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We prove that any simply connected and complete Riemannian manifold, on which
a Randers metric of positive constant flag curvature exists, must be diffeomorphic
to an odd-dimensional sphere, provided a certain 1-form vanishes on it.
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1. Introduction. The geometry of Finsler manifolds of constant flag cur-
vature is one of the fundamental subjects in Finsler geometry. Akbar-Zadeh
[1] proved that, under some conditions on the growth of the Cartan tensor, a
Finsler manifold of constant flag curvature K is locally Minkowskian if K = 0
and Riemannian if K = —1. So far, the case K > 0 is the least understood. Bryant
[9] has constructed interesting Finsler metrics of positive constant flag curva-
ture on the sphere S2. Recently, Bao and Shen [5] constructed nonprojectively
flat Randers metrics of constant flag curvature K > 1 on the sphere S3. The
present authors have extended the Bao-Shen result to higher dimensions (cf.
Bejancu and Farran [7]). We proved that, for any constant K > 0, there exists
a Randers metric on the tangent bundle of the unit sphere $2"*!, n > 1, such
that the Finsler manifold F2*+! = (§2"+1 F) has constant flag curvature K and
is not projectively flat. Recently, Shen [13, 14] constructed interesting exam-
ples of Randers manifolds of constant curvature, and Bao and Robles [4] found
necessary and sufficient conditions for a Randers manifold to have constant
flag curvature. The purpose of the present paper is to show that, subject to
some natural conditions, Randers manifolds of positive constant flag curva-
ture are diffeomorphic to odd-dimensional spheres. More precisely, we prove
Theorem 2.2.

The proof we give to this theorem reveals a surprising relationship between
Randers manifolds of positive constant flag curvature and Sasakian space
forms.

2. Finsler manifolds of constant flag curvature. In the first part of this
section, we present the concept of Finsler manifold of constant flag curvature.
Then, we consider Randers manifolds and present the Yasuda-Shimada theo-
rem [17] on Randers manifolds of positive constant curvature. Finally, we state
the main result of the paper.
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Throughout the paper, we denote by % (M) the algebra of differentiable func-
tions on M and by I'(E) the %(M)-module of the sections of a vector bundle
E over M. Also, we make use of Einstein convention, that is, repeated indices
with one upper index and one lower index denote summation over their range.

Let "™ = (M, F) be a Finsler manifold, where M is an m-dimensional C*
manifold and F is the Finsler metric of F™. Here, F is supposed to be a C*®
function on the slit tangent bundle TM? = TM \ {0} satisfying the following
conditions:

(i) F(x,ky) =kF(x,y),forany x e M, y € TyM, and k > 0;
(ii) the m xm Hessian matrix

22
L_o°F } @.1)

is positive definite at every point (x,y) of TMP.

We denote by (x!,y?) the coordinates on TM°, where (x?) are the coordinates

on M. The local frame field on TM? is {0/0x%,0/0y'}. Then, the Liouville vector

field L = yi(0/0y?) is a global section of the vertical vector bundle VTMP.

Moreover, £ = (1/F)L is a unit Finsler vector field, that is, we have
. . . yi

gij(x, )0’ =1, where {' = VR (2.2)

A complementary vector bundle to VTM? in TTM? is called a nonlinear

connection. The canonical nonlinear connection of F™ is the distribution GT M°
whose local frame field is given by (see Bejancu and Farran [6, page 37])

5 o ;0
sxi ~oxi Cigyr =3
where we set
i 0GJ i1 . 0%F? OF?
J _ . _ h k
Gi=gyin =39 (ayhaxky _8xh>' 4

The local coefficients G{ are used to define the following Finsler tensor fields:

AN NS
R{;—yh(éxi<;>—w(;>>; Rij = gixR}. (2.5)

Next, we consider a flag £ AV at x € M determined by £ and the tangent vec-
tor V = Vi(3/0x"). Then, according to Bao et al. [3, page 69], the flag curvature
for the flag £ AV is the number

ViR;;jVJ

K(E,V): o N2
9i;ViVi—(gijt'Vi)
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In case K (£,V) has no dependence on (x%, y, Vi), i € {1,...,m}, thatis, K(£,V)
is a constant function, we say that F™ is a Finsler manifold of constant flag
curvature. It is proved that F™ is of constant flag curvature K if and only if (cf.
Bao et al. [3, page 313])

Rij = Khjj, (2.7)
where h;; are the local components of the angular metric on F" given by
I’Lij =J9ij 7€i€j, where #i = gijﬂj. (2.8)

A special Finsler metric was considered by Randers [12]. To define it, we
suppose that M is an m-dimensional manifold endowed with a Riemannian
metric a = (a;;(x)) and a nowhere zero 1-form b = (b;(x)). Then, we define
on TM? the function

F(x,y) =+aij(x)yiyi+bi(x)y. (2.9)

It is proved that F is positive-valued on the whole TM? if and only if the length
|Ibl| of b satisfies (see Antonelli et al. [2, page 43])

Ibll* = bi(x)b'(x) <1, (2.10)

where bi(x) = a¥(x)b;(x), and [a¥/(x)] is the inverse matrix of [a;;(x)]. A
Finsler metric given by (2.9) is called a Randers metric, and F™ = (M, F,a;j, b;)
is called a Randers manifold. Next, we consider the 1-form

B=bj(bju—bi|j)dxi, (2.11)

where the covariant derivative is taken with respect to Levi-Civita connection
on M. In dimensions 2 and 3, Shen [13, 14] constructed examples of Randers
manifolds whose flag curvature is constant and S #= 0 on M. This motivated
Bao and Robles [4] to determine necessary and sufficient conditions for a Ran-
ders manifold to have constant flag curvature. Also they proved that Yasuda-
Shimada theorem [17] is true with the additional condition 8 = 0 on M. From
these papers, we need the following result.

THEOREM 2.1 (Yasuda and Shimada [17], Bao and Robles [4]). Let F™ =
(M,F,aij,b;) be a Randers manifold such that B = 0 on M. Then F™ is of positive
constant curvature K if and only if the following conditions are satisfied:

(i) the length ||b]| of b is a constant on M;
(ii) the covariant derivative of b with respect to Levi-Civita connection de-
fined by a on M satisfies

bijj+bjj; =0; (2.12)
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(iii) the curvature tensor of the Riemannian manifold (M,a) is given by

Ruiji = K(1=1bll*) (anjai — ancaij)
+K(bihkahj+bhbjuik—bibjahk—bhbkaij) (2.13)
—Dbn|jbijk + bnkbijj +2bn)iby ;.

We should note that the above local components Rj;jx are taken as follows

0 0 0 0
Rnij —a(R(W’W)aX—hW)’ (2.14)

where R is the curvature tensor of Levi-Civita connection V on (M,a), and it is
given by

R(X,Y)Z=VxVyZ-VyVxZ-VixyZ, (2.15)
for any of the vector fields X,Y, Z on M. As any Randers manifold of dimension
m = 1 is a Riemannian manifold, from now on we consider m > 1.

Apart from the conditions we put in Theorem 2.1, we find in Matsumoto [11]
the condition
bink = K(bnaix —biank). (2.16)
We show here that (2.16) is a consequence of conditions (i), (ii), and (iii). First,
from (2.12) we deduce that B = b'(x)(9/0x?) is a Killing vector field on M.
Thus, we have (cf. Yano and Kon [16, page 268])
R(X,B)Y =VxVyB-Vy,vB, VX,YecI(TM), (2.17)
which, in local coordinates, is expressed as follows:
Ruijikb’ = bijp- (2.18)
Next, from (2.10) and taking into account (i), we deduce that

by bt = 0. (2.19)

Then, contracting Rp;jk by b/ and taking into account (2.12) and (2.19), we
obtain

Rnijkb? = K(braix —biank). (2.20)

Thus, from (2.18) and (2.20), it follows (2.16).
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We make use of (2.16) in the proof of Lemma 4.2, which is crucial for proving
our main result which is stated as follows.

THEOREM 2.2. Let I = (M,F,a;;,b;) be an m-dimensional Randers mani-
fold of positive constant flag curvature with B = 0 on M. Then m must be an
odd number 2n + 1. Moreover, M is a Sasakian space form that is isomorphic to
the sphere S2"*1 provided it is a simply connected and complete manifold with
respect to the Riemannian metrica = (a;).

3. Sasakian space forms. Let M be a (2n + 1)-dimensional differentiable
manifold and @, &, and n be a tensor field of type (1,1), a vector field, and a
1-form, respectively, on M, satisfying

@’ =-T1+n®E, (3.1a)
n(g) =1, (3.1b)

where I is the identity map on I'(TM). Then, we say that M has a (¢,&,n)-
structure. It is proved that we have (cf. Blair [8, pages 20, 21])

® (&) =0, (3.2a)
no@ = 0 (32b)

Also, there exists a Riemannian metric a on M such that
a(pX,pY) =a(X,Y)-nX)ny), VX, Yel(TM). 3.3)
Taking Y = & in (3.3) and using (3.1b) and (3.2a), we obtain
n(X)=a(X,§), VXeIl(TM). (3.4)

Similarly, replace Y by @ X in (3.3), and using (3.1a), (3.2b), and (3.4), we deduce
that

a(pX,X) =0, VXeIl(TM). (3.5)

The manifold M endowed with a (@, &, n,a)-structure is a Sasakian manifold
if and only if the above tensor fields satisfy (cf. Blair [8, page 73])

(Vx@)Y =a(X,Y)E-n(Y)X, VX,YeI(TM), (3.6)
where V is the Levi-Civita connection with respect to the Riemannian metric a.

The following result on the existence of Sasakian structures on Riemannian
manifolds will be used later in the paper.
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THEOREM 3.1 (Hatakeyama et al. [10]). Let (M,a) be a (2n+ 1)-dimensional
Riemannian manifold admitting a unit Killing vector field € such that

RX,Y)¢=a(Y,§)X-a(X,8)Y, VX,YeI(TM), (3.7)

where R is the curvature tensor of the Levi-Civita connection on M. Then, M is
a Sasakian manifold.

We need the local expression of (3.7). To this end, we take X = 9/0x/, Y =
0/0xt, and & = £X(8/0x%). Then, using (2.15) and (3.4), we deduce that (3.7) is
equivalent to

& i — €551 = mid —n;8%, (3.8)

where n; = n(0/0x?%).

Next, we denote by {&} the line distribution spanned by & on M. Then, the
orthogonal complementary distribution to {£} is denoted by {&}+ and is called
the contact distribution on M. A plane section in T, M is called a @-section if
there exists a vector X € {&}5 such that {X,@X] is an orthonormal basis of
the plane section. The sectional curvature H(X), determined by the @-section
span{X, X}, is called a @-sectional curvature. Thus, we have

H(X)=a(RX,pX)pX,X), (3.9

for any unit vector X in {&}+. A Sasakian manifold M of constant g-sectional
curvature c is called a Sasakian space form, and it is denoted by M (c). There
are many examples of Sasakian space forms in the literature (see Blair [8, page
99]). However, here we are interested in examples of Sasakian space forms
M(c) with ¢ > —3. It was proved by Tanno [15] that, for any € > 0, there exists
on the unit sphere $2**! a structure of Sasakian space form of constant -
sectional curvature ¢ = —3 +4/¢. We denote this Sasakian space form structure
by $27*1(¢). The same author proved the following theorem.

THEOREM 3.2 (Tanno [15]). Let M(c) be a (2n + 1)-dimensional simply con-
nected and complete Sasakian manifold with constant @-sectional curvature
¢ > —3. Then, M is isomorphic to S*"*1(c).

Here, “M isomorphic to $2"*1(¢)” means that M is diffeomorphic to $2"+1,
and the diffeomorphism maps the structure tensors on M(c) into the corre-
sponding structure tensors on §2"*1(c).

4. Proof of the main result. In the present section, we prove Theorem 2.2.
The proof is based on a striking similitude we discovered between Randers
manifolds of positive constant flag curvature and a special class of Sasakian
space forms. First, we prove the following lemma.
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LEMMA 4.1. Let ™ = (M,F*,afj, b}) be a Randers manifold of positive con-
stant flag curvature K*. Then, there exists on TM° a Randers metricF = (aij,b;)

of constant flag curvature K = 1.

PROOF. First, we define on M the Riemannian metric

aij(x) = K*aj;(x), (4.1)
and the 1-form
bi(x) = VK* b} (x). (4.2)

Then, the function

F(x,y) =+aij(x)yiyi +bi(x)y" = VK*F*(x,y) (4.3)

is a new Randers metric on TMP. Also, (4.3) and (2.1) imply that

9ij(x,¥) =K*gf;(x,¥), (4.4a)
g 1 ..
g(x,y) = ﬁg”*(x,y). (4.4b)

Next, using (2.4), (4.3), and (4.4), we deduce that F and_ F* define the same
canonical nonlinear connection, that is, we have G{ = G{ *. As a consequence,
(2.5), (4.3), and (4.4a) yield

Rij = R} 4.5)

Moreover, using (2.8) for both F and F* and taking into account (4.3) and (4.4a),
we infer that

hij = K*hj;. (4.6)

Finally, since F* is a Randers metric of positive constant flag curvature K*, by
(2.7) we have

Ri*j =K*h:‘j. 4.7)
Thus, (4.5), (4.6), and (4.7) imply that R;; = h;j, that is, F is a Randers metric
of constant flag curvature K = 1. O

Next, we consider a Randers manifold " = (M, F,a;j,b;) of constant flag
curvature K = 1 and S = 0. Our purpose is to prove that M is a Sasakian space
form. To this end, we first define on M a new 1-form n = (1/||bl|)b. Clearly, n
is a unit 1-form, that is, we have

anin; =1. (4.8)
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Also, from (2.12), (2.13), and (2.16), we obtain

nij+nji=0, (4.9)
Rinjk = (1 - Ibl1?) (anjaix — ankai;)
+IblIZ(ninkanj + NrNjaix — NiNjAnk — N NkAij (4.10)
= NnijNilk + NuikNij + 2NNkl j),
Niljlk = NjAik —NiAjk, (4.11)

respectively, since ||b|| is a constant on M. Now, we define on M the unit vector
field € = £1(9/0x1), where we set

& =an;. 4.12)
Then, using (4.12), (4.9), and (4.11), we deduce that

ank" ;+ag ) =0, (4.13)

aihfhmk = (aixa;n— ajkaih)ﬁh. (4.14)

The distribution {&£}+ that is complementary orthogonal to the line distri-
bution {&} on M is called, as in the case of Sasakian manifolds, the contact

distribution on M. It is easy to see that X € I'({&}+) if and only if n(X) = 0.
Now, we prove the following important lemmas.

LEMMA 4.2. Let I = (M,F,a;;,b;) be a Randers manifold of constant flag
curvature K = 1 and B = 0. Then, m must be an odd number 2n+1, n > 0.

PrROOF. Using the Levi-Civita connection on M with respect to the Riemann-
ian metric a = (a;j) and the vector field §, we define on M a tensor field
@ = (@}) where we set

li=-&. (4.15)
Then, (4.15), (4.12), and (4.9) yield
@il = —alanjnns. (4.16)
Next, from (4.8), it follows that
a’*njnns = 0. 4.17)

Taking the covariant derivative of (4.17) and using (4.11) and (4.8), we deduce
that

a’njnnsik = —a’* nsNjnk = Ank — NnNk- (4.18)
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Taking account of (4.18) in (4.16), we obtain
Plpl =6, +En. (4.19)

Finally, consider X = X*(0/0x*) from the contact distribution of M, and infer
that

Pplplxk = -Xx! (4.20)

since niX* = 0. Hence, the restriction of @ to {£}* is an almost complex struc-
ture. Thus, the fibers of {£}+ must be of even dimension 2n. This implies that
m=2n+1withn > 0. O

LEMMA 4.3. Let [ = (M,F,a;;,b;) be a Randers manifold of constant flag
curvature K = 1 and B = 0. Then, M is a Sasakian manifold.

PROOF. First, from (4.8) and (4.13), we deduce that there exists on M a
Killing vector field &. Then from (4.14), we obtain

&' jik = 611 — €, (4.21)

which implies (3.8). Hence, by Theorem 3.1, we get the assertion of our lemma.
O

Since M is a Sasakian manifold, we may use the local expressions of some
formulas from Section 3. First, we consider a unit vector field X = X(d/0x?)
from the contact distribution of M. Then, from (3.4) and (3.2b), we infer that

niX'=ni@iXJ = 0. (4.22)
Also, (3.3) and (3.5) yield
a@LX Qi X" = aXiXT =1,  ai;jpix*x/ =0. (4.23)
Finally, using (4.9), (4.12), (4.15), and (4.20), we obtain
niiX'X7 =0,  niX@lxk=—n;iXplxk=1. (4.24)
Now, we prove the following theorem.

THEOREM 4.4. Let I = (M,F,aij,b;) be a Randers manifold of constant
flag curvature K = 1 and = 0. Then, M is a Sasakian space form of constant
@-sectional curvature c € (—3,1).

PROOF. Let X' = X!(d/0x") be a unit vector field from the contact distribu-
tion of M. Then, using (3.9) and (2.14), we deduce that

H(X) = Rpi x X' XX @l X5 o] X (4.25)
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As by Lemma 4.3, M is a Sasakian manifold, we only need to prove that H(X)
is a constant on M. To this end, we replace the components of the curvature
tensor from (4.10) in (4.25), and using (4.22), (4.23), and (4.24), we obtain

H(X) = (1= [bI?) {(anj @ X* @{X") (ai X X¥) - (am @l X X*) (ai; X p{ X")}
+ D12 {(n:iX") (M X*) an; @l X @] Xt + (@t X?) (0@l XY au X X
= (niX") (@] X") ank @ X° XK = (0@l X°) (meX*) a X p X!
— (M @I P! XY) (N X' X%) + (M@ X X%) (011, X ! X1)
+2 (i@l X XT) (i X ] X }
= (1-blI*) = 3]Ibl?

=1-4|bl.
(4.26)

By assertion (i) of Theorem 2.1, ||b|| is a constant on M. So, M is a Sasakian
space form of constant g-sectional curvature ¢ = 1 —4||b||2. Moreover, we have
—3 <c<1since 0 < ||b]| <1, which completes the proof of the theorem. O

COROLLARY 4.5. Let ™ = (M,F*,a;*j, b}) be a Randers manifold of positive
constant flag curvature K* and B = 0. Then, M is a Sasakian space form of

constant @-sectional curvature c € (-3,1).

PROOF. By Lemma 4.1, there exists on TM° a Randers metric F = (aj,b;)
of constant flag curvature K = 1. Thus, the assertion of the corollary follows
from Theorem 4.4. O

Finally, suppose that F™ = (M,F,a;;,b;) is a Randers manifold satisfying
the conditions from Theorem 2.2. Then, by Corollary 4.5 and Theorem 3.2, we
deduce that M is isomorphic to an odd-dimensional sphere. This completes
the proof of our main result in Theorem 2.2.

5. Conclusions. By Theorem 2.2, we classified the simply connected and
complete Randers manifolds of positive constant curvature satisfying the “Bao-
Robles condition” S = 0. We stress that the 1-form b = (b;(x)) that defines our
Randers metric is nowhere zero on the manifold. Examples of Randers metrics
of positive constant curvature for which b vanishes at some points of the
manifold are given by Shen [14], and Bao and Robles [4]. Finally, we conjecture
that Randers metrics of positive constant curvature whose f is nowhere zero
on the manifold live only on open sets of R™.
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