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It is shown that certain classes of special monogenic functions cannot be repre-
sented by the basic series in the whole space. New definitions for the order of
basis of special monogenic polynomials are given, together with theorems on the
representation of classes of special monogenic functions in certain balls and at a
point.
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1. Introduction. The regular functions considered in the present paper have

values in a Clifford algebra and are nullsolutions of a linear differential oper-

ator which linearizes the Laplacian (see [4, 5, 6, 7]).

First, recall the definition of the real 2m-dimensional Clifford algebra �m as

the real algebra freely generated by the standard basis e0,e1, . . . ,em in Rm+1

subject to the conditions e0 = 1 and ejek+ekej = −2δjk, for 1 ≤ j and k ≤m
(we refer to [4, 5] for the basic facts on �m). Note that, for example, �0 is

the field of real numbers, �1 is the field of complex numbers, and �2 = H is

the quaternionic skew field, respectively. We canonically embed Rm+1 in �m.

For x ∈�m, Rex, the real part of x, will stand for the e0-component of x and

Imx := x−(Rex)e0. We also equip �m with the Euclidean norm |x|2 := Re(xx̄),
where the conjugation ·̄ is the unique linear morphism of �m for which ē0 = e0,

ēj = −ej for 1 ≤ j ≤m, and xy = ȳx̄ for all x,y ∈�m. As �m is isomorphic

to R2m , we may provide it with the R2m -norm |a|, and we easily see that, for

any a,b ∈�m, |a ·b| ≤ 2m/2|a| · |b|, where a =∑A⊆M aAeA and M stands for

{1,2, . . . ,m}.
Suggested by the case m= 1, call an �m-valued function f in Rm+1 Clifford

analytic (monogenic) provided that it is annihilated by the generalized Cauchy-

Riemann operator D :=∑m
j=0 ej(∂/∂xj), that is, Df = 0.

The right �m-module �m[x], defined by

�m[x]= span�m

{
zn(x) :n∈N}, (1.1)

is called the space of special monogenic polynomials, where �m is the Clifford

algebra and x is the Clifford variable. The polynomial zn(x) is defined by

http://dx.doi.org/10.1155/S0161171203201083
http://dx.doi.org/10.1155/S0161171203201083
http://dx.doi.org/10.1155/ijmms
http://www.hindawi.com


718 M. A. ABUL-EZ AND D. CONSTALES

(see [2])

zn(x)=
∑

i+j=n

(
(m−1)/2

)
i
(
(m+1)/2

)
j

i!j!
xixj, (1.2)

where, for b ∈ R, (b)l stands for b(b+1)···(b+ l−1), x̄ is the conjugate of

x, x ∈Rm+1, and Rm+1 is identified with a subset of �m.

If Pn(x) is homogeneous special monogenic polynomial of degree n in x,

then (see [2])

Pn(x)= zn(x)α, (1.3)

α is some constant in �m, and

sup
|x|=R

∣∣zn(x)∣∣= Cm+n−1
n Rn = (m)n

n!
Rn, (1.4)

where (m)n/n!= (m+n−1)!/n!(m−1)!.

2. Definitions. LetΩ be a connected open subset ofRm+1 containing 0, then

a monogenic function f in Ω is said to be special monogenic in Ω if and only

if its Taylor series near zero (which is known to exist) has the form

f(x)=
∞∑
n=0

zn(x)cn, cn ∈�m. (2.1)

A function f is said to be special monogenic on B̄(r) if it is special monogenic

on some connected open neighborhood Ωf of B̄(r). The set of all functions

which are special monogenic on B̄(r) is denoted by SM(r). Clearly, SM(r)
is a submodule of the right �m-module M(B̄(r)) of the functions which are

monogenic in a neighborhood of B̄(r).
The fundamental reference for special monogenic functions are [6, 7].

A set β= {Pk(x) : k∈N} of special monogenic polynomials is called basic if

and only if it is a base for the space �m[x] of special monogenic polynomials,

that is,

(i) every zn(x) can be expressed as a right �m-linear combination of ele-

ments from β. Then we have

zn(x)=
∞∑
k=0

Pk(x)πnk, πnk ∈�m; (2.2)

where only a finite number of terms differ from zero and Pk(x) is given

by Pk(x)=
∑k
j=0zj(x)Pkj , Pkj ∈�m;

(ii) let q ∈N and let a0,a1, . . . ,aq ∈�m be such that
∑q

0 Pk(x)ak = 0. Then,

a0 = a1 = a2 = ··· = aq = 0.
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Let Nn denote the number of nonzero πnk in (2.2). If limsupn→∞N
1/n
n = 1,

the basic set β is called a Cannon basic set, and if this condition is not satisfied,

the basic set will be called general.

Let f(x) ∈ SM(r) be given as above, then there is formally an associated

basic series given by (see [2])

∞∑
k=0

Pk(x)


 ∞∑
n=0

πnkck


. (2.3)

When this associated basic series (2.3) converges normally to f(x) in some

domain, it is said to represent f(x) in that domain. Thus, if (2.3) converges

normally to f(x) in B̄(R), then it is said that the basic series represents f(x)
in B̄(R).

Writing

ωn(R)=
∑
i

sup
|x|=R

∣∣Pi(x)πni∣∣, (2.4)

Whittaker [8] introduced the idea of the order and type of a Cannon set in

complex setting. These order and type of a Cannon basic set have been adapted

to the Clifford case and introduced in [2] as follows.

The order is

ω= lim
R→∞

limsup
n→∞

logωn(R)
n logn

. (2.5)

If 0<ω<∞, the type is

γ = lim
R→∞

e
ω

limsup
n→∞

[
ωn(R)

]1/nω

n
. (2.6)

As in the case of entire special monogenic functions [1, 3], a basic set will be

of increase less than order p, type q, if its order ω and type γ satisfy one of

the conditions (i) ω< p and (ii) ω = p, γ < q. The order ρ and type σ of the

entire special monogenic function f(x)=∑∞
n=0zn(x)cn is given in [2] by

ρ = limsup
n→∞, cn≠0, cn≠1

n logn
log1/

∣∣cn∣∣ = limsup
r→∞

log logsup|x|=r
∣∣f(x)∣∣

logr
. (2.7)

If 0< ρ <∞, then

σ = 1
eρ

limsup
n→∞

n
∣∣cn∣∣ρ/n = limsup

r→∞
logsup|x|=r

∣∣f(x)∣∣
rρ

. (2.8)

In [2, 3], the following results are proved.
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Lemma 2.1. If the special monogenic function f(x)=∑∞
n=0zn(x)cn is such

that
∑∞
n=0 |cn|ωn(R) converges, then the basic series (2.3) converges normally

to f(x) in B̄(R), or the basic series (2.3) represents f in B̄(R).

Lemma 2.2. If {Pn(x)} is a Cannon set of orderω, type γ, then the associated

basic series will represent all entire special monogenic functions of increase less

than order 1/ω and type 1/γ in the whole space Rm+1.

Lemma 2.3. If {Pn(x)} is a Cannon set, then the necessary and sufficient

condition for the basic series to represent all entire special monogenic functions

of increase less than order p, type q, is that

limsup
n→∞

(
epq
n

)1/p{
ωn(R)

}1/n ≤ 1 (2.9)

for all R ≥ 0.

We need the following lemma in the sequel.

Lemma 2.4. If R ≥ r > 0 andDn is the degree of the polynomial of the highest

degree in expression (2.2), then

ωn(R)≤ 2mNn
(
Dn+1

)√ (m)Dn(
Dn
)
!

(
R
r

)Dn
ωn(r). (2.10)

Proof. From the expression (2.4), we get

λn(R)=
∞∑
k=0

sup
|x|=R

∣∣Pk(x)πnk∣∣

≤ 2m/2
∞∑
k=0

sup
|x|=R

∣∣Pk(x)∣∣∣∣πnk∣∣

≤ 2m/2
∞∑
k=0

2m/2
Dn∑
j=0

sup
|x|=R

∣∣zj(x)∣∣∣∣Pkj∣∣∣∣πnk∣∣.

(2.11)

Relying on Cauchy’s inequality (cf. [3]) for the special monogenic polynomial

in Pk(x), we have

∣∣Pkj∣∣≤
√

k!
(m)k

(
sup|x|=r

∣∣Pk(x)∣∣
r j

)
=
√

k!
(m)k

Mk(r)
r j

. (2.12)
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Using this inequality and the supremum of zj(x), we get

ωn(R)≤ 2m
∞∑
k=0

Dn∑
j=0

(m)j
j!

Rj
√

k!
(m)k

Mk(r)
r j

∣∣πnk∣∣

≤ 2m
(
Dn+1

) (m)Dn(
Dn
)
!

(
R
r

)Dn ∞∑
k=0

√
k!

(m)k
Mk(r)

∣∣πnk∣∣

≤ 2m
(
Dn+1

) (m)Dn(
Dn
)
!

(
R
r

)Dn
Nn

∞
max
k=0

√
k!

(m)k
Mk(r)

∣∣πnk∣∣

= 2m
(
Dn+1

) (m)Dn(
Dn
)
!

(
R
r

)Dn
Nn

√√√ (
Dn
)
!

(m)Dn
MDn(r)

∣∣πnDn∣∣

≤ 2mNn
(
Dn+1

)√ (m)Dn(
Dn
)
!

(
R
r

)Dn
ωn(r).

(2.13)

Then the lemma follows.

3. Aim of the work. The purpose of this note is to study the convergence

properties of a basic series representing entire special monogenic functions,

not necessary in the whole of Rm+1. It will be convenient now to use the fol-

lowing new definitions.

If 0< ρ <∞, then

(A) a Cannon series is said to have property Tρ in a closed ball B̄(R) if it

represents all entire special monogenic functions of order less than ρ
in B̄(R).

(B) a Cannon series is said to have property Tρ in an open ball B(R) if it

represents all entire special monogenic functions of order less than ρ
in B(R).

(C) a Cannon series is said to have property Tρ at the origin (i.e., when

R→ 0) if it represents every entire special monogenic function of order

less than ρ in some ball surrounding the origin, the size of the ball being

dependent on f(x).
There are, as we might expect, cases in which ωn(R) either

(i) tends to infinity as R tends to infinity, or

(ii) is infinite for all values of R greater than a certain constant, which may

be zero.

In such cases, the above results (Lemmas 2.1, 2.2, 2.3, and 2.4) will no more

hold and representation in the whole space ofRm+1 can never occur. Thus, new

definitions of the order seem to be necessary. To avoid confusion, we might

as well now define Whittaker’s order as the order of a Cannon set in the whole

of Rm+1.
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Let

Ω(r)= limsup
n→∞

logωn(r)
n logn

. (3.1)

Since Ω(r) is an increasing function of r , then

lim
r→R−0

Ω(r)=Ω(R−), (3.2)

lim
r→R+0

Ω(r)=Ω(R+) (3.3)

exist, Ω(R−) for R > 0 and Ω(R+) for R ≥ 0.

We define the order of a Cannon set on B̄(R) as equal to Ω(R) and the order

in B(R) as equal to Ω(R−). If R = 0 in (3.3), then Ω(0+) is said to be the order

of a Cannon set at the origin.

Note that Ω(R−), Ω(R), and Ω(R+) can all be different as Example 3.1 illus-

trates.

Example 3.1. Choose a2 >a1 and let

P0(x)= 1,

Pn(x)= zn(x) (n even),

Pn(x)=na1n+zn(x)+na2n ·z2n2(x) (n odd).
(3.4)

Then, Ω(r) = a1 for r < 1, Ω(r) = a2 for r = 1, and Ω(r) =∞ for r > 1; that

is, Ω(1−)= a1, Ω(1)= a2, and Ω(1+)=∞, and they are all different.

There is naturally a definite correspondence between Whittaker’s order and

the orders Ω(0+), Ω(R−), and Ω(R+).
The function Dn in Lemma 2.4 is an accurate guide to such a correspon-

dence.

4. Results of the work. Our first theorem can be stated as follows.

Theorem 4.1. Let {Pn(x)} be a Cannon set for which

Dn = o(n logn). (4.1)

Then, Whittaker’s order, the order at the origin, the order in a ball, and the

order on a ball are all equal.

Notice that a basic set satisfying (4.1) is also a Cannon set and Example 4.2

shows that if (4.1) is not satisfied, the theorem is no longer true.
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Example 4.2. Choose a sequence µ1,µ2, . . . ,µn, . . . of prime numbers and let

P0(x)= 1,

Pn(x)= 1+zn(x)+zµn(x), n is not a prime number, (4.2)

Pn(x)= zn(x), n is a prime number.

It is well known that if hn is the nth prime number, then hn/n logn → 1 as

n→∞.

Therefore,Ω(R)= logR forR > 1 so that, if 1<R1 <R2, thenΩ(R2) >Ω(R1).
Hence, Theorem 4.1 is false if (4.1) is not satisfied.

Having now defined Tρ of a basic series, the order of a Cannon set at the

origin, in and on a ball, we can state the theorems concerning the convergence

properties of a Cannon series.

Theorem 4.3. If {Pn(x)} is a Cannon set, then the necessary and sufficient

condition for the associated basic series to have

(a) property Tρ in B̄(R) is Ω(R)≤ 1/ρ,

(b) property Tρ in B(R) is Ω(R−)≤ 1/ρ,

(c) property Tρ at the origin is Ω(0+)≤ 1/ρ.

Also, Theorem 4.1 leads to the following interesting result.

Theorem 4.4. Let {Pn(x)} be a Cannon set satisfying (4.1). If the basic series

has property Tρ at the origin, in B(r) or in B̄(r), then it will have property Tρ
in the whole of Rm+1, that is, the basic series will represent all entire special

monogenic functions of order less than ρ in the whole of Rm+1.

Proof of Theorem 4.1. From Lemma 2.4, we have

ωn(R)≤ 2mNn
(
Dn+1

)√√√ (
Dn
)
!

(m)Dn

(
R
r

)Dn
ωn(r), ∀R ≥ r > 0. (4.3)

Since (4.1) is satisfied, it follows that

Ω(R)≤Ω(r), ∀R ≥ r > 0. (4.4)

Also, since ωn(r) is an increasing function, then

ωn(R)≥ωn(r), ∀R ≥ r > 0. (4.5)

It follows that

Ω(R)≥Ω(r). (4.6)
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Combining (4.4) and (4.6), we get

Ω(R)=Ω(r), ∀R ≥ r > 0. (4.7)

Hence, the only possibilities are

(i) Ω(r) is a finite constant ≥ 0 for all r > 0,

(ii) Ω(r) is infinite for all r > 0.

So, it is evident in both cases that Whittaker’s order, the order at the origin,

the order in a ball, and the order on a ball are all equal. Theorem 4.1 follows.

To prove Theorems 4.3 and 4.4, we need the following two lemmas.

Lemma 4.5. A cannon set of

(i) order Ω(R) on B̄(R) has property T1/Ω(R) in the closed ball B̄(R),
(ii) order Ω(R−) in the open ball B(R) has property T1/Ω(R−) in the open ball

B(R),
(iii) order Ω(0+) at the origin has property T1/Ω(0+) at the origin.

Lemma 4.6. Let
∑

be a Cannon series for whichΩ(R+) > 1/λ for some λ > 0,

R ≥ 0. If ρ is such that 1/λ < 1/ρ ≤ Ω(R+), then there is an entire special

monogenic function of order ρ < λ, which
∑

does not represent in any ball

enclosing B̄(R).

Proof of Lemma 4.5. (i) Let ρ = Ω(R) = limsupn→∞(logωn(R)/n logn),
and choose ρ1 > ρ, so that ωn(R) < nnρ1 for all n > n1. An entire special

monogenic function f = ∑∞
n=0zn(x)cn of order 1/λ > 1/ρ, (0 < λ < ∞); its

Taylor coefficient will satisfy the inequality |cn| < 1/nnλ. Thus, |cn|ωn(R) <
1/nn(λ−ρ1). Now, ρ1 can be chosen very near to ρ, so that

∑∞
n=0 |cn|ωn(R)

converges. Appealing to Lemma 2.2, the basic series represents every entire

special monogenic function of order 1/ρ in B̄(R).
(ii) Suppose thatρ=Ω(R−)= limr→R−0 limsupn→∞(logωn(r)/n logn). Thus,

Ω(r)≤ ρ for all 0< r < R. If ρ2 > ρ, then we have ωn(r) < nnρ2 for all n>n2

and all 0< r < R.

Again, f(x) of order 1/µ < 1/ρ (0< µ <∞) is such that its Taylor coefficient

cn will satisfy the inequality |cn|< 1/nnµ . Therefore, |cn|ωn(R) < 1/nn(µ−ρ2)

and ρ2 can be chosen very near to ρ, so that
∑∞
n=0 |cn|ωn(r) converges for

all r < R. It follows that
∑∞
n=0 |cn|ωn(r) converges for all r < R. It follows

from Lemma 2.2 that the basic series represents every entire special mono-

genic function of order < 1/ρ in B(R).
(iii) Let f(x) be an entire special monogenic function of order ν < 1/Ω(0+),

(0< ν <∞). Since Ω(0+) < 1/ν , it follows that we can choose r > 0 such that

Ω(r) < 1/ν , that is, ν < 1/Ω(r). Hence, from (i), the basic series represents the

entire special monogenic function f(x) of order ν < 1/Ω(0+) in B̄(r). It follows

that every entire special monogenic function of order less than 1/Ω(0+) can be
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represented in some ball surrounding the origin. Thus, the proof of Lemma 4.5

is completed.

Proof of Lemma 4.6. A method very similar to that of Whittaker [9] can

be used. The reader will not find it difficult to justify the truth of the lemma if

they use the ideas of Whittaker in his paper [9].

Corollary 4.7. Let
∑

be a Cannon series and let Ω(R) > 1/λ for some

λ > 0, R > 0. If ρ is such that 1/λ < 1/ρ ≤ Ω(R), then there exists an entire

special monogenic function of order ρ < λ not represented by
∑

in B̄(R). The

proof follows immediately from Lemma 4.6.

Proof of Theorem 4.3. (a) The condition is sufficient for, if ρ ≤ 1/Ω(R),
then, by Lemma 4.5(i), the basic series will have property Tρ in B̄(R).

The condition is necessary for, if Ω(R) > 1/ρ, then we can find ρ1 such

that 1/ρ < 1/ρ1 ≤ Ω(R). Hence, by Corollary 4.7, there is an entire special

monogenic function of order ρ1 < ρ which is not represented by Cannon series

in B̄(R).
(b) The condition is sufficient for, if ρ ≤ 1/Ω(R−), so, by Lemma 4.5(ii), the

basic series will have property Tρ in B(R).
The condition is necessary for, if Ω(R−) > 1/ρ, then we can find r1 < R

such that Ω(r1) > 1/ρ. Choose ρ2 such that 1/ρ < 1/ρ2 ≤ Ω(r1). Hence, by

Corollary 4.7, there is an entire special monogenic function of order ρ2 < ρ for

which the basic series does not represent in B̄(r1), that is, in B(R).
(c) The condition is sufficient for, if ρ ≤ 1/Ω(0+), then, by Lemma 4.5(iii),

the basic series will have property Tρ at the origin.

The condition is necessary for, ifΩ(0+) > 1/ρ, then we can find ρ3 such that

1/ρ < 1/ρ3 ≤Ω(0+). It follows from Lemma 4.6 that there is an entire special

monogenic function of order ρ3 < ρ not represented by the basic series in any

ball enclosing the origin. Hence, Theorem 4.3 is established.

Proof of Theorem 4.4. Suppose that the basic series has property Tρ in

B̄(r). It follows that Ω(r) ≤ 1/ρ. But since (4.1) is satisfied, it follows from

Theorem 4.1 that Ω(R) = Ω(r) for all R ≥ r > 0. Hence, Ω(R) ≤ 1/ρ for all

R > 0. Thus the basic series has property Tρ in the whole space Rm+1.

Again, if the basic series has property Tρ in the open ball B(r), thenΩ(r−)≤
1/ρ, that is, for some r1 < r , we have Ω(r1)≤ 1/ρ. Since (4.1) is true, then, by

Theorem 4.1, Ω(R)=ω(r1) for all R ≤ r1. Therefore, Ω(R)≤ 1/ρ for all R > 0,

that is to say that the basic series has property Tρ in the whole space Rm+1.

Finally, let the basic series possess property Tρ at the origin. Hence,Ω(0+)≤
1/ρ, so, we can choose r > 0 such that Ω(r) ≤ 1/ρ. But the basic series is

subject to (4.1), so, by Theorem 4.1, Ω(R)=Ω(r) for all R ≥ r . It follows that

Ω(R)≤ 1/ρ for all R > 0. Hence, the basic series has property Tρ in the whole

space Rm+1. This completes the proof of Theorem 4.4.

Remark 4.8. Similar results for general basic sets can be obtained.
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