fixed points of some of their generalizations have been flourishing areas of
research for many mathematicians (see for more details [1, 4]).

In [5] Diaz and Metcalf studied quasi-nonexpansive mappings in Banach spaces.
Ghosh and Debnath [6] established a necessary and sufficient condition for convergence of
the Ishikawa iterates of a quasi-nonexpansive mapping on a closed convex subset of a Banach
space. The iterative approximation problems for nonexpansive mapping, asymptotically
nonexpansive mapping and asymptotically quasi-nonexpansive mapping were studied
extensively by Goebel and Kirk [7], Liu [8], Wittmann [9], Reich [10], Gornicki [11], Schu
[12] Shioji and Takahashi [13], and Tan and Xu [14] in the settings of Hilbert spaces and
uniformly convex Banach spaces.

There are many methods for approximating fixed points of a nonexpansive mapping.
Xu and Ori [15] introduced implicit iteration process to approximate a common fixed point of
a finite family of nonexpansive mappings in a Hilbert space. Recently, Sun [16] has extended
an implicit iteration process for a finite family of nonexpansive mappings, due to Xu and Ori,
to the case of asymptotically quasi-nonexpansive mappings in a setting of Banach spaces.
In [17] it has been studied the weak and strong convergence of implicit iteration process
with errors to a common fixed point for a finite family of nonexpansive mappings in Banach
spaces, which extends and improves the mentioned papers (see also [18, 19] for applications
and other methods of implicit iteration processes).

There are many concepts which generalize a notion of nonexpansive mapping. One of
such concepts is I-nonexpansivity of a mapping T ([20]). Let us recall some notions.

Definition 1.2. LetT : K — K, I: K — K be two mappings of a nonempty subset K of a real
normed linear space X. Then T is said to be

(i) I-nonexpansive, if ||[Tx — Ty|| < ||Ix - Iy| forall x,y € K;
(ii) asymptotically I-nonexpansive, if there exists a sequence {1,} C [1,00) with
lim, A, = 1 such that [|T"x — T"y|| < A,||[I"x - I"y| forallx,y € Kand n > 1;
(iii) asymptotically quasi I-nonexpansive mapping, if there exists a sequence {u,} C

[1,00) with lim,,,u, = 1 such that ||[T"x — p|| < pau||I"x —p| forallx € K, p €
F(I')NnF(I)and n > 1.

Remark 1.3. If F(T) N F(I) #0 then an asymptotically I-nonexpansive mapping is asymptot-
ically quasi-I-nonexpansive. But, there exists a nonlinear continuous asymptotically quasi
I-nonexpansive mappings which is asymptotically I-nonexpansive.

In [21] a weakly convergence theorem for I-asymptotically quasi-nonexpansive
mapping defined in Hilbert space was proved. In [22] strong convergence of Mann
iterations of I-nonexpansive mapping has been proved. Best approximation properties of
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I-nonexpansive mappings were investigated in [20]. In [23] the weak convergence of three-
step Noor iterative scheme for an I-nonexpansive mapping in a Banach space has been
established. Recently, in [24] the weak and strong convergence of implicit iteration process
to a common fixed point of a finite family of I-asymptotically nonexpansive mappings were
studied. Assume that the family consists of one I-asymptotically nonexpansive mapping T.
Now let us consider an iteration method used in [24], for T, which is defined by

x; € K,
Xpe1 = (1= an)xy + "y, n2>1, (1.1)
Yn = (1= Pn)xn + uT"xy.

where {a,} and {f,} are two sequences in [0, 1]. From this formula one can easily see that the
employed method, indeed, is not implicit iterative processes. The used process is some kind
of modified Ishikawa iteration.

Therefore, in this paper we will extend of the implicit iterative process, defined in [16],
to I-asymptotically quasi-nonexpansive mapping defined on a uniformly convex Banach
space. Namely, let K be a nonempty convex subset of a real Banach space X and T : K — K
be an asymptotically quasi I-nonexpansive mapping, and let I : K — K be an asymptotically
quasi-nonexpansive mapping. Then for given two sequences {a,} and {f,} in [0,1] we will
consider the following iteration scheme:

X € K,
xXp = (1—-ay)xp1 +a,T"y,, n>1, (1.2)
Yn = (1= Pun)xn + Pul"xp.
In this paper we will prove the weak and strong convergences of the implicit iterative

process (1.2) to a common fixed point of T and I. All results presented here generalize and
extend the corresponding main results of [15-17] in a case of one mapping.

2. Preliminaries

Throughout this paper, we always assume that X is a real Banach space. We denote by F(T)
and D(T) the set of fixed points and the domain of a mapping T, respectively. Recall that
a Banach space X is said to satisfy Opial condition [25], if for each sequence {x,} in X, x,
converging weakly to x implies that

lir{rlior.}fﬂxn -x| < lir{rligf”xn -y (2.1)

for all y € X with y # x. It is well known that (see [26]) inequality (2.1) is equivalent to

lim sup||x, — x|| < limsup||x, - || (2.2)

n—oo n—oo
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Definition 2.1. Let K be a closed subset of a real Banach space X and let T : K — K be a
mapping.

(i) A mapping T is said to be semiclosed (demiclosed) at zero, if for each bounded
sequence {x,} in K, the conditions x, converges weakly to x € K and Tx,
converges strongly to 0 imply Tx = 0.

(ii) A mapping T is said to be semicompact, if for any bounded sequence {x,} in K
such that ||x, — Tx,|| — 0, n — oo, then there exists a subsequence {x,,} C {x,}
such that x,, — x* € K strongly.

(iii) T is called a uniformly L-Lipschitzian mapping, if there exists a constant L > 0 such
that ||T"x — T"y|| < L||lx - y|| forallx,y € K and n > 1.

The following lemmas play an important role in proving our main results.

Lemma 2.2 (see [12]). Let X be a uniformly convex Banach space and let b, ¢ be two constants with
0 < b < ¢ < 1. Suppose that {t,} is a sequence in [b,c] and {x,} and {y,} are two sequences in X
such that

nli—IEo“t"x” + (1 —ty)ya| =4, lim sup||x,|| < d, limsup||y.|| < d, (2.3)

n—oo n—oo

holds some d < 0. Then lim,, _, »»||x,, — yu|| = 0.

Lemma 2.3 (see [14]). Let {a,} and {b,} be two sequences of nonnegative real numbers with
>oeq by < 0. If one of the following conditions is satisfied:

(1) aTl+1 S an + bnl n 2 1/
(ii) aps1 £ (1 +bp)a, n>1,

then the limit lim,, _, ., a,, exists.

3. Main Results

In this section we will prove our main results. To formulate one, we need some auxiliary
results.

Lemma 3.1. Let X be a real Banach space and let K be a nonempty closed convex subset of X. Let
T : K — K be an asymptotically quasi I-nonexpansive mapping with a sequence {1} C [1,00) and
I : K — K be an asymptotically quasi-nonexpansive mapping with a sequence {p,} C [1,00) such
that F = F(T) N F(I) #0. Suppose A* = sup,a,, A =sup,A, >1, M =sup,p, >1and {a,} and
{Bn} are two sequences in [0,1] which satisfy the following conditions:

(1) 2ot (Anptn — Dy < oo,
(i) A* < 1/A>M2.

If {x,} is the implicit iterative sequence defined by (1.2), then for each p € F = F(T) N F(I) the limit
limy, _, o ||x, — pl| exists.
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Proof. Since F = F(T) N F(I) #0, for any given p € F, it follows from (1.2) that

[l2n =PIl = |1 = @u) (xn1 = P) + an(T"yn = p)|
< (1= an)[[xw1 = pll + anl| T"yn - p|

(3.1)
< (=) [[xn1 = pl| + anda [ 1"y - p|
< (1= )| a1 = pll + @ndnpnl|yn = p]-
Again from (1.2) we derive that
Iy =pll = |1 = Bu) Gen = p) + Bu(I"xn = p) |
< (1=Pu)llxn = pl + Bupn|n = p| 52)
< (1= ) pul|2n = pI| + Brptn | "0 = p |
< pin|2n = |,
which means
v =PIl < pullxn = Il < Xupan||2cn = p|- (33)
Then from (3.3) one finds
[l =PIl < (0= an) |1 = pl| + andipiz [l = P, (3.4)
and so
(1 - @22 I = pll < (1= )| xs = | (3.5)
By condition (ii) we have a,A2p2% < A*A2M? < 1, and therefore
1—a2p? >1- A*A°M? > 0. (3.6)
Hence from (3.5) we obtain
1-a,
[|xn = pll < m”xn_l 4
(242 = e,
= 1 —_— n-1—
(1o S22 Y o7

(\ops = Datn
< <1+ - anane )P =rl
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By putting b, = (A2 — 1)a,, /(1 — A*A2M?) the last inequality can be rewritten as follows:
l2en = pll < (1 + )| 2tn1 = . (38)

From condition (i) we find

[ee]

2 bn TAzMzZ( i = 1)an

=1

1 [e'e]
= WZ(AW = 1) (Auptn + 1) et (3.9)
n=1

AM+1 &
S T a2 nttn ~ D < oo
n=

Denoting a, = ||x,-1 — p|| in (3.8) one gets

an1 < (1+by)ay,, (3.10)
and Lemma 2.3 implies the existence of the limit lim,,_, ,,a,. This means the limit

Jim ||, —pl| = d (3.11)

exists, where d > 0 is a constant. This completes the proof. O
Now we prove the following result.

Theorem 3.2. Let X be a real Banach space and let K be a nonempty closed convex subset of X. Let
T : K — K be a uniformly Li-Lipschitzian asymptotically quasi-I-nonexpansive mapping with a
sequence {A,} C [1,00) and let I : K — K be a uniformly Ly-Lipschitzian asymptotically quasi-
nonexpansive mapping with a sequence {p,} C [1,00) such that F = F(T) N F(I)#@. Suppose
A* =sup,a,, A =sup, A, >1, M =sup,u, > 1,and {a,} and {p,} are two sequences in [0,1]
which satisfy the following conditions:

(1) Z:LO:1 (/\n,un - 1)“71 < oo,
(ii) A* <1/A*M>.

Then the implicitly iterative sequence {x,} defined by (1.2) converges strongly to a common fixed
point in F = F(T) N F(I) #0 if and only if

liminfd(x,, F) = 0. (3.12)

Proof. The necessity of condition (3.12) is obvious. Let us proof the sufficiency part of
theorem.

Since T, I : K — K are uniformly L-Lipschitzian mappings, so T and I are continuous
mappings. Therefore the sets F(T) and F(I) are closed. Hence F = F(T) N F(I) is a nonempty
closed set.
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For any given p € F, we have (see (3.8))

l|xn = |l < (1 +ba)|[xn1 - pl|, (3.13)

here as before b, = (A% — Da,, /(1 — A*A’M?) with 372, b, < co. Hence, one finds

d(x, F) < (1 +by)d(xn1, F). (3.14)

From (3.14) due to Lemma 2.3 we obtain the existence of the limit lim,_,.d(x,, F). By
condition (3.12), one gets

lim d(x,, F) = liminfd(x,, F) = 0. (3.15)

n—oo n—

Let us prove that the sequence {x,} converges to a common fixed point of T and I. In
fact, due to 1+t < exp(t) forall t > 0, and from (3.13), we obtain

[|xn = p|| < exp(bu) || 21 - p]|- (3.16)
Hence, for any positive integers m, n, from (3.16) with >.>°, b, < oo we find

rsm = Pl < xP ) [5m-1 =

< eXp(bn+m +bpim-1) ”xn+m—2 - P”

i (3.17)
<es( b ) xeel
i=n+1

7

< eXp<Zbi> l|xn —p
i=1

which means that
e = pll < Wil =pl (3.18)

for all p € F, where W = exp(3.%; bi) < oo.
Since limy, . d(x,, F) = 0O, then for any given € > 0, there exists a positive integer
number 7y such that

£

d(xn[)/P) < W

(3.19)
Therefore there exists p; € F such that

£
1% =1l < 357+ (3.20)
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Consequently, for all n > ng from (3.18) we derive

[l = prll < Wil = pu|

£
W — .
W (3.21)

=g,

which means that the strong convergence of the sequence {x,} is a common fixed point p; of
T and I. This proves the required assertion. O

We need one more auxiliary result.

Proposition 3.3. Let X be a real uniformly convex Banach space and let K be a nonempty closed
convex subset of X. Let T : K — K be a uniformly Li-Lipschitzian asymptotically quasi-I-
nonexpansive mapping with a sequence {1,} C [1,00) and let I : K — K be a uniformly L,-
Lipschitzian asymptotically quasi-nonexpansive mapping with a sequence {p,} C [1,00) such that
F = F(T)NF(I) #0. Suppose A, = inf,a,, A* =sup,a,, A=sup,A,>1, M =sup, pu, >1and
{an} and {B,} are two sequences in [0,1] which satisfy the following conditions:
(1) Xz (Anptn = Dy < o0,
(ii) 0 < A, < A* <1/A’M?,
(iii) 0 < B, = inf, B, < sup,fB, = B* < 1.

Then the implicitly iterative sequence {x,} defined by (1.2) satisfies the following:
Tim flxy = Toxul| =0, lim [, — Toty[| = 0. (3.22)
Proof. First, we will prove that

nh_{rgollxn = T"x,|| =0, nh_{rgo”xn —I"xy|| = 0. (3.23)

According to Lemma 3.1 for any p € F = F(T) N F(I) we have lim,, . ||x, — p|| = d. It
follows from (1.2) that

|0 = pll = |(1 = @) (X1 = p) + 2 (T"yu = p) | — d, n— oo (3.24)

By means of asymptotically quasi-I-nonexpansivity of T and asymptotically quasi-
nonexpansivity of I from (3.3) we get

limsup||T"y, - p|| < limsupAupn||yn = pl| < limsupAZp||x. - pl| = d. (3.25)
Now using
limsup||x,1 - p|| =d (3.26)

n— oo
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with (3.25) and applying Lemma 2.2 to (3.24) one finds
lim 5,1 =T, | = 0.
Now from (1.2) and (3.27) we infer that
Tim [|x, = 2 || = Hm [Jan (T"yn = x01) || = 0.
On the other hand, we have

l|xn-1 =Pl < |%nct = Ty || + | Ty = |
< [l%n1 = Tyl + Xapal |y = p I,

which implies
-1 =Pl = lln1 = T"yul| < Aapta [y = -
The last inequality with (3.3) yields that
1% =PIl = 1 = Tyl < Anpillym = Pl < Ao 10 = -
Then (3.27) and (3.24) with the Squeeze theorem imply that
lim [y, - p|| = d.

Again from (1.2) we can see that

lyn =pll = (1= Ba) (X =p) + Bu(I"xn = p)|| — d, n— co.

From (3.11) one finds

lim sup||I"x, — p|| < imsupp,||x, —p|| = 4.

Now applying Lemma 2.2 to (3.33) we obtain

lim ||x,, — ["x,|| = 0.
n—oo

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)
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Consider
[0 = Tl < N30 = Xt || + || X1 = T || + | Ty — T |

< loxen = x| + ”xn—l - Tnyn” + L1||yn - xn”

(3.36)
= ||l2n = xnoall + [[%n-1 = Ty || + L || B (I" 20 — x) ||
= ||ln = xnoall + |[2%n-1 = T"Yau|| + L1l I"xn — xal-
Then from (3.27), (3.28), and (3.35) we get
Tim lx, = T"2x,]| = 0. (3.37)
Finally, from
ll3¢n = Toxnl| < [lxn = T"xp || + | T3 — Toxn]|
<oy = T x| + L1| T 'x, - x,
<lxp = T"xy|| + Ly <' T" 'x, - T" 'x,1 '
+ ( T" 'xp1 = Xna | + || xn-1 = xnll) (3.38)
< Jlen = T + L (Lalln = %1
|7 s = 0 | + s = xall)
<t = Tl + L Ly + Dllen = %1l + La|T" 2000 = 20 |
with (3.28) and (3.37) we obtain
Tim lac, = Tox | = 0. (3.39)
Analogously, one has
2t = Iyl < N2 = I, || + Lo(Lo + 1) ||l = X1 || + Lo || T x0o1 — x4 |, (3.40)
which with (3.28) and (3.35) implies
Jim [lx, = Lxa ]| = 0. (3.41)
U

Now we are ready to formulate one of main results concerning weak convergence of
the sequence {x,}.
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Theorem 3.4. Let X be a real uniformly convex Banach space satisfying Opial condition and let
K be a nonempty closed convex subset of X. Let E : X — X be an identity mapping, let
T : K — K be a uniformly L,-Lipschitzian asymptotically quasi-I-nonexpansive mapping with a
sequence {A,} C [1,00), and, I : K — K be a uniformly Ly-Lipschitzian asymptotically quasi-
nonexpansive mapping with a sequence {y,} C [1,00) such that F = F(T) n F(I) #@. Suppose
A, = infya,, A* = sup,a,, A =sup, A, > 1, M = sup, p, > 1, and {a,} and {p,} are two
sequences in [0, 1] satisfying the following conditions:

(i) 35 (Anptn = Dty < o0,
(ii) 0 < A, < A* < 1/A2M>.
(iii) 0 < B, = inf,, <sup,f, = B* < 1.

If the mappings E — T and E — I are semiclosed at zero, then the implicitly iterative sequence {x,}
defined by (1.2) converges weakly to a common fixed point of T and I.

Proof. Let p € F, then according to Lemma 3.1 the sequence {|x, — p||} converges. This
provides that {x,} is a bounded sequence. Since X is uniformly convex, then every bounded
subset of X is weakly compact. Since {x,} is a bounded sequence in K, then there exists a
subsequence {x,, } C {x,} such that {x,, } converges weakly to g € K. Hence from (3.39) and
(3.41) it follows that

nhm ||xnk - Txnk” =0, lim ”x‘ﬂk - Ixnk” =0. (342)
k — 00 N — 00

Since the mappings E — T and E — I are semiclosed at zero, therefore, we find Tq = g and
Iq = g, whichmeans g € F = F(T) N F(I).

Finally, let us prove that {x,} converges weakly to g. In fact, suppose the contrary, that
is, there exists some subsequence {x,;} C {x,} such that {x,, } converges weakly to g; € K and
q1 # g. Then by the same method as given above, we can also prove that q; € F = F(T) N F(I).

Taking p = g and p = g1 and using the same argument given in the proof of (3.11), we
can prove that the limits lim, _, oo||x, — g|| and lim,, _, o ||x,, — g1 exist, and we have

tim gl =, Jim lxo =g = b, 43

where d and d; are two nonnegative numbers. By virtue of the Opial condition of X, one
finds

d = limsup||xu, — q|| < limsup||xn, — g1 || = da

T e (3.44)
= lim sup|fx,; — q1|| < limsup| Xn; = q“ =d.
nj— o

nj—oo

This is a contradiction. Hence g; = g. This implies that {x,} converges weakly to g. This
completes the proof of Theorem 3.4. O

Now we formulate next result concerning strong convergence of the sequence {x,}.
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Theorem 3.5. Let X be a real uniformly convex Banach space and let K be a nonempty closed
convex subset of X. Let T : K — K be a uniformly Li-Lipschitzian asymptotically quasi-I-
nonexpansive mapping with a sequence {\,} C [l,00) and I : K — K be a uniformly L,-
Lipschitzian asymptotically quasi-nonexpansive mapping with a sequence {p,} C [1,00) such that
F = F(T)NF(I) #0. Suppose A, = inf,a,, A* =sup,a,, A=sup,A, >1, M =sup, pu, >1and
{an} and {B,} are two sequences in [0, 1] satisfying the following conditions:

(1) Xzt (Apptn = Day < oo,
(i) 0< A, < A* <1/AN>M?.
(iii) 0 < B, = inf, B, <sup,f, = B* <1

If at least one mapping of the mappings T and I is semicompact, then the implicitly iterative sequence
{x} defined by (1.2) converges strongly to a common fixed point of T and I.

Proof. Without any loss of generality, we may assume that T is semicompact. This with (3.39)
means that there exists a subsequence {x,, } C {x,} such that x,,, — x* strongly and x* € K.
Since T, I are continuous, then from (3.39) and (3.41) we find

" =Tx*|| = lim [lxy, =Txp [l =0,  |lx* = Ix"|| = lim [jxy, —Ixn || = 0. (3.45)
Nk — 0 Ny — 0

This shows that x* € F = F(T) N F(I). According to Lemma 3.1 the limit lim,,_, o [|x, — x*||
exists. Then

Tim [Jx — x| = lim [lx, - "] =0, (3.46)
— 0 kK — 00
which means that {x,} converges to x* € F. This completes the proof. O

Note that all results presented here generalize and extend the corresponding main
results of [15-17] in a case of one mapping.
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