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We introduce and study some new Ishikawa-type iterative algorithms with variable coefficients
for multivalued generalized ®-hemicontractive mappings. Several new fixed-point theorems for
multivalued generalized ®-hemicontractive mappings without generalized Lipschitz assumption
are established in p-uniformly smooth real Banach spaces. A result for multivalued generalized
@-hemicontractive mappings with bounded range is obtained in uniformly smooth real Banach
spaces. As applications, several theorems for multivalued generalized ®-hemiaccretive mapping
equations are given.

1. Introduction

Let X be a real Banach space and X* the dual space of X. (*, ) denotes the generalized
duality pairing between X and X*. | is the normalized duality mapping from X to 2X" given

by J(x)
Jy={feX : (xf)y=|fll-lIxll, ||l =lxl}, xeX (1.1)

Let D be a nonempty convex subset of X and CB(D) the family of all nonempty bounded
closed subsets of D. H (-, -) denotes the Hausdorff metric on CB(D) defined by

H(A, B) := max{ supinf||x - y||, supinf|[x-y| ¢, A, BeCB(D). (1.2)
yeBxeA yEBXEA
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We use F(T) to denote the fixed-point set of T, that is, F(T) := {x : x € Tx}. N denotes the
set of nonnegative integers.

Recall that a mapping T : D — D is called to be a generalized Lipschitz mapping [1],
if there exists a constant L > 0 such that

|Tx-Ty||<L(1+|x-y|) VxyeD. (1.3)

Similarly, a multivalued mapping T : D — CB(D) is said to be a generalized Lipschitz
mapping, if there exists a constant L > 0 such that

H(Tx,Ty) <L(1+|lx-yl|), Vx,yeD. (1.4)

A multivalued mapping T : D — 2P is said to be a bounded mapping if for any bounded
subset A of D,

T(A) :={x:xeT(y), Jy e A} (1.5)

is a bounded subset of D.

Clearly, every mapping with bounded range is a generalized Lipschitz mapping|[1,
Example]. Furthermore, every generalized Lipschitz mapping is a bounded mapping. The
following example shows that the class of generalized Lipschitz mappings is a proper subset
of the class of bounded mappings.

Example 1.1. Take D = (0, o0) and define T : D — D by
Tx =exp(x) + x sgn(sinx), (1.6)

where sgn(-) denotes sign function. Then, T is a bounded mapping but not a generalized
Lipschitz mapping.

Definition 1.2 (see [2]). Let D be a nonempty subset of X. T : D — 2P is said to be a
multivalued ®-hemicontractive mapping if the fixed point set F(T) of T is nonempty, and
there exists a strictly increasing function @ : [0, o) — [0, c0) with @(0) = 0 such that for each
x € D and x* € F(T), there exists a j(x — x*) € J(x — x*) such that

(u=x"j(x=x")) < llx = x"|* = D(llx = x7|) - ox = 7], (1.7)

forall u € Tx.

T is said to be a multivalued ®-hemiaccretive mapping if I — T is a multivalued @-
hemicontractive mapping.

Definition 1.3. Let D be a nonempty subset of X. T:D — 2P is said to be a multivalued
generalized ®-hemicontractive mapping if the fixed point set F(T) of T is nonempty,
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and there exists a strictly increasing function @ : [0, 00) — [0, c0) with @(0) = 0 such that for
each x € D and x* € F(T), there exists a j(x — x*) € J(x — x*) such that

(u=x"j(x=x%)) < [lx = x"|* = D[l — x7), (1.8)

forall u € Tx.
T is said to be a multivalued generalized ®-hemiaccretive mapping if I — T is a
multivalued generalized ®-hemicontractive mapping.

The following example shows that the class of ®-hemicontractive mappings is a proper
subset of the class of generalized ®-hemicontractive mappings.

Example 1.4. Let X = R? with the Euclidean norm || - ||, where R denotes the set of the real
numbers. Define T : X — X by

2
[l

2 (1.9)
1+ x|

Thus, F(T) = {(0,0)}#0. It is easy to verify that T is a generalized ®-hemicontractive
mapping with ®(t) = #*/(1 + t2). However, T is not ®-hemicontractive. Indeed, if there exists
a strictly increasing function ¢ : [0,00) — [0, c0) with ¢(0) = 0 such that for each x € X and
x*=(0,0) € F(T),

(Tax = x", J(x = x)) < [l = P = p(llxc = x7) - [lx = %] (1.10)

then we get ¢(t) < t/(1 +t?) for all t € (0, o0). Thus, lim;_, ,,¢(t) = 0. This is in contradiction
with the hypotheses that ¢(t) is strictly increasing and ¢(0) = 0.

In the last twenty years or so, numerous papers have been written on the existence
and convergence of fixed points for nonlinear mappings, and strong and weak convergence
theorems have been obtained by using some well-known iterative algorithms (see, e.g., [1-9]
and the references therein).

For multivalued ¢-hemicontractive mappings, Hirano and Huang [2] obtained the
following result.

Theorem HH (See [2, Theorem 1]). Let E be a uniformly smooth Banach space and T : E — 2F
be a multivalued ¢- hemicontractive operator with bounded range. Suppose{a,}, {b,}, {c,}and{a,},
{b,}, {c), }are real sequences in [0, 1) satisfying the following conditions:
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For arbitrary x1,u1, v, € E, define the sequence {x,},.; by

Xpsl = An Xp + by My +cy uy, I, €Ty, neN, (L11)
Yn=ay Xn+b), & +c,v,, F,€Tx,neN, .

where {uy )1, {Un} ey are arbitrary bounded sequences in E. Then, {x,},., converges strongly to
the unique fixed point of T.

Further, for general multivalued generalized ®-hemicontractive mappings, C. E.
Chidume and C. O. Chidume [1] gave the following interesting result.

Theorem CC (see [1, Theorem 3.8]). Let E be a uniformly smooth real Banach space. Let F(T) :=
{x € E:x € Tx}#0. Suppose T : E — 2F is a multivalued generalized Lipschitz and generalized
@-hemicontractive mapping. Let {ay,}, {b,}and{c, }be real sequences in[0, 1) satisfying the following
conditions: (i) a, + by, + ¢, = 1, (ii) 3. (b, + ¢p) = oo, (iii) >, ¢, < 0o, and (iv) limb,, = 0. Let {x,}
be generated iteratively from arbitrary xo € E by

Xn+1 = AnXy + bty + Cytty, I €Tx, 120, (1.12)

where {u,} is an arbitray bounded sequence in E. Then, there exists yy € R such that if b, + ¢, < o
forall n >0, the sequence {x,} converges strongly to the unique fixed point of T.

Remark 1.5. (1) Theorem CC [1, Theorem 3.8] is a multivalued version of Theorem 3.2 of [1].
Theorem 3.2 of [1] was obtained directly from Theorem 3.1 of [1]. However, it seems that
there exists a gap in the proof of Theorem 3.1 in [1]. Indeed, the following inequality in the
proof of Theorem 3.1 in [1].

n n n
2 2
a0 < §:<||xj—x*|| Sy )+M§ ¢j <o (+)
=0 =0

j=0
was obtained by using implicitly the following conditions:

lx; = x*|| <207 (ag),  |lxje1 — x| > 207 (a0), j=0,1,...,m (1.13)

Thus, (*) is dubious in the remainder of [1, Theorem 3.1]. Hence, Theorem 3.1 of [1] is
dubious, as is Theorem CC [1, Theorem 3.8].
(2) The real number yp in Theorem CC is not easy to get.

It is our purpose in this paper to try to obtain some fixed-point theorems
for multivalued generalized ®-hemicontractive mappings without generalized Lipschitz
assumption as in Theorem CC. Motivated and inspired by [1, 2, 5, 7], we introduce
and study some new Ishikawa-type iterative algorithms with variable coefficients for
multivalued generalized ®-hemicontractive mappings. Our results improve essentially the
corresponding results of [1] in the framework of p-uniformly smooth real Banach spaces and
the corresponding results of [2] in uniformly smooth real Banach spaces.
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2. Preliminaries

Let X be a real Banach space of dimension dim X > 2. The modulus of smoothness of X is the
function px : [0,00) — [0,00) defined by

px (1) = sup{2‘1(||x+y|| +x-yl)-1:0xl =1 |ly| < T}, 7> 0. (2.1)

The function px () is convex, continuous, and increasing, and px (0) = 0.
The space X is called uniformly smooth if and only if

tim PX@ _ g, 2.2)
T—0*t T

The space X is called p-uniformly smooth if and only if there exist a constant C, and
areal number 1 < p < 2, such that

px (1) < Cpt”. (2.3)

Typical examples of uniformly smooth spaces are the Lebesgue L,, the sequence ¢,
and Sobolev W' spaces for 1 < p < co. In particular, for 1 < p < 2, these spaces are p-
uniformly smooth and for 2 < p < oo, they are 2-uniformly smooth.

It is well known that if X is uniformly smooth, then the normalized duality mapping
] is single-valued and uniformly continuous on any bounded subset of X.

Lemma 2.1 (see [3, 9]). If X is a uniformly smooth Banach space, then for all x,y € X with ||x|| <
Rllyll <R,

4 _
<17—-}/,]xj_-]é/> < Zl;pl?sz:<:_JL§}€¥le:>,

16L _
17 - Tyl < Sth<M>,

(2.4)

where hx (t) := px(7)/7, Lr is the Figiel s constant, 1 < Ly < 1.7.

Lemma 2.2 (see [1]). Let X be a real Banach space and ] be the normalized duality mapping. Then,
for any given x,y € X, we have

llx+y|* < lxl? +2(y,j(x +v)), Vi(x+y) e (x+y). (2.5)

Lemma 2.3 (see [8]). Let {an},1, {Bn},5 and {yn},s, be nonnegative sequences satisfying

n>1
A1 S (L+yn)an+ P, n>1, Zﬂn < oo, ZY" < oo. (2.6)
n=1 n=1

Then, lim,, _, e, exists. Moreover, if liminf, _, o, a, = 0, then lim,, _, xat, = 0.
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Lemma 2.4 (see [4]). Let f,g: N — [0, 00) be sequences and suppose that

gn) <1, vneN, g(n)—0, asn— oo, ig(n) = oo. (2.7)
n=1
Then,
if(") <w=f=o0(g), asn-— . (2.8)
n=1

The converse is false.

3. Main Results and Their Proofs

Theorem 3.1. Let X be a p-uniformly smooth real Banach space and D a nonempty convex subset of
X. Suppose T : D — 2P is a multivalued generalized ®-hemicontractive and bounded mapping. For
any given xo, Uy, vy € D, let {x,} be the sequence generated by the following Ishikawa-type iterative
algorithm with variable coefficients:

Yn = Ein X + Ef &+ 5f Un, 3y € Txy, i 1)
Xn+l = Ay Xp + ,Bn Hn + Yn Un, EI7/111 € Tyn/

where {u,} and {v,} are arbitrary bounded sequences in D,

~ ~ b
an =1- bn - E:\n/ bn = 7’_121’ An = i_;/ rn = 2+ ”xn” + ”én” + ”Un”/
"ﬁ n . (3.2)
Wb P T Re=nerlmd
{Bu}, {yn}, {bn} and {c,} are four sequences in [0, 1] satisfying the following conditions:
Zﬂn = 0o, Zﬁﬁ <, ZYn <o, b,< O(ﬂn)/ cn < O(,ﬁn) (33)
n=0 n=0 n=0

Then, {x,} converges strongly to the unique fixed point of T.

Proof. Since T is generalized ®-hemicontractive, then the fixed-point set F(T) of T is
nonempty and there exists a strictly increasing function @ : [0,00) — [0, 00) with ®(0) = 0
such that for each x € D and x* € F(T), the following inequality holds:

(€ =", J(x=x7)) < lr = [ - @(lx = x'l]), Vg€ T, (34)
If z € F(T), thatis, z € Tz, then, by (3.4), we have

Iz =% = (z = x", J(z = x")) < |z = x"|]* = ©(|z - x7])) (3.5)

So, T has a unique fixed point, say x™*.
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From (3.1) and (3.2), we have [|x, — x| < 7 + [Ix*|, [[yn = x7|| < 7 + [l (60 — x*[| <
o+ |Ix*[l, 170 = x*[| < Ry + [|x*|| and |21 = X*[| < Ry + [|x]].

By Lemma 2.4 and (3.3), we know y,, = o(f,). Since D is a convex subset of X and
T:D — 2P, it follows from (3.1), (3.2), and (3.3) that

12051 = Yull = [|Gener = %) = (yn = %) |
= [ (1= B =) = ) 4 B o= x7) T =)

(1= by = &) (0 = x") + by (&n = x7) + E (00— X)

(3.6)
O(B, O(pn
< %(m ) + I(fz ) (Ry+ 1x°1)

O(fn)

Tn

< — 0 (n— ).

From (3.6) and ||y, — x*|| <, + ||x*||, we have ||xp1 — x*|| < 1 + ||X*[| + (O(Br) / T0)-

Considering 1 < p <2 and r, > 2, by Lemma 2.1, we have

Tn tn+ lx*| + O(Bu) /Tn

2-p 0O Zﬁl
< <rn + [l + O(rﬂ”)> <ﬁ >

-1
’

Ilf(xn+1—x*>—1<yn—x*>||58<rn+||x*||+o(ﬁ")>cp'< Lt itted >

p-1
< (72 + rallactll + O(pn)>2”’w

Tn

< rn-0<ﬁﬁ_1>-

3.7)
By (3.1), (3.2), (3.3) and Lemma 2.2, we have
_ 2
|lyn — x* 2<la, (xn = x*) + by (1n — x*) + Cn (Vy — x%)
< @2 = P+ 2(Bal@n = x7) + Eulon = ), T (yn — x°) ) (3.8)

< e = [+ O ().



8 Fixed Point Theory and Applications

From (3.1), (3.2), (3.7), and (3.8) and Lemma 2.2, it can be concluded that

@i = %)+ B (11 = x°) + it — )|

2
01 = x*||"=

IN

&2||% = X1 + 2B {1 — X, J (Xne1 = x*) = T (yn — x*))
+ 2ﬁn<7]n - X*,](yn - X*>> + 2?71(”71 - X*, ](er—l - X*)>
a2 = x*|17 + 2P| 1 = x*|| - || T Gene = %) = T (yn = x7) |

+ Z,Bn<”]/n - x*”2 - (I)(”yn - x*”)> + 2?n“un - X*” : ”](xm—l - x*)”

IN

(3.9)

IN

(1= B =) Tt =571 + 2B (R + "l -7 - OB

+ 2B (Il = %"+ O(Ba) ) = 282D ([l = *'[]) + 250 - (R + [x° )
<M= P+ (B + ) en = %12+ O(B2) + O(B2) + O ()

= 2B @ ([|yn — x°))

< Jlaw = P + O(82) Il = x*11” + O(B) + O 1) = 2B (|| = °]])-
From (3.3) and (3.9), we have
21 — x| < (1 + O<ﬂfl>> 2t — x| + o(p’;) +O(yn).- (3.10)

Thus, by (3.3), (3.10) and Lemma 2.3, we have {||x, — x*||} bounded. It implies the sequences
{xn} and {y,} are bounded. Since T is a bounded mapping, we have T{x,} and T{y,}
bounded. Since 1, € Ty, and ¢, € Tx,, {R,} is bounded. Let its bound be R > 0. From
(3.9), there exists a number M > 0 such that

* * zﬂ" *
lewsr =2 < (14 M) llew = "I+ Ml + 1) = 25 @(llya = x[). (3.11)
Next, we will show
lim inf O(||yn —x*||) =0. (3.12)

If it is not true, then there exist a ny € N and a positive constant m such that for any
positive integer n > ny

O(|lyn — x*||) = mo. (3.13)
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In view of (3.11) and (3.13), for any positive integer n > ng, we have

« " 27”0
lne = 1P < (14 MBE) e = I + M (Bl +72) - Rf” : (3.14)
Taking n = ng,np + 1, ...,k in (3.14) above, we have
L 7w 2, < 2
D e = x*F < D Mloen = X2+ DL MB(R+ [|x*]))
n=ny n=np n=np
. . (3.15)
Zrnoﬁ
p n
+ ZM(ﬁn+yn> -> R
n=mny n=nop

So,

n=ngp

27ﬂ0 k k k k
FZﬁnSM(R+||x*II)ZZﬂ;21+M<Zp5+Z}’n>- (3.16)

This leads to a contradiction as k — oo. Hence, lim inf, _, . ®(|ly, — x*||) = 0.
By the definition of @ and (3.12), there exists a subsequence {y,,} of {y,} such that

{yn,} — x*asi — oo. Thus, by (3.6), we have lim inf,_,, ||x, — x*|| = 0. Further, Using
Lemma 2.3 and (3.11), we obtain lim,, _, o ||x,, — x*|| = 0. It means that {x,} converges strongly
to the unique fixed point of T. The proof is finished. O

From Theorem 3.1, we can obtain the following theorems.

Theorem 3.2. Let X be a p-uniformly smooth Banach space, D be a nonempty convex subset of X,
and T : D — 2P a multivalued generalized ®-hemicontractive and bounded mapping. For any given
Xo,ug € D, let {x,} be the sequence generated by the following Mann-type iterative algorithm with
variable coefficients:

Xyl = ApXpy + ﬁnrln +Ynltn, AN, €Tx,, neN, (3.17)

where {uy,} is an arbitrary bounded sequence in D,
_ o o P o M
an=1=Pn=Yn, Pn= Vn Ry = 2+ [lxall + [[rgn| + lleall, (3.18)

527 = X
R; Ry

{Bn} and {y,} are sequences in [0, 1] satisfying the following conditions:
Dfn=0, DPi<oo, Dyn<oo. (3.19)
n=0 n=0 n=0

Then, {x,} converges strongly to the unique fixed point of T.



10 Fixed Point Theory and Applications

Remark 3.3. Theorems 3.1 and 3.2 improve Theorem CC [1, Theorem 3.8] in p-uniformly
smooth real Banach spaces since the class of multivalued generalized Lipschitz mappings
is a proper subset of the class of bounded mappings and the number y, in Theorem CC [1,
Theorem 3.8] is dropped off.

In uniformly smooth real Banach spaces, we have the following theorem.

Theorem 3.4. Let X be a uniformly smooth real Banach space and D a nonempty convex subset of
X. Suppose T : D — 2P is a multivalued generalized ®-hemicontractive mapping with bounded
range. For any given xo, uy, vo € D, let {x,,} be the sequence generated by the following Ishikawa-type
iterative algorithm with variable coefficients:

Yp = Ap Xp + En n+Cp vy, A&y €Txy,
neN, (3.20)

Xp+1 = &n Xn t+ ﬁn Hn + ?n Un, 31’1,1 € T}/n,

where {uy,} and {v,} are arbitrary bounded sequences in D,

~ N -~ N bn ~ Cn
An=1-by=Cn bu="5, Cu=", tu=2:4[xull+ ]ISl +llonll
" " (3.21)
Gn=1-Pn—T7 A—ﬁ—" R L S +
an=1-Pn—Yn, Pn= @ =g Re=m 71| + llaall,
{Bn}, {yn}, {by} and {c,} are four sequences in [0, 1] satisfying the following conditions:
dhi=0w, D<o, Dyu<wo, by<O(B), cn<O(B). (3.22)
n=0 n=0 n=0

Then, {x,} converges strongly to the unique fixed point of T.

Proof. From Theorem 3.1, T has a unique fixed point, say x*. Let {x,}, {y,} be the sequences
generated by the algorithm (3.20). Since T has a bounded range, we set

d:=sup{||{-1n|:x,yeD, ¢e€Tx, neTy}+sup{|lu, - x*||, n €N} 523)
+sup(flo, - x*|| ,n € NJ. '

Obviously, d < oo. Next, we will prove that for n > 0, ||x, — x*|| < d + ||xo — x*||. In fact, for
n = 0, the above inequality holds. Assume the inequality is true for n = k. Then, forn = k +1,
there exists a 77x € Ty such that
ks = 711 < @kllacn = x| + Bl = " || + Tillr = %
< @i (d + |lxo — x7||) + Pid + ied (3.24)

<d+|xo - x.
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By induction, we have the sequence {x, } bounded. Similarly, we have the sequence {y,} also
bounded.

From the proof of Theorem 3.1, we have ||x,+1 — y,|| — 0asn — oo. Since X is a real
uniformly smooth Banach space, so that the normalized duality mapping J is single valued
and uniformly continuous on any bounded subset of X, thus

dy = ||J(xpe1 = x*) = J(yu —x*)|| — O (3.25)

asn — oo.
Next, following the reasoning in the proof of Theorem 3.1, we deduce the conclusion
of Theorem 3.4. O

Remark 3.5. In view of Example 1.4, the class of ®-hemicontractive mappings is a proper
subset of the class of generalized ®-hemicontractive mappings. Hence, Theorem 3.4 improves
essentially the result of [2, Theorem 2].

As applications, we give the following theorems.

Theorem 3.6. Let X be a p-uniformly smooth Banach space T : X — 2%, a multivalued generalized
®-hemiaccretive and bounded mapping. For any given f € X, define S : X — 2X by Sx := x-Tx+f
for all x € X. For any given xo,ug,vo € X, let {x,} be the Ishikawa-type iterative sequence with
variable coefficients, defined by

Yn =0p Xn+by & +Cn vy, I&n € Sxyp,

R neN, (3.26)
Xn+l = an Xn + ,Bn Hn + ?n Uy, 37’[71 € Syn/
where {uy,}, {v,} are bounded sequences in X,
~ N ~ 1 bn ~ Cn
ay = 1- bn Cn, bn = ﬁ/ Cn = T_Z/ rn = 2+ ”xn” + ||§n” + ”Un”/
" " (3.27)
5 = Pn . Ym

n Ry=1,+ ||71n|| + ”un”/

_R_%/ Y:R_gl/

(B}, {yn), (bu}, and {c,} are four sequences in [0, 1] satisfying the following conditions:

Shi=oo, S<ow, Sy<oo by<OB), n<O(). (3.28)
n=0 n=0 n=0

Then, {x,} converges strongly to the unique solution of the generalized ®-hemiaccretive mapping
equation f € Tx.
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Theorem 3.7. Let X be a uniformly smooth Banach space and T : X — 2X a generalized ®-
hemiaccretive with bounded range. For any given f € X, define S : X — 2X by Sx :=x-Tx + f
for all x € X. For any given xo,ug,vo € X, let {x,} be the Ishikawa-type iterative sequence with
variable coefficients, defined by

Yn =0y Xn+by &y +Cn vy, &y € Sxyp,

R n=012,..., (3.29)
Xn+1 = &n Xp + ﬁn Hn + ?n Un, 37’171 € Synr
where {uy,}, {v,} are bounded sequences in X,
~ 7 ~ 7 bn ~ Cn
an=1-b,—-¢Cy, by= ;, Ch=—%, Tn= 2+ [lxnll + &l + llvall,
" " (3.30)
ay = 1_ﬁn_?nr ﬁn = ﬁ_Z/ Yn = Y_Z/ Ry =1, + ||7ln|| +”un||/
R; R;

{Bn}, {yn), (bu} and {c,} are four sequences in [0, 1] satisfying the following conditions:

iﬂn = oo, iﬂi < oo, iyn <o, b, <O(Bn), cn<O(Bn). (3.31)
n=0 n=0 n=0

Then, {x,} converges strongly to the unique solution of the generalized ®-hemiaccretive mapping
equation f € Tx.

Remark 3.8. (1) Theorem 3.6 improves some recent results, for example, [1, Theorem 3.7] and
[2, Theorem 2] in p-uniformly smooth real Banach spaces since the multivalued generalized
®-hemiaccretive mapping within the equation has no generalized Lipschitz assumption.

(2) In view of Example 1.4, the class of ®-hemicontractive mappings is a proper
subset of the class of generalized ®-hemicontractive mappings. Hence, Theorem 3.7 improves
essentially the result of [2, Theorem 2] in uniformly smooth real Banach spaces.
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