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S CT.
The purpose of the note is to prove a representation theorem for the generalized Meijer transform
defined in [2). In particular, we shall state and prove necessary and sufficient conditions for a function

F(p) to be the generalized Meijer transform of a generalized function.
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1. INTRODUCTION.
The generalized Meijer transform has been defined and studied in (2] and [3] and is given by

_ 2 .
(HuS)P) = pri s < FO (P R(2V30) > (L.1)
where pt > -1, K,, is the modified Bessel function of third kind and order s, p belongs to a region of the

complex plane and f belongs to the dual M,, , of the space M, , defined by

My, = {¢€C°°(I)|'\:,k(¢) < oo}
and
X, 4(9) = sup |V B (1)), k= 0,1,2,...

7 being any real number and B_, = t*Dt*-*D(D = f;) is the Bessel differential operator. The properties

of the space M, , and its dual have been studied in [2]. Furthermore, in [2] the transform (1.1) has been

shown to be analytic and an inversion theorem, in the distributional sense, has been established. We note

here that if f(t) is locally integrable on I = (0, 00) and f(t)c"‘ﬁt"“‘ is absolutely integrable on I, then

we obtain the classical Meijer transform

MNP = s | 1O PR VD (12)
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In (3], we applied the generalized Meijer transform to a b(;ulldary value problem with distributional
conditions. To arrive at the solution, it was necessary to use a characterization of the Meijer transform.
In this note we shall state and prove necessary and sufficient conditions for a function F(p) to be the
generalized Meijer transform of a generalized function f in M, .. This will be the content of Section 3
while Section 2 will be devoted to preliminary results and background material.

2. PRELIMINARIES.

For the sake of completeness, we shall collect in this section the background material that will be needed
in proving the representation theorem.

Throughout we shall denote the interval (0,00) by I and B’_‘” the k-iterate of the Bessel differential

operator. It can be shown that for B'j”

B, ((p)*/* K (2v/pD)) = p*(pt)/2 K (2V/p) (21)
BX,((pt)"/*L(2v1)) = p*(pt)* L(2V/PD) 22
where I, is the modified Bessel function of the first kind given by
00
_ (ptyk+n/a
L(2v/pt) = ?;;———Mr(k 1T "),p any real number (2.3)

and K, is the modified Bessel function of the third kind given by

k-pn/2 J24k .
Tengr ():z?_-o rﬁefi“—”_,;y - Lo pﬁql%n—”;) » 44 not integer
K,(2vpt) = %E—;‘o-l 1‘_11._(:,‘_1!‘_“_@'_1)_!(',‘)11/2+k +(=1) TR, Eﬁ‘_l::.:h (2.4)
X[~ log C(vPD) + §(Thay } + T D), p integer.

C = e (v is Euler’s constant, Watson [5]). Again, from [5], the asymptotic expansions of I,, and K, are

given by
Ko2voD) = Y (pt) e[t 4 0(pt| )], -7 < argp < 7 (25)
and
L(avh = | WEPVFEF i L4 o(lpt T, -5 < argp < 26)
’ ale(pt) T (WP — ie=WR-inm)(1 4 o(lpt| T)), - F < argp < §

It was shown in [2] that the space M, is a complete Fréchet space and that

Dif(pt)*/*K u(2v/P1)] and D, [(pt)*/* K ,(2V/pE)]
both belong to M,,,. Further, if 7 and a are real numbers such that v < a, then M,,, is a subspace of

M, and the restriction of feM,, . to M, , is in M, .. This implies that there is a real number oy, called
the abscissa of definition of f, such that the restriction of f to M, is in M} if v > o, and is not in
M, if y < gy. the operator Bf“ and its adjoint are respectively continuous linear operators on M,,, and
M, .. Also, the adjoint B can be shown to be BX.
For any feM,, . and peQ; = {peC|Re2,/p > v > oy, p # 0,|argp| < =} the following have been
established in [2]:
() Mu(BE.N)p) = p*(M,.1)(p) (2.7)

which is a basis for an operational calculus of the transform M,

(ii) M,f is analytic in Q; and
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Dy [)P) = Ty < J(O, Do) K (2V0) > (28)
and

(iii)  the inversion formula is

10 = Jim TG [ 1, 1o ()12 RNt (29)

x

where p() = 72/4¢* sec? 0/2, 7 is a fixed real number in Q s and the limit is to be understood in the sense
of convergence in D'(I), the dual of the space D(I) of all smooth functions on I whose support is contained

in a compact subset K of I equipped with the semi-norms
pa(#) = sup DY)
€

Finally, we remark that if f(t) is locally integrable on I and f (t)e""ﬁt‘”“" is absolutely integrable on

I, then f(t) generates a regular member f of M,, ., via

< fp>= /0 * f(1)d()dt. (2.10)

As noted earlier for such functions the transform in (1.1) reduces to the classical Meijer transform given
in (1.2).

A result that will be needed in our proof of the representation theorem is

THEOREM A. [Theorem 4 [1]}. If Rep > —1, Re\/p > 70 > 0 and F(p) is analytic and bounded
according to |F(p)| < M|p|~® where ¢ < 3Rep + 2, then for real ¢ > 70 and Re /p > ¢, F(p) = My(f)

where
T(1 + p)t=+/?
2xi

s = [ Fow ey,

Refp=c
3. MAIN RESULT.

In this section we shall give a necessary and sufficient condition for a function F(p) to be the generalized
Meijer transform of a function fin M, .. As we shall see later in the proof of the necessary part, the real
number p must be restricted to —% <p<l

Before we state the result, we need the following lemma stated in our centext (see [4], p. 18).

LEMMA 3.1.  For any function feM, ., there exist a positive constant c and a non-negative integer
r such that for all geM,, ,

I < fi¢>|<cpel(4) (31)

where p, = maxogkgr {My 1, My ar - ML)

THEOREM 3.1. A necessary and sufficient condition for a function F(p) to be the generalized
Meijer transform M,(f) of a generalized function fin M oy 18 that

(i) there exists a region Q; = {peC|Re2,/p > 7,p # 0,| argp| < x} on which F(p) is analytic,

(ii) F(p) is bounded by a polynomial in |p|.

PROOF. Assume that F(p) = (M,)(p) for feM,, . The analyticity of F(p) follows from Theorem
3.2 of [2]. We only need to prove that F(p) is bounded by a polynomial in |p|. Since (pt)*/2K ,(2\/pl)eM,, .,

Lemma 3.1 implies that there exist a positive constant ¢ and a non-negative integer r such that
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_ﬁ’___ /2
=y < /@ @) Ku(2vp0) > |
clplor((pt)"* K u(2V/P))

YWV 1—p pk /2 g
clrlggg's‘-‘-yle B ((p)" K u(2vP0)]
k Wi—p 12
clpl goax |pl" sup |74~ (pt)" K (2V/p1)]

< ™!

[F@) = (M)

IA

by virtue of the series expansion (2.4) and the asymptotic properties (2.5) of K,(2\/pl). Hence F(p) is
bounded by a polynomial in |p].

Assume that F(p) satisfies (i) and (ii) of Theorem 3.1. Let | F(p)| < P.(|p|) where Py(|p|)is a polynomial
in |p] of degree n. Let geR be such that ¢ > 3Rep + 2 and m be an integer such that m > ¢+ n. Then,
for some M > 0, |p|™™|F(p)| < Mp~™|p|" < M|p|~9. Thus p~™ F(p) satisfies the hypothesis of Theorem
A stated in Section 2. Therefore, for Re\/p > ¢ > 70,

PF(D) = Me)(0) = s ) (P K2Vt

where
_ (1 4 p)e+/?
- i

a(t) / p " F(p)p~ 21, (2/pl)dp.

Reyfp=c
We will show next that e=7V#-1+#g(t) is absolutely integrable on I and conclude from (2.10) that g(t)
generates a regular member g of M, ..
We consider two cases

(i) for |pt] < 1,0 <t < o0, (2.3)implies that
le=i(pt) /21, (2/pT)| < Me ™V pt| M+

which is integrable on I for Rep > 0.
(ii) for |pt| > 1, Re/p = ¢, Rep < 1,(2.6) implies that

1
— Wi o -14u/2 EEERW TS Vo VAT 2 7
e i) VD) < 5le et
which is of order e=*V%~1/2(a > 0). Thus
e""ﬁ(pl)“/ I,.(2vpt) is absolutely integrable on 0 < t < co.

That is,
00
[ 1e i vl < culpl
where ¢, is sufficiently large depending upon si. To show that g(t)c""ﬁt’”‘"' is absolutely integrable, we

invoke Fubini’s theorem and the fact
p~" Y F(p)dp (3.2)
Re\/p=c>720

is finite because |p| "™ F(p) < |p|"™P.(Ip]) < M|p|? since ¢ > %Re;‘ +2, —¢ < =(2 + ¢) for our choice of
0 < Rep < 1. Thus (3.2) is at least quadratically decreasing for large p along Re,/p = c in both directions.
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We have shown that g(t)e""ﬂt"”“ is absolutely integrable on 0 < ¢ < co. Thus g(t) generates a
regular number in M, for 0 < Rep < 1. Thus the function p~™ F (p) is a generalized Meijer transform
whose region of definition is {p|Re\/p > ¢ > 7 > 0}.

We finally note that to find feM, , explicitly, we set f = D}'g. Then M,f = Il-l,,(II,',"g) =p™M,(g9) =
F(p).
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