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Weak and strong convergence theorems of three-step iterations are established for nonself
asymptotically nonexpansive mappings in uniformly convex Banach space. The results obtained
in this paper extend and improve the recent ones announced by Suantai (2005), Khan and Hussain
(2008), Nilsrakoo and Saejung (2006), and many others.

1. Introduction

Suppose that X is a real uniformly convex Banach space, K is a nonempty closed convex
subset of X. Let T be a self-mapping of K.

A mapping T is called nonexpansive provided

∥
∥Tx − Ty

∥
∥ ≤ ∥

∥x − y
∥
∥ (1.1)

for all x, y ∈ K.
T is called asymptotically nonexpansive mapping if there exists a sequence {kn} ⊂ [1,∞)

with limn→∞ kn = 1 such that

∥
∥Tnx − Tny

∥
∥ ≤ kn

∥
∥x − y

∥
∥ (1.2)

for all x, y ∈ K and n ≥ 1.
The class of asymptotically nonexpansive maps which is an important generalization

of the class nonexpansive maps was introduced by Goebel and Kirk [1]. They proved that
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every asymptotically nonexpansive self-mapping of a nonempty closed convex bounded
subset of a uniformly convex Banach space has a fixed point.

T is called uniformly L-Lipschitzian if there exists a constant L > 0 such that for all x, y ∈
K, the following inequality holds:

∥
∥Tnx − Tny

∥
∥ ≤ L

∥
∥x − y

∥
∥ (1.3)

for all n ≥ 1.
Asymptotically nonexpansive self-mappings using Ishikawa iterative and the Mann

iterative processes have been studied extensively by various authors to approximate fixed
points of asymptotically nonexpansive mappings (see [1, 2]). Noor [3] introduced a three-
step iterative scheme and studied the approximate solutions of variational inclusion in
Hilbert spaces. Glowinski and Le Tallec [4] applied a three-step iterative process for
finding the approximate solutions of liquid crystal theory, and eigenvalue computation. It
has been shown in [1] that the three-step iterative scheme gives better numerical results
than the two-step and one-step approximate iterations. Xu and Noor [5] introduced and
studied a three-step scheme to approximate fixed point of asymptotically nonexpansive
mappings in a Banach space. Very recently, Nilsrakoo and Saejung [6] and Suantai [7]
defined new three-step iterations which are extensions of Noor iterations and gave some
weak and strong convergence theorems of the modified Noor iterations for asymptotically
nonexpansive mappings in Banach space. It is clear that the modified Noor iterations include
Mann iterations [8], Ishikawa iterations [9], and original Noor iterations [3] as special
cases. Consequently, results obtained in this paper can be considered as a refinement and
improvement of the previously known results

zn = anT
nxn + (1 − an)xn,

yn = bnT
nzn + cnT

nxn + (1 − bn − cn)xn,

xn+1 = αnT
nyn + βnT

nzn + γnT
nxn +

(

1 − αn − βn − γn
)

xn, ∀n ≥ 1,

(1.4)

where {an}, {bn}, {cn}, {bn + cn}, {αn}, {βn}, {γn}, and {αn + βn + γn} in [0, 1] satisfy certain
conditions.

If {γn} = 0, then (1.4) reduces to the modified Noor iterations defined by Suantai [7]
as follows:

zn = anT
nxn + (1 − an)xn,

yn = bnT
nzn + cnT

nxn + (1 − bn − cn)xn,

xn+1 = αnT
nyn + βnT

nzn +
(

1 − αn − βn
)

xn, ∀n ≥ 1,

(1.5)

where {an}, {bn}, {cn}, {bn + cn}, {αn}, {βn} and {αn + βn} in [0, 1] satisfy certain conditions.
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If {cn} = {βn} = {γn} = 0, then (1.4) reduces to Noor iterations defined by Xu and Noor
[5] as follows:

zn = anT
nxn + (1 − an)xn,

yn = bnT
nzn + (1 − bn)xn,

xn+1 = αnT
nyn + (1 − αn)xn, ∀n ≥ 1.

(1.6)

If {an} = {cn} = {βn} = {γn} = 0, then (1.4) reduces to modified Ishikawa iterations as
follows:

yn = bnT
nzn + (1 − bn)xn,

xn+1 = αnT
nyn + (1 − αn)xn, ∀n ≥ 1.

(1.7)

If {an} = {bn} = {cn} = {βn} = {γn} = 0, then (1.4) reduces to Mann iterative process as
follows:

xn+1 = αnT
nxn + (1 − αn)xn, ∀n ≥ 1. (1.8)

Let X be a real normed space and K be a nonempty subset of X. A subset K of X is
called a retract of X if there exists a continuous map P : X → K such that Px = x for all
x ∈ K. Every closed convex subset of a uniformly convex Banach space is a rectract. A map
P : X → K is called a retraction if P 2 = P . In particular, a subset K is called a nonexpansive
retract of X if there exists a nonexpansive retraction P : X → K such that Px = x for all x ∈ K.

Iterative techniques for converging fixed points of nonexpansive nonself-mappings
have been studied by many authors (see, e.g., Khan and Hussain [10], Wang [11]). Evidently,
we can obtain the corresponding nonself-versions of (1.5)−(1.7). We will obtain the weak and
strong convergence theorems using (1.12) for nonself asymptotically nonexpansivemappings
in a uniformly convex Banach space. Very recently, Suantai [7] introduced iterative process
and used it for the weak and strong convergence of fixed points of self-mappings in a
uniformly convex Banach space. As remarked earlier, Suantai [7] has established weak and
strong convergence criteria for asymptotically nonexpansive self-mappings, while Chidume
et al. [12] studied the Mann iterative process for the case of nonself-mappings. Our results
will thus improve and generalize corresponding results of Suantai [7] and others for nonself-
mappings and those of Chidume et al. [12] in the sense that our iterative process contains
the one used by them. The concept of nonself asymptotically nonexpansive mappings was
introduced by Chidume et al. [12] as the generalization of asymptotically nonexpansive self-
mappings and obtained some strong and weak convergence theorems for such mappings
given (1.9) as follows: for x1 ∈ K,

yn = P
(

βnT(PT)n−1xn +
(

1 − βn
)

xn

)

,

xn+1 = P
(

αnT(PT)n−1yn + (1 − αn)xn

)

, ∀n ≥ 1,
(1.9)

where {αn} and {βn} ⊂ [δ, 1 − δ] for some δ ∈ (0, 1).
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A nonself-mapping T is called asymptotically nonexpansive if there exists a sequence
{kn} ⊂ [1,∞)with limn→∞ kn = 1 such that

∥
∥
∥T(PT)n−1x − T(PT)n−1y

∥
∥
∥ ≤ kn

∥
∥x − y

∥
∥ (1.10)

for all x, y ∈ K, and n ≥ 1. T is called uniformly L-Lipschitzian if there exists constant L > 0
such that

∥
∥
∥T(PT)n−1x − T(PT)n−1y

∥
∥
∥ ≤ L

∥
∥x − y

∥
∥ (1.11)

for all x, y ∈ K, and n ≥ 1. From the above definition, it is obvious that nonself asymptotically
nonexpansive mappings are uniformly L-Lipschitzian.

Now, we give the following nonself-version of (1.4):
for x1 ∈ K,

zn = P
(

anT(PT)n−1xn + (1 − an)xn

)

,

yn = P
(

bnT(PT)n−1zn + cnT(PT)n−1xn + (1 − bn − cn)xn

)

,

xn+1 = P
(

αnT(PT)n−1yn + βnT(PT)n−1zn + γnT(PT)n−1xn +
(

1 − αn − βn − γn
)

xn

)

,

(1.12)

for all n ≥ 1, where {an}, {bn}, {cn}, {bn + cn}, {αn}, {βn}, {γn}, and {αn + βn + γn} in [0, 1]
satisfy certain conditions.

The aim of this paper is to prove the weak and strong convergence of the three-step
iterative sequence for nonself asymptotically nonexpansive mappings in a real uniformly
convex Banach space. The results presented in this paper improve and generalize some recent
papers by Suantai [7], Khan and Hussain [10], Nilsrakoo and Saejung [6], and many others.

2. Preliminaries

Throughout this paper, we assume that X is a real Banach space, K is a nonempty closed
convex subset of X, and F(T) is the set of fixed points of mapping T . A Banach space X is
said to be uniformly convex if the modulus of convexity of X is as follows:

δ(ε) = inf

{

1 −
∥
∥x + y

∥
∥

2
: ‖x‖ =

∥
∥y

∥
∥ = 1,

∥
∥x − y

∥
∥ = ε

}

> 0, (2.1)

for all 0 < ε ≤ 2 (i.e., δ(ε) is a function (0, 2] → (0, 1)).
Recall that a Banach spaceX is said to satisfyOpial’s condition [13] if, for each sequence

{xn} in X, the condition xn → x weakly as n → ∞ and for all y ∈ X with y /=x implies that

lim sup
n→∞

‖xn − x‖ < lim sup
n→∞

∥
∥xn − y

∥
∥. (2.2)
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Lemma 2.1 (see [12]). Let X be a uniformly convex Banach space, K a nonempty closed convex
subset of X and T : K → X a nonself asymptotically nonexpansive mapping with a sequence {kn} ⊂
[1,∞) and limn→∞ kn = 1, then I − T is demiclosed at zero.

Lemma 2.2 (see [12]). Let X be a real uniformly convex Banach space, K a nonempty closed subset
ofX with P as a sunny nonexpansive retraction and T : K → X a mapping satisfying weakly inward
condition, then F(PT) = F(T).

Lemma 2.3 (see [14]). Let {sn}, {tn}, and {σn} be sequences of nonnegative real sequences satisfying
the following conditions: for all n ≥ 1, sn+1 ≤ (1 + σn)sn + tn, where

∑∞
n=0 σn < ∞ and

∑∞
n=0 tn < ∞,

then limn→∞ sn exists.

Lemma 2.4 (see [6]). Let X be a uniformly convex Banach space and BR := {x ∈ X : ‖x‖ ≤
R}, R > 0, then there exists a continuous strictly increasing convex function g : [0,∞) → [0,∞)
with g(0) = 0 such that

∥
∥λx + μy + ξz + νw

∥
∥
2 ≤ λ‖x‖2 + μ

∥
∥y

∥
∥
2 + ξ‖z‖2 + ν‖w‖2

− 1
3
ν
(

λg(‖x −w‖) + μg
(∥
∥y −w

∥
∥
)

+ ξg(‖z −w‖)),
(2.3)

for all x, y, z,w ∈ Br , and λ, μ, ξ, ν ∈ [0, 1] with λ + μ + ξ + ν = 1.

Lemma 2.5 (See [7], Lemma 2.7). Let X be a Banach space which satisfies Opial’s condition and let
xn be a sequence in X. Let q1, q2 ∈ X be such that limn→∞‖xn − q1‖ and limn→∞‖xn − q2‖. If {xnk},
{xnj} are the subsequences of {xn} which converge weakly to q1, q2 ∈ X, respectively, then q1 = q2.

3. Main Results

In this section, we prove theorems of weak and strong of the three-step iterative scheme given
in (1.12) to a fixed point for nonself asymptotically nonexpansive mappings in a uniformly
convex Banach space. In order to prove our main results the followings lemmas are needed.

Lemma 3.1. If {bn} and {cn} are sequences in [0, 1] such that lim supn→∞(bn + cn) < 1 and {kn}
is sequence of real numbers with kn ≥ 1 for all n ≥ 1 and limn→∞ kn = 1, then there exists a positive
integerN1 and γ ∈ (0, 1) such that cnkn < γ for all n ≥ N1.

Proof. By lim supn→∞(bn + cn) < 1, there exists a positive integer N0 and δ ∈ (0, 1) such that

cn ≤ bn + cn < δ, ∀n ≥ N0. (3.1)

Let δ′ ∈ (0, 1) with δ′ > δ. From limn→∞ kn = 1, then there exists a positive integer N1 ≥ N0

such that

kn − 1 <
1
δ′ − 1, ∀n ≥ N1, (3.2)
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from which we have kn < 1/δ′, for all n ≥ N1. Put γ = δ/δ′, then we have cnkn < γ for all
n ≥ N1.

Lemma 3.2. Let X be a real Banach space and K a nonempty closed and convex subset of X. Let
T : K → X be a nonself asymptotically nonexpansive mapping with the nonempty fixed-point set
F(T) and a sequence {kn} of real numbers such that kn ≥ 1 and

∑∞
n=1(kn − 1) < ∞. Let {an}, {bn},

{cn}, {αn}, {βn}, and {γn} be real sequences in [0, 1], such that {bn + cn} and {αn + βn + γn} in
[0, 1] for all n ≥ 1. Let {xn} be a sequence in K defined by (1.12), then we have, for any q ∈ F(T),
limn→∞‖xn − q‖ exists.

Proof. Consider

∥
∥zn − q

∥
∥ =

∥
∥
∥P

(

anT(PT)n−1xn + (1 − an)xn

)

− Pq
∥
∥
∥

≤
∥
∥
∥anT(PT)n−1xn + (1 − an)xn − q

)∥
∥
∥

≤
∥
∥
∥an

(

T(PT)n−1xn − q
)

+ (1 − an)
(

xn − q
)
∥
∥
∥

≤ an

∥
∥
∥T(PT)n−1xn − q

∥
∥
∥ + (1 − an)

∥
∥xn − q

∥
∥

≤ ankn
∥
∥xn − q

∥
∥ + (1 − an)

∥
∥xn − q

∥
∥

= (1 + ankn − an)
∥
∥xn − q

∥
∥ = (1 + an(kn − 1))

∥
∥xn − q

∥
∥,

∥
∥yn − q

∥
∥ =

∥
∥
∥P

(

bnT(PT)n−1zn + cnT(PT)n−1xn + (1 − bn − cn)xn

)

− Pq
∥
∥
∥

≤
∥
∥
∥bnT(PT)n−1zn + cnT(PT)n−1xn + (1 − bn − cn)xn − q

∥
∥
∥

≤ bn
∥
∥
∥T(PT)n−1zn − q

∥
∥
∥ + cn

∥
∥
∥T(PT)n−1xn − q

∥
∥
∥ + (1 − bn − cn)

∥
∥xn − q

∥
∥

≤ bnkn
∥
∥zn − q

∥
∥ + cnkn

∥
∥xn − q

∥
∥ + (1 − bn − cn)

∥
∥xn − q

∥
∥

≤ bnkn(1 + an(kn − 1))
∥
∥xn − q

∥
∥ + (cnkn + (1 − bn − cn))

∥
∥xn − q

∥
∥

= (1 + (kn − 1)(bn + cn + anbnkn))
∥
∥xn − q

∥
∥,

∥
∥xn+1 − q

∥
∥ =

∥
∥
∥P

(

αnT(PT)n−1yn + βnT(PT)n−1zn

+γnT(PT)n−1xn +
(

1 − αn − βn − γn
)

xn

)

− Pq
∥
∥
∥

≤ αn

∥
∥
∥T(PT)n−1yn − q

∥
∥
∥ + βn

∥
∥
∥T(PT)n−1zn − q

∥
∥
∥ + γn

∥
∥
∥T(PT)n−1xn − q

∥
∥
∥

+
(

1 − αn − βn − γn
)∥
∥xn − q

∥
∥

≤ αnkn
∥
∥yn − q

∥
∥ + βnkn

∥
∥zn − q

∥
∥ + γnkn

∥
∥xn − q

∥
∥

+
(

1 − αn − βn − γn
)∥
∥xn − q

∥
∥

≤ [

(αnkn)(1 + (kn − 1)(bn + cn + anbn(kn))) + βnkn(1 + an(kn − 1))

+γnkn +
(

1 − αn − βn − γn
)]∥
∥xn − q

∥
∥

≤
[

1 + (kn − 1)
[

αn + βn + γn
]

+ (kn − 1)[knαnbn + knαncn]

+
[

(kn − 1)
(

αnk
2
nbnan

)

+ (kn − 1)
(

βnknan

)]]∥
∥xn − q

∥
∥.

(3.3)
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Thus, we have

∥
∥xn+1 − q

∥
∥ ≤

(

1 + (kn − 1)
(

αn + βn + γn + αnknbn + αnkncn

+αnk
2
nbnan + βnknan

))∥
∥xn − q

∥
∥.

(3.4)

Since
∑∞

n=1(kn − 1) < ∞ and from Lemma 2.3, it follows that limn→∞‖xn − q‖ exits.

Lemma 3.3. Let X be a real uniformly convex Banach space and K a nonempty closed and convex
subset of X. Let T : K → X be a nonself asymptotically nonexpansive mapping with the nonempty
fixed-point set F(T) and a sequence {kn} of real numbers such that kn ≥ 1 and

∑∞
n=0(k

2
n−1) < ∞. Let

{an}, {bn}, {cn}, {αn}, {βn}, and {γn} be real sequences in [0, 1], such that {bn+cn} and {αn+βn+γn}
in [0, 1] for all n ≥ 1. Let {xn} be a sequence in K defined by (1.12), then one has the following
conclusions.

(1) If 0 < lim infn αn ≤ lim supn(αn + βn + γn) < 1, then limn‖T(PT)n−1yn − xn‖ = 0.

(2) If either 0 < lim infn βn ≤ lim supn(αn + βn + γn) < 1 or 0 < lim infn αn and 0 ≤
lim supn bn ≤ lim supn(bn + cn) < 1, then limn‖T(PT)n−1zn − xn‖ = 0.

(3) If the following conditions

(i) 0 < lim infn γn ≤ lim supn(αn + βn + γn) < 1,

(ii) either 0 < lim infn αn and 0 ≤ lim supn bn ≤ lim supn(bn + cn) < 1 or 0 <
lim infn βn ≤ lim supn(αn + βn + γn) < 1 and lim supn an < 1 are satisfied, then
limn‖T(PT)n−1xn − xn‖ = 0.

Proof. Let M = sup{kn, n ≥ 1}. By Lemma 3.2, we know that limn→∞‖xn − q‖ exits for any
q ∈ F(T). Then the sequence {xn − q} is bounded. It follows that the sequences {yn − q}
and {zn − q} are also bounded. Since T : K → X is a nonself asymptotically nonexpansive
mapping, then the sequences {T(PT)n−1xn − q}, {T(PT)n−1yn − q}, and {T(PT)n−1zn − q} are
also bounded. Therefore, there exists R > 0 such that {‖xn − q‖}, {T(PT)n−1xn − q}, {yn − q},
{T(PT)n−1yn − q}, {zn − q}, {T(PT)n−1zn − q} ⊂ BR. By Lemma 2.4 and (1.12), we have

∥
∥zn − q

∥
∥
2 =

∥
∥
∥P

(

anT(PT)n−1xn + (1 − an)xn

)

− Pq
∥
∥
∥

2

≤
∥
∥
∥

(

anT(PT)n−1xn + (1 − an)xn − q
)∥
∥
∥

2

≤
∥
∥
∥an

(

T(PT)n−1xn − q
)

+ (1 − an)
(

xn − q
)
∥
∥
∥

2

≤ an

∥
∥
∥T(PT)n−1xn − q

∥
∥
∥

2
+ (1 − an)

∥
∥xn − q

∥
∥
2 − an

(

g
(∥
∥
∥T(PT)n−1xn − xn

∥
∥
∥

))

≤ ank
2
n

∥
∥xn − q

∥
∥
2 + (1 − an)

∥
∥xn − q

∥
∥
2 − an

(

g
(∥
∥
∥T(PT)n−1xn − xn

∥
∥
∥

))

≤
(

1 + ank
2
n − an

)∥
∥xn − q

∥
∥
2 + (1 − an)

∥
∥xn − q

∥
∥
2

=
(

1 + an

(

k2
n − 1

))∥
∥xn − q

∥
∥
2
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∥
∥yn − q

∥
∥
2 =

∥
∥
∥P

(

bnT(PT)n−1zn + cnT(PT)n−1xn + (1 − bn − cn)xn

)

− Pq
∥
∥
∥

2

≤
∥
∥
∥bnT(PT)n−1zn + cnT(PT)n−1xn + (1 − bn − cn)xn − q

∥
∥
∥

2

≤ bn
∥
∥
∥T(PT)n−1zn − q

∥
∥
∥

2
+ cn

∥
∥
∥T(PT)n−1xn − q

∥
∥
∥

2
+ (1 − bn − cn)

∥
∥xn − q

∥
∥
2

− 1
3
(1 − bn − cn)

(

bng
(∥
∥
∥T(PT)n−1zn − xn

∥
∥
∥

)

+ cng
(∥
∥
∥T(PT)n−1xn − xn

∥
∥
∥

))

≤ bnk
2
n

∥
∥zn − q

∥
∥
2 + cnk

2
n

∥
∥xn − q

∥
∥
2 + (1 − bn − cn)

∥
∥xn − q

∥
∥
2

− 1
3
bn(1 − bn − cn)

(

g
(∥
∥
∥T(PT)n−1zn − xn

∥
∥
∥

))

≤ bnk
2
n

(

1 + an

(

k2
n − 1

))∥
∥xn − q

∥
∥
2 +

(

cnk
2
n + (1 − bn − cn)

)∥
∥xn − q

∥
∥
2

− 1
3
bn(1 − bn − cn)

(

g
(∥
∥
∥T(PT)n−1zn − xn

∥
∥
∥

))

=
(

1 +
(

k2
n − 1

)(

bn + cn + anbnk
2
n

))∥
∥xn − q

∥
∥
2

− 1
3
bn(1 − bn − cn)

(

g
(∥
∥
∥T(PT)n−1zn − xn

∥
∥
∥

))

∥
∥xn+1 − q

∥
∥
2 =

∥
∥
∥P

(

αnT(PT)n−1yn + βnT(PT)n−1zn + γnT(PT)n−1xn

+
(

1 − αn − βn − γn
)

xn

)

− Pq
∥
∥
∥

≤ αn

∥
∥
∥T(PT)n−1yn − q

∥
∥
∥

2
+ βn

∥
∥
∥T(PT)n−1zn − q

∥
∥
∥

2
+ γn

∥
∥
∥T(PT)n−1xn − q

∥
∥
∥

2

+
(

1 − αn − βn − γn
)∥
∥xn − q

∥
∥
2

− 1
3
(

1 − αn − βn − γn
)(

αng
(∥
∥
∥T(PT)n−1yn − xn

∥
∥
∥

)

+ βng
(∥
∥
∥T(PT)n−1zn − xn

∥
∥
∥

)

+γng
(∥
∥
∥T(PT)n−1xn − xn

∥
∥
∥

))

≤ αnk
2
n

∥
∥yn − q

∥
∥
2 + βnk

2
n

∥
∥zn − q

∥
∥
2 + γnk

2
n

∥
∥xn − q

∥
∥
2 +

(

1 − αn − βn − γn
)∥
∥xn − q

∥
∥
2

− 1
3
(

1 − αn − βn − γn
)(

αng
(∥
∥
∥T(PT)n−1yn − xn

∥
∥
∥

)

+ βng
(∥
∥
∥T(PT)n−1zn − xn

∥
∥
∥

)

+γng
(∥
∥
∥T(PT)n−1xn − xn

∥
∥
∥

))

≤
(

αnk
2
n

)(

1 +
(

k2
n − 1

)((

bn + cn + anbnk
2
n

)))∥
∥xn − q

∥
∥
2

− 1
3

(

αnk
2
n

)

bn(1 − bn − cn)
(

g
(∥
∥
∥T(PT)n−1zn − xn

∥
∥
∥

))

+ βnk
2
n

((

1 + an

(

k2
n − 1

))∥
∥xn − q

∥
∥
2
)

+ γnk
2
n

∥
∥xn − q

∥
∥
2 +

(

1 − αn − βn − γn
)∥
∥xn − q

∥
∥
2

− 1
3
(

1 − αn − βn − γn
)(

αng
(∥
∥
∥T(PT)n−1yn − xn

∥
∥
∥

)

+ βng
(∥
∥
∥T(PT)n−1zn − xn

∥
∥
∥

)

+γng
(∥
∥
∥T(PT)n−1xn − xn

∥
∥
∥

))

≤
[(

αnk
2
n

)[

bnk
2
n + βnk

4
nan − βnk

2
nan + cnk

2
n + 1 − bn − cn

]

+βnk2
n

[

1 + ank
2
n − an

]

+
[

γnk
2
n + 1 − αn − βn − γn

]]∥
∥xn − q

∥
∥
2
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− 1
3
bnαnk

2
n(1 − bn − cn)

(

g
(∥
∥
∥T(PT)n−1zn − xn

∥
∥
∥

))

− 1
3
(

1 − αn − βn − γn
)(

αng
(∥
∥
∥T(PT)n−1yn − xn

∥
∥
∥

)

+ βng
(∥
∥
∥T(PT)n−1zn − xn

∥
∥
∥

)

+γng
(∥
∥
∥T(PT)n−1xn − xn

∥
∥
∥

))

=
∥
∥xn − q

∥
∥
2 +

[

αnk
4
nbn + αnk

6
nbnan − αnk

4
nbnan

+ αnk
4
ncn + αnk

2
n − αnk

2
nbn − αnk

2
ncn + βnk

2
n

+βnk4
nan − βnk

2
nan + γnk

2
n − αn − βn − γn

]∥
∥xn − q

∥
∥
2

− 1
3
bnαnk

2
n(1 − bn − cn)

(

g
(∥
∥
∥T(PT)n−1zn − xn

∥
∥
∥

))

− 1
3
(

1 − αn − βn − γn
)(

αng
(∥
∥
∥T(PT)n−1yn − xn

∥
∥
∥

)

+ βng
(∥
∥
∥T(PT)n−1zn − xn

∥
∥
∥

)

+γng
(∥
∥
∥T(PT)n−1xn − xn

∥
∥
∥

))

=
∥
∥xn − q

∥
∥
2 +

[

αn

(

k2
n − 1

)

+ βn
(

k2
n − 1

)

+ γn
(

k2
n − 1

)

+
(

αnk
2
nbn

)(

k2
n − 1

)

+
(

αnanbnk
4
n

)(

k2
n − 1

)

+
(

βnk
2
nan

)(

k2
n − 1

)

+
(

αnk
2
ncn

)(

k2
n − 1

)]∥
∥xn − q

∥
∥
2

− 1
3
bnαnk

2
n(1 − bn − cn)

(

g
(∥
∥
∥T(PT)n−1zn − xn

∥
∥
∥

))

− 1
3
(

1 − αn − βn − γn
)(

αng
(∥
∥
∥T(PT)n−1yn − xn

∥
∥
∥

)

+ βng
(∥
∥
∥T(PT)n−1zn − xn

∥
∥
∥

)

+γng
(∥
∥
∥T(PT)n−1xn − xn

∥
∥
∥

))

=
∥
∥xn − q

∥
∥
2 +

(

k2
n − 1

)[

αn + βn + γn +
(

αnk
2
nbn

)

+
(

αnanbnk
4
n

)

+
(

βnk
2
nan

)

+
(

αnk
2
ncn

)]∥
∥xn − q

∥
∥
2

− 1
3
bnαnk

2
n(1 − bn − cn)

(

g
(∥
∥
∥T(PT)n−1zn − xn

∥
∥
∥

))

− 1
3
(

1 − αn − βn − γn
)(

αng
(∥
∥
∥T(PT)n−1yn − xn

∥
∥
∥

)

+ βng
(∥
∥
∥T(PT)n−1zn − xn

∥
∥
∥

)

+γng
(∥
∥
∥T(PT)n−1xn − xn

∥
∥
∥

))

.

=
∥
∥xn − q

∥
∥
2 +

(

k2
n − 1

)[

αn + βn + γn +
(

αnk
2
nbn

)

+
(

αnanbnk
4
n

)

+
(

βnk
2
nan

)

+
(

αnk
2
ncn

)]∥
∥xn − q

∥
∥
2

− 1
3
bnαnk

2
n(1 − bn − cn)

(

g
(∥
∥
∥T(PT)n−1zn − xn

∥
∥
∥

))

− 1
3
(

1 − αn − βn − γn
)(

αng
(∥
∥
∥T(PT)n−1yn − xn

∥
∥
∥

)

+ βng
(∥
∥
∥T(PT)n−1zn − xn

∥
∥
∥

)

+γng
(∥
∥
∥T(PT)n−1xn − xn

∥
∥
∥

))

≤ ∥
∥xn − q

∥
∥
2 +

(

k2
n − 1

)(

M4 + 3M2 + 3
)

R2
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− 1
3

(

bnαnk
2
n

)

(1 − bn − cn)
(

g
(∥
∥
∥T(PT)n−1zn − xn

∥
∥
∥

))

− 1
3
(

1 − αn − βn − γn
)(

αng
(∥
∥
∥T(PT)n−1yn − xn

∥
∥
∥

)

+ βng
(∥
∥
∥T(PT)n−1zn − xn

∥
∥
∥

)

+γng
(∥
∥
∥T(PT)n−1xn − xn

∥
∥
∥

))

,

(3.5)

Let κn = (k2
n − 1)(M4 + 3M2 + 3)R2.

Therefore, the assumption
∑∞

n=1(k
2
n − 1) < ∞ implies that

∑∞
n=1 κn < ∞.

Thus, we have

∥
∥xn+1 − q

∥
∥
2 ≤ ∥

∥xn − q
∥
∥
2 + κn − 1

3
(1 − bn − cn)

(

bnαnk
2
n

)(

g
(∥
∥
∥T(PT)n−1zn − xn

∥
∥
∥

))

− 1
3
(

1 − αn − βn − γn
)(

αng
(∥
∥
∥T(PT)n−1yn − xn

∥
∥
∥

)

+ βng
(∥
∥
∥T(PT)n−1zn − xn

∥
∥
∥

)

+γng
(∥
∥
∥T(PT)n−1xn − xn

∥
∥
∥

))

.

(3.6)

From the last inequality, we have

αn

(

1 − αn − βn − γn
)

g
(∥
∥
∥T(PT)n−1yn − xn

∥
∥
∥

)

≤ 3
(∥
∥xn − q

∥
∥
2 − ∥

∥xn+1 − q
∥
∥
2 + κn

)

, (3.7)

βn
(

1 − αn − βn − γn
)

g
(∥
∥
∥T(PT)n−1zn − xn

∥
∥
∥

)

≤ 3
(∥
∥xn − q

∥
∥
2 − ∥

∥xn+1 − q
∥
∥
2 + κn

)

, (3.8)

γn
(

1 − αn − βn − γn
)

g
(∥
∥
∥T(PT)n−1xn − xn

∥
∥
∥

)

≤ 3
(∥
∥xn − q

∥
∥
2 − ∥

∥xn+1 − q
∥
∥
2 + κn

)

, (3.9)

(1 − bn − cn)
(

bnαnk
2
n

)

g
(∥
∥
∥T(PT)n−1zn − xn

∥
∥
∥

)

≤ 3
(∥
∥xn − q

∥
∥
2 − ∥

∥xn+1 − q
∥
∥
2 + κn

)

. (3.10)

By condition

0 < lim inf
n

αn ≤ lim sup
n

(

αn + βn + γn
)

< 1, (3.11)

there exists a positive integer n0 and δ, δ′ ∈ (0, 1) such that 0 < δ < αn and αn + βn + γn < δ′ < 1
for all n ≥ n0, then it follows from (3.7) that

(

δ
(

1 − δ′)) lim
n→∞

αn

(

1 − αn − βn − γn
)

g
(∥
∥
∥T(PT)n−1yn − xn

∥
∥
∥

)

≤ 3
(∥
∥xn − q

∥
∥
2 − ∥

∥xn+1 − q
∥
∥
2 + κn

)

,

(3.12)
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for all n ≥ n0. Thus, for m ≥ n0, we write

m∑

n=n0

g
(∥
∥
∥T(PT)n−1yn − xn

∥
∥
∥

)

≤ 3
(δ(1 − δ′))

m∑

n=n0

(∥
∥xn − q

∥
∥
2 − ∥

∥xn+1 − q
∥
∥
2 + κn

)

≤ 3
(δ(1 − δ′))

(

∥
∥xn0 − q

∥
∥
2 +

m∑

n=n0

(κn)

)

.

(3.13)

Letting m → ∞, we have
∑m

n=n0
g(‖T(PT)n−1yn − xn‖) < ∞, so that

lim
n→∞

g
(∥
∥
∥T(PT)n−1yn − xn

∥
∥
∥

)

= 0. (3.14)

From g is continuous strictly increasing with g(0) = 0 and (1), then we have

lim
n→∞

∥
∥
∥T(PT)n−1yn − xn

∥
∥
∥ = 0. (3.15)

By using a similar method for inequalities (3.8) and (3.10), we have

lim
n→∞

∥
∥
∥T(PT)n−1zn − xn

∥
∥
∥ = 0. (3.16)

Next, to prove

lim
n→∞

∥
∥
∥T(PT)n−1xn − xn

∥
∥
∥ = 0, (3.17)

we assume that 0 < lim infn αn and 0 ≤ lim supn(bn) ≤ lim supn(bn + cn) < 1,

∥
∥
∥T(PT)n−1xn − xn

∥
∥
∥ ≤

∥
∥
∥T(PT)n−1xn − T(PT)n−1yn

∥
∥
∥ +

∥
∥
∥T(PT)n−1yn − xn

∥
∥
∥

≤ kn
∥
∥xn − yn

∥
∥ +

∥
∥
∥T(PT)n−1yn − xn

∥
∥
∥

≤ knbn
∥
∥
∥T(PT)n−1zn − xn

∥
∥
∥ + kncn

∥
∥
∥T(PT)n−1xn − xn

∥
∥
∥

+
∥
∥
∥T(PT)n−1yn − xn

∥
∥
∥,

(3.18)

(1 − kncn)
∥
∥
∥T(PT)n−1xn − xn

∥
∥
∥ ≤ knbn

∥
∥
∥T(PT)n−1zn − xn

∥
∥
∥ +

∥
∥
∥T(PT)n−1yn − xn

∥
∥
∥. (3.19)

By Lemma 3.1, there exists a positive integer N1 and γ ∈ (0, 1) such that cnkn < γ for
all n ≥ N1. This together with (3.18) implies that for n ≥ N1,

(

1 − γ
)
∥
∥
∥(PT)n−1xn − xn

∥
∥
∥ < (1 − kncn)

∥
∥
∥T(PT)n−1xn − xn

∥
∥
∥

≤ knbn
∥
∥
∥T(PT)n−1zn − xn

∥
∥
∥ +

∥
∥
∥T(PT)n−1yn − xn

∥
∥
∥.

(3.20)
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It follows from (3.15) and (3.16) that

lim
n→∞

∥
∥
∥T(PT)n−1xn − xn

∥
∥
∥ = 0. (3.21)

This completes the proof.

Next, we show that limn→∞‖xn − Txn‖ = 0.

Lemma 3.4. Let X be a real uniformly convex Banach space and K a nonempty closed convex subset
of X. Let T : K → X be a nonself asymptotically nonexpansive mapping with the nonempty fixed-
point set F(T) and a sequence {kn} of real numbers such that kn ≥ 1 and

∑∞
n=0(k

2
n−1) < ∞. Let {an},

{bn}, {cn}, {αn}, {βn}, and {γn} be real sequences in [0, 1], such that {bn + cn} and {αn + βn + γn}
in [0, 1] for all n ≥ 1. Let {xn} be a sequence in K defined by (1.12) with the following restrictions:

(1) 0 < min{lim infn αn, lim infn βn, lim infn γn} ≤ lim supn(αn + βn + γn) < 1 and
lim supn an < 1,

(2) 0 ≤ lim supn bn ≤ lim supn(bn + cn) < 1,

then limn→∞‖xn − Txn‖ = 0.

Proof. We first consider

‖xn+1 − xn‖

≤
∥
∥
∥

(

αnT(PT)n−1yn + βnT(PT)n−1zn + γnT(PT)n−1xn +
(

1 − αn − βn − γn
)

xn

)

− xn

∥
∥
∥

≤ αn

∥
∥
∥T(PT)n−1yn − xn

∥
∥
∥ + βn

∥
∥
∥T(PT)n−1zn − xn

∥
∥
∥

+ γn
∥
∥
∥T(PT)n−1xn − xn

∥
∥
∥ −→ 0, as n −→ ∞.

(3.22)

We note that every asymptotically nonexpansive mapping is uniformly L-Lipschitzian. Also
note that

∥
∥
∥xn+1 − T(PT)n−1xn+1

∥
∥
∥

≤ ‖xn+1 − xn‖ +
∥
∥
∥xn − T(PT)n−1xn

∥
∥
∥ +

∥
∥
∥T(PT)n−1xn − T(PT)n−1xn+1

∥
∥
∥

= ‖xn+1 − xn‖ +
∥
∥
∥T(PT)n−1xn+1 − T(PT)n−1xn

∥
∥
∥ +

∥
∥
∥T(PT)n−1xn − xn

∥
∥
∥

≤ ‖xn+1 − xn‖ + L‖xn+1 − xn‖ +
∥
∥
∥T(PT)n−1xn − xn

∥
∥
∥ −→ 0, as n −→ ∞.

(3.23)
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In addition,

∥
∥
∥xn+1 − T(PT)n−2xn+1

∥
∥
∥

≤ ‖xn+1 − xn‖ +
∥
∥
∥xn − T(PT)n−2xn

∥
∥
∥ +

∥
∥
∥T(PT)n−2xn − T(PT)n−2xn+1

∥
∥
∥

≤ ‖xn+1 − xn‖ +
∥
∥
∥T(PT)n−2xn − xn

∥
∥
∥ + L‖xn+1 − xn‖ −→ 0, as n −→ ∞.

(3.24)

We denote as (PT)1−1 the identity maps fromK into itself. Thus, by above inequality, wewrite

‖xn+1 − Txn+1‖ ≤
∥
∥
∥xn+1 − T(PT)n−1xn+1

∥
∥
∥ +

∥
∥
∥T(PT)n−1xn+1 − Txn+1

∥
∥
∥

=
∥
∥
∥xn+1 − T(PT)n−1xn+1

∥
∥
∥ + L

∥
∥
∥T(PT)n−2xn+1 − xn+1

∥
∥
∥ −→ 0, as n −→ ∞.

(3.25)

which implies that

lim
n→∞

‖xn − Txn‖ = 0. (3.26)

In the next result, we prove our first strong convergence theorem as follows.

Theorem 3.5. LetX be a real uniformly convex Banach space andK a nonempty closed convex subset
of X. Let T : K → X be a nonself asymptotically nonexpansive mapping with the nonempty fixed-
point set F(T) and a sequence {kn} of real numbers such that kn ≥ 1 and

∑∞
n=0(k

2
n−1) < ∞. Let {an},

{bn}, {cn}, {αn}, {βn}, and {γn} be real sequences in [0, 1], such that {bn + cn} and {αn + βn + γn}
in [0, 1] for all n ≥ 1. Let {xn} be a sequence in K defined by (1.12) with the following restrictions:

(1) 0 < min{lim infn αn, lim infn βn, lim infn γn} ≤ lim supn(αn + βn + γn) < 1 and
lim supn an < 1,

(2) 0 ≤ lim supn bn ≤ lim supn(bn + cn) < 1.

If, in addition, T is either completely continuous or demicompact, then {xn} converges strongly to a
fixed point of T .

Proof. By Lemma 3.2, {xn} is bounded. It follows by our assumption that T is completely
continuous, there exists a subsequence {Txnk} of {Txn} such that Txnk → q∗ as k → ∞.
Therefore, by Lemma 3.4, we have ‖Txnk − q ∗ ‖ → 0 which implies that xnk → q∗ as k → ∞.
Again by Lemma 3.4, we have

∥
∥q ∗ −Tq∗∥∥ = lim

k→∞
‖xnk − Txnk‖ = 0. (3.27)

It follows that q∗ ∈ F(T). Moreover, since limk→∞‖xn−q∗‖ = 0 exists, then limk→∞‖xn−q∗‖ =
0, that is, {xn} converges strongly to a fixed point q∗ of T .
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We assume that T is demicompact. Then, using the same ideas and argument, we also
prove that {xn} converges strongly to a fixed point of T .

Finally, we prove the weak convergence of the iterative scheme (1.12) for nonself
asymptotically nonexpansive mappings in a uniformly convex Banach space satisfying
Opial’s condition.

Theorem 3.6. Let X be a real uniformly convex Banach space satisfying Opial’s condition and K
a nonempty closed convex subset of X. Let T : K → X be a nonself asymptotically nonexpansive
mapping with the nonempty fixed-point set F(T) and a sequence {kn} of real numbers such that
kn ≥ 1 and

∑∞
n=0(k

2
n − 1) < ∞. Let {an}, {bn}, {cn}, {αn}, {βn}, and {γn} be real sequences in [0, 1],

such that {bn + cn} and {αn + βn + γn} in [0, 1] for all n ≥ 1. Let {xn} be a sequence in K defined by
(1.12) with the following restrictions:

(1) 0 < min{lim infn αn, lim infn βn, lim infn γn} ≤ lim supn(αn + βn + γn) < 1 and
lim supn an < 1,

(2) 0 ≤ lim supn bn ≤ lim supn(bn + cn) < 1,

then {xn} converges weakly to a fixed point of T .

Proof. Let q ∈ F(T). Then as in Lemma 3.2, limn→∞‖xn − q‖ exists. We prove that {xn} has
a unique weak subsequential limit in F(T). We assume that q1 and q2 are weak limits of the
subsequences {xnk}, {xnj}, or {xn}, respectively. By Lemma 3.4, limn→∞‖xn − Txn‖ = 0 and
I − T is demiclosed by Lemma 2.1, Tq1 = q1 and in the same way, Tq2 = q2. Therefore, we
have q1, q2 ∈ F(T). It follows from Lemma 2.5 that q1 = q2. Thus, {xn} converges weakly to
an element of F(T). This completes the proof.
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