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ON THE ASYMPTOTIC REPRESENTATION OF THE SOLUTIONS
TO THE FOURTH GENERAL PAINLEVE EQUATION
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There have been many results on the asymptotics of the Painlevé transcendents in
recent years, but the asymptotics of the fourth Painlevé transcendent has not been
studied much. In this note, we study the general fourth Painlevé equation and de-
velop an asymptotic representation of a group of its solutions as the independent
variable approaches infinity along a straight line.
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1. Introduction. Asymptotic behaviour of the second and the third Painlevé
transcendents has been much studied [1, 3, 4, 7]. But there are very few results
about the fourth Painlevé equation
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where « and f are parameters. In [2], Clarkson and McLeod studied the special
case of (1.1) for the parameter = 0 and obtained the complete asymptotic

representation of its solution with n(e) = 0. In [6], we studied the general
case of (1.1) and proved the following theorem.

THEOREM 1.1. Under the assumption that i > 0 and B > 0, (1.1) has a
solution n(&) with the following asymptotics:
(i) as& — e,
ir i , B 5
nE) = Fxg|\r2-5+0(E?) | cose,
(1.2)
n'(€) = 12( r2— g +O(§2)> sin¢,
where ¢ = iE% — (1/2)(3r +ix)log(—i&?) + 0o+ O(E72), and r > 0 and
0y are real parameters satisfying v — /2 > 0;
(ii) as & — e™/4Q,

nE) =e™*(a+be THE+O(E?)), (1.3)

where a and b are real parameters with a > 0.
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Furthermore, any solution of (1.1) of the form n(&) = e™/4W (E) with
W(&) = 0 has the above asymptotics.

A natural question following this result is how this solution behaves when &
goes to infinity in the opposite direction of the line. As we know, through the
transformations

nE)=e My, E=e Ty, (1.4)

(1.1) is related to the equation

d’y 1 (dy 3 5 ) s A B
— 233 4xy?-2 = 1.
Frvi y<dx> oY ANyt -2(x +0<)y+y, (1.5)
where o = i&. Applying the transformation
y(x) =—xw?(t), t=-x? (1.6)
we can obtain the equation
_ 1 _ 3 1 1 X _ B
’” 1,,,7 2 5 3 1
w'+t T w _Et w—ﬁw +Ew —Zw+zt w+8t2w3 (1.7)

It is easy to prove that w, w’, and 1/t*w? are all bounded as t — +o and
when & < 0 and B = 0. Inspecting (1.7) carefully, we can conclude that there
are possibly four cases for the behaviour of w as t — + oo :

(1) w(t) -0ast— +oo;

(2) w(t) - J2ast — +oo;

(3) w(t) = +2/3 ast — +oo;

(4) w does not have a limit as t — +oo.
Case (1) has been studied and eliminated in [5]. In this note, we pay our atten-
tion to case (2) and develop the asymptotic representation of n corresponding
to this case as & — e>™/4(+0).

2. Development of the asymptotic representation. From now on, we as-
sume that x <0, = 0, and w(t) — /2 as t — +o0. We first prove the following
theorem.

THEOREM 2.1. The function W is bounded as t — +oo if w = 2+t~ 12W.

PROOF. Applying the transformation w = /2 +t~1/2W to (1.7), we obtain

W= Y23 gy gy 9ft 2wz — 13t’1W3
16 16 2.1)
15[15 2yt 3 g2y ‘”—t 2y &gy BUOE
6 4 8w3



ON THE ASYMPTOTIC REPRESENTATION OF THE SOLUTIONS ... 847

Multiplying both sides of (2.1) by 2W’ and integrating it, we have

W2 w2 = Y2 sy 3f Cesewar- S w3 [ hwzar

8 to 16 8

ﬂt‘ww3 SJ— t‘3/2W3dt—Et‘1W4——3 t-2widt
2 t() t()

3v2 4 9ﬁ s 1

3V2 sagys - OV2 (M siepysgy - L peye L (Y magyeg
8 16 to 16 8

X2 ey ‘X*/— t-3/2Wdt+5t-1W2+—J t2W2dt
2 to 4 4 to
B BV2 (' dt

+ (.

 8tw? 8 Ji t2w3
(2.2)

Clearly, W'2(t) = o(t), and therefore C; = o(ty). Because £ '/2W = 0(1) as
I — +oo, ftto t->2W dt is bounded and the following inequalities are true for
large tg and t > to:

1 1t .
13 (1 ZW4dt+9\/_ t‘S/ZWSdtz—J t2widt,
to 16 Ji 2 Jy
WZ 3\/—t l/Zw3 3\/—t 3/2w5 1W2,
2 2.3)
3v2 t’S/Z(IWI—W)dt—M t3/2(\W| W) dt
32 Jy,
<- “f t3/2(|W| w).
Hence, there exists a constant C, and a large £y such that
w2etwe e 3 (0 swrar s 3wt 4 t2wiat
2 16 8 8 2
B 6, 1 31476 11472 : 21472
+16t w 8 wedt — 4 w 1 wedt o
PENER LS 3/2(|W|+w) dt+“f t 3/2(|W\+W)dt
32 to to
t
s% t’3/2(|W|fW)3dt7M t32 (W -W)dt +Co.
to to

From (2.1), we can claim that lim;_ . W(t) = —c. If ftto t=32W3dt = 0 and
ffo t=32w dt = 0, then every term, especially W2, in inequality (2.4) is bounded.
If W is bounded below, the same argument can be applied to obtain that W? is
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bounded for large t. If W is not bounded below, from inequality (2.4), we have

t -
l(IWI—W)ZleZSﬂ t‘3/2(|W|—W)3dt
8 2 32 Jy
o(\/_ (2.5)

t SZ(IW|—=W)dt + Ca.
to
Since (|W|-W)3 > —(2&/3)(|W|-W) when (|W|—W) is larger than a certain
constant, there exists a constant C3 > 0 and C3 = o(t() such that

3f

(w|-w)* < t 32(|1W|-W) dt + Cs. (2.6)

Now, let I be the right-hand side of (2.6). Then,

Sﬁt*3/2
2

I'= (W|-w

)} < #t*/zﬁ/?. (2.7)

Integrating both sides of (2.7), we obtain 1/I'/2 > 1/C1/2 3\/>/2t1/2
3+/2/2t'2 > 0 for large to. Thus, I is bounded, and we reach a contradiction.
Hence, W is bounded below and the theorem is proved. O

THEOREM 2.2. As & — co along arg& = 517/4,

n(E) = =2+ (2e™/*2d + O (1)) cos ¢,

) (2.8)
n'(§) = —274e3m/4\2dEsing + O (E71),
where ¢p = —iE%+ (3c? +ix)1og(—i&%) + Ppo+O(E7!
PROOF. We need to rewrite (2.2) to be as follows:
V2 3ﬁjt 3 SJt
2 2 _ N3 -5/2 I M 32
W=+ W 8t W+ 16 t wdt 16t w 3 t—°wedt
——3ft’”2W3——34ﬁjtt’3/zw3dt—%t’lw“—%rt’zw“dt
3v2 300005 9ﬁr—5/2 5 T on6 lr—a 6
8t w 16 t w>dt 16tW 8 t°wodt
t S ~ t
“*/—t 2y 4 ‘ij t‘3/2Wdt+%t‘1W2+%J t2W2dt
B BV2 (" at
Stw? 8 t2w3+C'

(2.9)

Then, C = lim;—... (W2 (t) +W2(t)).If C =0, then W — 0 as t — +o0. In this case,
we can solve (2.1) to obtain that W(t) ~ (x~/2/4)t71/2, and W’ = O(t3/2).
Thus, w ~ /2 + (&/2/4)t™Y and w’' = —(1/2)t372W + t-12W’' = O(t72). If
C + 0, we let

W(t) = p(t)cosdq, W'(t) = p(t)sing. (2.10)
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Then,
p2(t)=C+O(t71/?). (2.11)

Now, we let C = ¢? and find the asymptotics of ¢

aé
dt
71+W”W+W2
W2+ W2
—(9\/—/4)t 1/2W3 (13/4) WA B2 /A V2PWH( &/ 4) W20 (173/7)
—(3V2/2)t12W3+(&x/2/2) t L2W4+0 (1)
_ 9v2 “12p3 4 0‘\/_ 1/2 13 174 11472
—14C2tW tW4CW462tW
27 &2
— W i‘xt WA - L IWR 0 (),

(2.12)
This implies that W behaves like cost roughly. Thus, we need to pay attention
to the terms with even power of W which will give significant contribution to

the expression of ¢» when we use integration by parts later. Using (2.12), we
can find the asymptotic representation of dt in terms of d¢ as follows:

dt—( 9\/_t 2ws 4 \/—t 2w ot ))(—dqs). (2.13)

Plugging (2.13) back to (2.12), we have

dq5=—dt+( 9*/—t 2ys ‘N_t—”ﬁw)< 9\/_1? 123
‘fft w00 ) (—dd)
1314A1227—1630(14
+( W St 44t W ¢ W
—4—4t "W?2+o(t 3/2))dt
=—dt+( Q\Ft 12y 4 ‘X*Ft ”ZW)( )

81 16_90‘14 & e 73/2)_
+(8C4t WO L W S W0 (62) ) (~d)

13 ya, & 405 27 4.6 30‘ —1yy4
+(—Et w +Et w —4—4t W® + w
- 4—4t 1W2+O(t‘3/2))dt.

(2.14)
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By (2.9) and (2.10),

3V2 0(\/7

172
W= (C Syl S 2w L 0t )) cos¢

(2.15)
(C 3f

0(\/—

_ 2V - 1/2w3

S Pwro(t ))COS(I).

Plugging (2.15) back to (2.14), we obtain

A — —dt + (— Mt’l/z cos’ o+ 1ot cos qb) (—d)

81 113 -1 3, 3& _yo3
+<8ct W3cos® ¢ — W cos® ¢ 8c3t W?cos ¢

+&—2t_1WCOS(]5)(—d¢))

8c3

81 .6 9& 90‘ “lpy4 oy (SR 3/2 ) .
(WO LW LW 0 () ) (<d)

_ 13 “lpy4 4 & 2 27 ., 64 30‘ 14
+( 4C2 w 4 2 w 4C4t w w

—t w2+o(t- 3/2))dt.

4 4
9c\/—

=—dt+< YR 12 0088 ¢+4Ct‘1/2cos¢)(—d¢)

2
+(*Z%t71COSG¢+%t71COS4¢+3&t71COS4¢+O(t73/2))d(1)
=—dt+(3c?-a)t'dt
9vV2 a3 &g 27¢? ( _))
+< 1 t~12cos ¢+4Ct CoSp+ ——— 5 0s8 ¢ (—dde)
2 A
+<(11C +3&>t‘1<c0s4¢—%> %t 1((:os b )+O(t 3/2)>d¢.
(2.16)

Therefore, ¢ = —t + (3c2—&)logt + o+ O (t71/2).

Using transformations (1.4), (1.6), (2.10), and the one in Theorem 2.1, we
get the asymptotic representation in the theorem and finish the proof of the
theorem. O
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