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We prove that every firmly nonexpansive-like mapping from a closed convex subset C of a smooth,
strictly convex and reflexive Banach pace into itself has a fixed point if and only if C is bounded. We

obtain a necessary and sufficient condition for the existence of solutions of an equilibrium problem
and of a variational inequality problem defined in a Banach space.

1. Introduction

Let C be a subset of a Banach space E. A mapping T : C — E is nonexpansive if |Tx — Ty|| <
lx — y|| for all x,y € C. In 1965, it was proved independently by Browder [1], Gohde [2],
and Kirk [3] that if C is a bounded closed convex subset of a Hilbert space and T : C — C
is nonexpansive, then T has a fixed point. Combining the results above, Ray [4] obtained the
following interesting result (see [5] for a simpler proof).

Theorem 1.1. Let C be a closed and convex subset of a Hilbert space. Then the following statements
are equivalent:

(i) Fix(T) := {x € C : x = Tx} # @ for every nonexpansive mapping T : C — C;

(ii) C is bounded.

It is well known that, for each subset C of a Hilbert space H, a mapping T : C — H
is nonexpansive if and only if S := (1/2)(I + T) is firmly nonexpansive, that is, the following
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inequality is satisfied by all x, y € C:
(Sx =Sy, (x-Sx) - (y—Sy)) > 0. (1.1)

In this case, Fix(T) = Fix(S). We can restate Ray’s theorem in the following form.

Theorem 1.2. Let C be a closed and convex subset of a Hilbert space. Then the following statements
are equivalent:

(i) Fix(S) # @ for every firmly nonexpansive mapping S : C — C;
(ii) C is bounded.

To extend this result to the framework of Banach spaces, let us recall some definitions
and related known facts. The value of x* in the dual space E* of a Banach space E at x € E is
denoted by (x, x*). We assume from now on that a Banach space E is smooth, that is, the limit
lim; o (1/8)(||x + ty|| — ||x||) exists for all norm one elements x,y € E. This implies that the
duality mapping ] from E to 2E" defined by

xr— Jx = {x* €E": (x,x*) = |lx|* = IIx*Ilz} (1.2)

is single-valued and we do consider the singleton Jx as an element in E*. If E is additionally
assumed to be strictly convex, that is, there are no distinct elements x, y € E such that |[x|| =
llyll = (1/2)||x + y|| = 1, then ] is one-to-one. Let us note here that if E is a Hilbert space, then
the duality mapping is just the identity mapping.

The following three generalizations of firmly nonexpansive mappings in Hilbert
spaces were introduced by Aoyama et al. [6]. For a subset C of a (smooth) Banach space
E,amapping T : C — Eis of

(i) type (P) (or firmly nonexpansive-like) if

(Tx-Ty,J(x-Tx)-J(y-Ty)) >0 VYx,yeC, (1.3)

(ii) type (Q) (or firmly nonexpansive type) if

(Tx-Ty,(Jx-JTx)- (Jy—-JTy)) >0 VYx,yeC, (1.4)

(iii) type (R) (or firmly generalized nonexpansive) if

((x-Tx)- (y-Ty),JTx-JTy) >0 Vx,y€eC. (1.5)

Recently, Takahashi et al. [7] successfully proved the following theorem.
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Theorem 1.3. Let C be a closed and convex subset of a smooth, strictly convex and reflexive Banach
space. Then the following statements are equivalent:

(i) Fix(T) # @ for every mapping T : C — C which is of type (Q);
(ii) C is bounded.

As a direct consequence of the duality theorem [8], we obtain the following result (see
also [9]).

Theorem 1.4. Let C be a closed subset of a smooth, strictly convex and reflexive Banach space such
that JC is closed and convex. Then the following statements are equivalent:

(i) Fix(T) # @ for every mapping T : C — C which is of type (R);
(ii) C is bounded.

The purpose of this short paper is to prove the analogue of these results for mappings
of type (P). Let us note that our result is different from the existence theorems obtained
recently by Aoyama and Kohsaka [10]. We also obtain a necessary and sufficient condition
for the existence of solutions of certain equilibrium problems and of variational inequality
problems in Banach spaces.

2. Ray’s Theorem for Mappings of Type (P) and Equilibrium Problems
The following result was proved by Aoyama et al. [6].

Theorem 2.1. Let E be a smooth, strictly convex and reflexive Banach space, and let C be a bounded,
closed and convex subset of E. If a mapping T : C — C is of type (P), then T has a fixed point.

Let C be a closed and convex subset of a Banach space E. An equilibrium problem for a
bifunction f : C x C — Ris the problem of finding an element X € C such that

f(x,y)>0 VyeC (2.1)

We denote the set of solutions of the equilibrium problem for f by EP(f). We assume that a
bifunction f : C x C — R satisfies the following conditions (see [11]):

(C1) f(x,x) =0forall x € C;

(C2) f(x,y)+ f(y,x) <0forallx,y € C;

(C3) f(x,-) is convex and lower semicontinuous for all x € C;
)

(C4) f is maximal monotone, that is, for each x € C and x* € E*,

flxy)+{(y-x,x)>0 VyeC (2.2)

whenever (z - x,x*) > f(z,x) forall z € C.
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Remark 2.2. It is noted (see [12]) that if f satisfies conditions (C1)—-(C3) and the following
condition:

(C4') limsup, |, f (1 -t)x +tz,y) < f(x,y) forall x,y,z € C,
then f satisfies condition (C4).

Lemma 2.3 (see [12]). Let C be a closed and convex subset of a smooth, strictly convex and reflexive
Banach space E and f : C x C — R satisfy conditions (C1)—(C4). Then for each x € E, there exists
a unique element z € C such that

flzy)+{y-zJ(z-x)) >0 VyeC. (2.3)

Employing the methods in [5, 7], we obtain the following result.

Theorem 2.4. Let E be a smooth, strictly convex and reflexive Banach space and C a closed and
convex subset of E. The following statements are equivalent.

(a) Fix(T') # @ for every mapping T : C — C which is of type (P);

(b) EP(f) # @ for every bifunction f : C x C — R satisfying conditions (C1)—(C4);

(c) EP(f) # @ for every bifunction f : CxC — R satisfying conditions (C1)—(C3) and (C4’);
(d) C is bounded.

Proof. (a)=(b) Assume that a bifunction f : C x C — R satisfies conditions (C1)—(C4). We
defineT : E — Cby x — Tx = z € C where z is given by Lemma 2.3. The mapping T is of
type (P). In fact, for x, x' € E, we have Tx, Tx' € C and hence

f(Tx,Tx") + (Tx' = Tx, J(Tx - x)) >0,
24
f(Tx', Tx) +(Tx - Tx', J(Tx' - x")) > 0. 24

By the condition (C2),

(Tx-Tx', J(x = Tx) - J(x' =Tx")) > 0. (2.5)

In particular, the restriction of T to the closed and convex subset C is of type (P). It then
follows from (a) that EP(f) = Fix(T) # @.

(b)=(c) It follows directly from Remark 2.2.

(c)=(d) We suppose that C is not bounded. By the uniform boundedness theorem,
there exists an element x* € E* such that inf{(x,x*) : x € C} = —00. We define f : CxC — R
by

flx,y)=(y-x,x*) Vx,yeC. (2.6)
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It is clear that f satisfies conditions (C1)—(C3) and (C4’). Moreover, EP(f) = @ since

pEEP(f) = (y-p,x")20 VyeC
2.7
— - =inf{(y,x*) : y € C} > (p,x*). 27

(d)=(a) This is Theorem 2.1. O

Let C be a subset of a Banach space E. We now discuss a variational inequality problem
for a mapping A : C — E*, that is, the problem of finding an element X € C such that
(y —x,Ax) > 0 for all y € C and the set of solutions of this problem is denoted by VI(C, A).
Recall that a mapping A : C — E* is said to be

(i) monotone if (x —y, Ax — Ay) >0forall x,y € C;

(ii) hemicontinuous if for each x, y € C the mapping t — A((1-t)x+ty), wheret € [0,1],
is continuous with respect to the weakx topology of E*;

(iii) demicontinuous if { Ax,} converges to Ax with respect to the weaks topology of E*
whenever {x,} is a sequence in C such that it converges strongly to x € C.

It is known that if C is a nonempty weakly compact and convex subset of a reflexive Banach
space E and A : C — E* is monotone and hemicontinuous, then VI(C, A) # & (see e.g., [13]).

As a consequence of Theorem 2.4, we obtain a necessary and sufficient condition for
the existence of solutions of a variational inequality problem.

Corollary 2.5. Let E be a reflexive Banach space and C a nonempty, closed and convex subset of E.
Then the following statements are equivalent:

(a) VI(C, A) # @ for every monotone and hemicontinuous mapping A : C — E*;
(b) VI(C, A) # @ for every monotone and demicontinuous mapping A : C — E*;
(c) C is bounded.

Proof. (a)=(b) It is clear since demicontinuity implies hemicontinuity.

(b)=(c) To see this, let us note that there is an equivalent norm on E such that the
underlying space equipped with this new norm is smooth and strictly convex (see [14, 15]).
Moreover, the monotonicity and demicontinuity of any mapping A : C — E* remain
unaltered with respect to this renorming. We now assume in addition that E is smooth and
strictly convex. Suppose that C is not bounded. By Theorem 2.4, there exists a fixed point-free
mapping T : C — C such that it is of type (P). We define A: C — E* by

Ax=J(x-Tx) VxeC. (2.8)

Foreach x,y € C,wehave (x —y,Ax - Ay) = (x -y, J(x - Tx) - J(y —Ty)) > 0, that is, A
is monotone. Moreover, it is proved in [6, Theorem 7.3] that A is demicontinuous. Therefore,
VI(C, A) = Fix(T) = @.

(c)=(a) Itis a corollary of [13, Theorem 7.1.8.] O

We finally discuss an equilibrium problem defined in the dual space of a Banach space.
This problem was initiated by Takahashi and Zembayashi [16]. Let C be a closed subset of a
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smooth, strictly convex and reflexive Banach space E such that JC is closed and convex. We
assume that a bifunction f*: JC x JC — R satisfies the following conditions:

(D1) f*(Jx,Jx)=0forall x € C;

(D2) f*(Ux,Jy)+ f*(Jy, Jx) <0forallx,y € C;
)
)

(D3) f*(Jx,-) is convex and lower semicontinuous for all x € C;

(D4) f*is maximal monotone (with respect to JC), that is, foreachx € Cand u € E,
f*Ux,Jy)+{(uJy-Jx)>0 VYyeC (2.9)

whenever (u, Jz - Jx) > f*(Jz,Jx) forall z € C.

In [16], a bifunction is assumed to satisfy conditions (D1)—(D3) and

(D4) limsup, o f*((1-t)Jx +t]z,Jy) < f*(Jx,Jy) forallx,y,z € C.

We are interested in the problem of finding an element x € C such that
fr(Jx,Jy) 20 VyeC (2.10)

and the set of solutions of this problem is denoted by EP*(f*).

The following lemma was proved by Takahashi and Zembayashi ([16], Lemma 2.10)
where the bifunction satisfies conditions (D1)—(D3) and (D4’). However, it can be proved that
the conclusion remains true under the conditions (D1)-(D4). We also note that the uniform
smoothness assumption on a space in [16, Lemma 2.10] is a misprint.

Lemma 2.6. Let C be a closed subset of a smooth, strictly convex and reflexive Banach space E such
that JC is closed and convex. Suppose that a bifunction f* : JC x JC — R satisfies conditions
(D1)—(D4). Then for each x € E there exists a unique element z € C such that

ffUzJy)+{(z-x,Jy-Jz) >0 VyeC. (2.11)

Moreover, if T : E — C is defined by x — Tx = z where z is given above, then T is of type (R).

Based on the preceding lemma and Theorem 2.4, we obtain the result whose proof is
omitted.

Theorem 2.7. Let E be a smooth, strictly convex and reflexive Banach space, and let C be a closed
subset of E such that JC is closed and convex. The following statements are equivalent:

(i) Fix(T) # @ for every mapping T : C — C which is of type (R);

(ii) EP*(f*) # @ for every bifunction f*: JC x JC — R satisfying conditions (D1)-(D4);

(iii) EP*(f*) # @ for every bifunction f*: JC x JC — R satisfying conditions (D1)—(D3) and
(D4');

(iv) C is bounded.



Fixed Point Theory and Applications 7

Acknowledgments

The author would like to thank the referee for pointing out information on Theorem 7.1.8 of
[13]. The author was supported by the Thailand Research Fund, the Commission on Higher
Education and Khon Kaen University under Grant RMUS5380039.

References

[1] F. E. Browder, “Nonexpansive nonlinear operators in a Banach space,” Proceedings of the National
Academy of Sciences of the United States of America, vol. 54, pp. 1041-1044, 1965.

[2] D. Gohde, “Zum Prinzip der kontraktiven Abbildung,” Mathematische Nachrichten, vol. 30, pp. 251-
258, 1965 (German).

[3] W. A. Kirk, “A fixed point theorem for mappings which do not increase distances,” The American
Mathematical Monthly, vol. 72, pp. 1004-1006, 1965.

[4] W. O. Ray, “The fixed point property and unbounded sets in Hilbert space,” Transactions of the
American Mathematical Society, vol. 258, no. 2, pp. 531-537, 1980.

[5] R.Sine, “On the converse of the nonexpansive map fixed point theorem for Hilbert space,” Proceedings
of the American Mathematical Society, vol. 100, no. 3, pp. 489490, 1987.

[6] K. Aoyama, F. Kohsaka, and W. Takahashi, “Three generalizations of firmly nonexpansive mappings:
their relations and continuity properties,” Journal of Nonlinear and Convex Analysis, vol. 10, no. 1, pp.
131-147, 2009.

[7] W. Takahashi, J.-C. Yao, and E. Kohsaka, “The fixed point property and unbounded sets in Banach
spaces,” Taiwanese Journal of Mathematics, vol. 14, no. 2, pp. 733-742, 2010.

[8] T. Honda, T. Ibaraki, and W. Takahashi, “Duality theorems and convergence theorems for nonlinear
mappings in Banach spaces and applications,” International Journal of Mathematics and Statistics, vol. 6,
no. S10, pp. 46-64, 2010.

[9] S. Dhompongsa, W. Fupinwong, W. Takahashi, and J.-C. Yao, “Fixed point theorems for nonlinear
mappings and strict convexity of Banach spaces,” Journal of Nonlinear and Convex Analysis, vol. 11, pp.
175-183, 2010.

[10] K. Aoyama and F. Kohsaka, “Existence of fixed points of firmly nonexpansive-like mappings in
Banach spaces,” Fixed Point Theory and Applications, Article ID 512751, 15 pages, 2010.

[11] E.Blum and W. Oettli, “From optimization and variational inequalities to equilibrium problems,” The
Mathematics Student, vol. 63, no. 1-4, pp. 123-145, 1994.

[12] H. Takahashi and W. Takahashi, “Existence theorems and strong convergence theorems by a hybrid
method for equilibrium problems in Banach spaces,” in Fixed Point Theory and Its Applications, pp.
163-174, Yokohama Publ., Yokohama, Japan, 2008.

[13] W. Takahashi, Nonlinear Functional Analysis, Fixed point theory and its applications, Yokohama
Publishers, Yokohama, Japan, 2000.

[14] M. L. Kadec, “Spaces isomorphic to a locally uniformly convex space,” Izvestija Vyssih Ucebnyh
Zavedenit Matematika, vol. 6, no. 13, pp. 51-57, 1959.

[15] S. L. Troyanski, “On locally uniformly convex and differentiable norms in certain non-separable
Banach spaces,” Studia Mathematica, vol. 37, pp. 173-180, 1970/71.

[16] W. Takahashi and K. Zembayashi, “A strong convergence theorem for the equilibrium problem with
a bifunction defined on the dual space of a Banach space,” in Fixed Point Theory and Its Applications,
pp- 197-209, Yokohama Publ., Yokohama, Japan, 2008.



