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1. Introduction. Stochastic differential equations onreal Banach spaces and
manifolds are widely used for the solutions of mathematical and physical prob-
lems and also for the construction and investigation of measures on them
[4, 17]. In particular, stochastic equations can be used for the construction
of quasi-invariant measures on topological groups. On the other hand, non-
Archimedean functional analysis has developed rapidly in recent years, as well
asits applications in mathematical physics [1, 19, 21, 22]. Wide classes of quasi-
invariant measures including analogs of Gaussian type on non-Archimedean
Banach spaces, loops, and diffeomorphisms groups were investigated in [7,
8, 9, 11, 12, 15]. Quasi-invariant measures on topological groups and their
configuration spaces can be used for the investigation of their unitary repre-
sentations (see [10, 12, 13, 15] and the references therein).

In view of this developments, non-Archimedean analogs of stochastic equa-
tions and diffusion processes need to be investigated. Some steps in this di-
rection were made in [6]. There are different variants for such activity, for
example, p-adic parameters analogous to time, but with stochastic processes
on spaces of complex-valued functions.

At the same time measures may be real, complex, or with values in a non-
Archimedean field.

This work treats the case that was not considered by other authors and that
is suitable and helpful for the investigation of stochastic processes and quasi-
invariant measures on non-Archimedean topological groups. Here are consid-
ered spaces of functions with values in Banach spaces over non-Archimedean
local fields, in particular, with values in the field Q,, of p-adic numbers. For this,
non-Archimedean analogs of stochastic processes are considered on spaces
of functions with values in the non-Archimedean infinite field with a non-
trivial valuation such that a parameter analogous to the time is p-adic (see
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Section 4.1 and Definition 4.1). Their existence is proved in Theorem 4.2. Spe-
cific antiderivation operators generalizing Schikhof antiderivation operators
on spaces of functions C" are investigated (see Section 2). Their continuity
and differentiability properties are given in Lemmas 2.1, 2.2, and Theorem
2.12. Also operators analogous to nuclear operators are studied (see Propo-
sitions 2.7, 2.8, and 2.9). In Section 3, non-Archimedean analogs of Markov
quasimeasures are defined and Propositions 3.2 and 3.3 about their bounded-
ness and unboundedness are proved. The non-Archimedean stochastic integral
is defined in Section 4.2. Its continuity as the operator on the corresponding
spaces of functions is proved in Proposition 4.4. In Theorems 4.5, 4.7, and
Corollary 4.6, analogs of the It6 formula are proved. Spaces of analytic func-
tions lead to simpler expressions of the It6 formula analog, but the space of
analytic functions is very narrow, and though it is helpful in non-Archimedean
mathematical physics, it is insufficient for the solutions of all mathematical
and physical problems. For example, in many cases of topological groups for
non-Archimedean manifolds, spaces of analytic functions are insufficient. On
the other hand, for spaces C™ rather simple formulas are found. All results of
this paper are obtained for the first time.

2. Specific antiderivation of operators

2.1. Let X := ¢o(«x,K,) be a Banach space over a local field (see [23]) K,
such that K, > Q,, {ej : j € «} denotes the standard orthonormal base in
co(e,K,), where « is an ordinal [5] and e; = (0,...,0,1,0,...) with the unit on
the jth place, j € « [21]. The space co(x,K;) consists of vectors x = (x;:x; €
K,,Jj € «) such that for each € > 0, a set {j: j € &;|xj| > €} is finite, || x| :=
sup; [x;l. It is convenient to supply the set & with the ordinal structure due to
the Kuratwoski-Zorn lemma. Let F be a continuous function on B, x C°(B,, X )€k
with values in C°(B,, X):

F € CO(B, x C°(By, X)®*,C°(B,, X)), (2.1)

where Z®% = Z® - - - ® Z is the product of k copies of a normed space Z and Z®*
is supplied with the box (maximum norm) topology [5], B, := B(Ky,to,7) is a
ball in K, containing ¢, and of radius 7, Banach spaces C*(M,X) of mappings
f:M — X from a C*-manifold M with clopen charts modelled on a Banach
space Y over K, into X of class of smoothness C' with 0 <t < oo are the
same as in [10, 12, 15] with the supremum-norm of ®V f, 0 < v < t, when M is
closed and bounded in the corresponding Banach space. Such mappings can
be written in the form

F(v,&,....&) = > FI(v,&,...,&)ej, (2.2)

Jjex
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where F/ € C°(B, x C°(B,, X)®*,K,) for each j € «. In particular, let

F(v;&1,...,8) = G(v;&1,..., &) - (A1 (V) &1iny -, A (V) &), (2.3)

where L(X,Y) denotes a Banach space of continuous linear operators A: X - Y
supplied with the operator norm ||A|l := supg.xex lAxIly/lIxllx, and L(X) :=
L(X,X), A;(v) are continuous linear operators for each v € B, such that
A; € CO9B,,L(X)), G(v,&,...,&) € Li_1(X®k-D:X) for each fixed v € B, and
&1,...,& € C%B,,X), that is, F is a (k —1)-linear operator by &.1,..., &k, where
G=GW,&,...,&) is the short notation of G(v,& (v),...,&(v)), Ly (Xq,...,Xk;
Y) denotes the Banach (normed) space of k-linear continuous operators from
X; ® --- ® Xy into Y for Banach (normed) spaces Xi,...,Xk,Y over K and
Ly (X®%:Y) := Li(X1,...,Xx;Y) for the particular case X; = - - - = X; = X. When
l =0put G = G(v). There exists the following antiderivation of operators given
by (2.3):

P, g0 [G(s:E1. 8) o (A @+ -8 AL) (V)
= z G(Un;&1ses &) - (A1 (Vi) [Erv1 (Vns1) = &1 (i) ], (2.4)
n=0
Ak(vn)[gk(vnH) _gk(vn)])s

where v, = 0, (t), {0, : m =0,1,2,...} is an approximation of the identity in
By, satisfying the following conditions:
(i) oo(t) = to,
(ii) Oy 0 0y = Oy 0 Oy, for each m = n and there exists 0 < p < 1 such that
from
(iii) |x —y| < p™, it follows that 0, (x) = 0, () and
(iv) |opn(x)—x]| < p™ (see [19, Sections 62 and 79]).

LEMMA 2.1. (1) If G € CO(B, x X®L Ly (X®*-D: X)), & € C°(B,,X) for each
&1, &) 0 (A1 ® - - @ Ap) ](v) € CO(B, X CO (B, X)®, CO(By, X)) as the func-
tion by v,&1,...,& for each fixed E141,..., 5 and P is of class C* by E1.1,..., k.

(2) Moreover, if G is of class of smoothness C™ by arguments &,...,&;, then

.....

PROOF. Since B, is compact, then &; are uniformly continuous, together
with A4 (v)[&+:(v)]. In addition, P is the linear operator by &;;1,...,&. From
this and conditions (i), (ii), (iii), and (@iv), the first statement follows. The last
statement follows from the linearity of P by G and applying the operator of
difference quotients ™ by &,...,& (see [10, 15]). O

LEMMA 2.2. If & € C'(B,,X) for each i = 1,...,k and condition (1) of
Lemma 2.1 are satisfied, then

P20 G($:E1,..., &) 0 (A @ - - ® Ay) ] (x) € C (B, X) (2.5)
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as a function by the argument x € B, and

0 A
a(P(ghl ----- §k)[G(S;El,---s§l) ° (Al+1 ®-- '®Ak)](x))

= q%lp(glﬂ:---fq—l,gqﬂ ----- Ek)G(X;gli' i) El) (2.6)
(A () &1 (%), ..., Agm1 () Eg-1 (%),

Ag()E 4 (x),Ag:1(X)Eg11 ()., Ak (X) E (X))

such that

.....

k (2.7)

= ”GHCO(Br><X®I,Lk,1(X®‘k*l);X)) H [||Ai||C0(By,L(X))||§i||C1(By,X)]'
i=l+1

PROOEF. Let
Yi=Pg, .e0lG(zE,....,8) 0 (A1 ®- - ® Ap) ] (x)
P 20 [G(Z:81,..., &) o (A1 @ - ® A ] (1)

_P(§l+1 -----
k ~
-(x-y) Z P<§l+1,---,§q71,§q+1 ----- k)
q=1+1

X[G(¥;&1,. &) - (A1 () E1 (), Agm1 () Eg—1 (1),
AgE (), Ag1 ()€1 (D),

A E()]
(2.8)

and p**! < |x — y| < p*, where s € N. Therefore, xg = y0,...,Xs = Vs, X511 *

Ys+1 and

k
}/_[ Z E(Xs)(le;---yvqlshqyzq+1|---;zk)i|
q=1+1

+E(XS)(hl+1!hl+2!zl+3l---,zk) +E(XS)(hl+1!vl+21hl+3vzl+4;---lzk)
+ -+ E(xs) (Vis1, -0, Vkm2, Bt i) + - - - + E () (g, - B

+ i {E(Xj)((glﬂ(xjﬂ) _EHI(XJ')):---; (Ek(xjﬂ) _Ek(xj))) (2.9)

Jj=s+1
—E(j) (G (vje1) = &1 (7)) seeer G (i) =& (1))}
k
—(x=2) > Py Egr 80 EQ)
q=1l+1

X (E1e1(V), - 81 (), E (), €1 (), .., & (D)),
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where Vj = EJ(XS+1) _EJ(XS), h] = Ej(xs+1) _Ej(ys+1), and Zj = Ej(ys+l) —
Ei(ys) for j=1+1,...,k and

E:=E(x):=G(x;&1,..,&) (A1 (x)® - - ® A (x)),

2.10
E) (&1, 8k) 1= G(x381,..,81) - (A1 () &y -0 Ak (%) Ek) (=10

in accordance with Formula (2.3). On the other hand,

1€ (vjs1) —&i(v) = (Vi1 =) &E()]]
=[[(vjs1 =) [(@'&) (v Ly — i) =& ]| (2.11)
< |yjm-yjl ||§i’|cl(3,,x>

and

E(x) - (a1 +bisr,...,ak +by) —E(¥) - (ais1,...,axk)
=E(x) - (@1+1+bis1,...,ax +by) —E(x)(a1s1,...,ak)
+[E(x) —=E)] - (ai+1,-.-,ak)
=E(X) - (bi11,a142,...,ax) + - - - +E(X) - (A141,...,ax-1,bk)
+E(x) - (bi41,b142, 143, .., ak) + - - + E(x) - (@141, .., Ak-2,br-1,bx)
4+ +E(x)- (brs1,...,br) +[E(x) —E(»)] - (a141,...,ak)

(2.12)
for each a;.1,...,ax,bis1,...,br € C°(B,,X), hence
k
‘[ Z E(xs)(vl+1,...,vq_l,hq,zqﬂ,...,zk)}
q=1+1
k ~
—(X—y) Z P(§l+lv--v§q—ly§q+l ----- Ek)E(y)
q=1l+1
X(§l+l(y)y---!EQ*I(y)igrq(y)y
§q+l(y)1---:§k(y)) ‘
(2.13)
k
<IEllcop* [] lEallcrex(s),
q=1+1
[1E(x;) ((Ere1(xje1) =Eri1 () enny (B (xji1) — &k (X))
~E(;) ((Ere1 (vj+1) = &1 (75))5- -5 (G (V1) = Ex ()|

k
<IElcop® T IIEllcrex(s)
q=1+1
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for each j = s + 1, where lim;_., «(s) = 0. Consequently, limy_y|—oy = 0 and
forO0+CecK, heH,neC\(U,Y), Uisopenin X, X and Y are Banach spaces
over K, and ®!n is a continuous extension of ®'n on UxV xB(K,0,1) for a
neighborhood V of 0 in X (see [10, Section 2.3] or [15, Section 1.2.3]). Then,

(p(§z+1 ----- §k)E)(x) = Z (Xn+1 *Xn)kilG(Xn;gly---:El)
n=0

- 2.14
(A (6n) (B E11) (s L Xner — Xn), ey 1Y)

Ag(xn) (‘i’lgk) (Xn; 15 X041 —Xn)).

Let n := (PyE)(x) — (PyE)(y), then n = E(x;)(w(xXsi1) — w(¥Vsi1)) +
S et LE(xn) (W (Xp41) —w (xn)) — E(Yn) (W (ns1) —w(¥n))}. Consequently,
Inll < ||E||Co(BYXxgz,Lk_l(X®<k4);x))(Hf:lﬂ IEillc1lx — y|) since E are polylinear
mappings by &111(2),...,&(2) € X, [Xs41 = ¥se1l < Ix —y[ and [xXp+1 —Xxnl <
|x —v| and |yns1 — Vul < |x — | for each n > s, where p**! < [x — y| < p?,
w = (&111,.--,8k)- i

NOTE 2.3. In particular, when X =K,1l =0,k =1, A; =1, and &(x) = x, this
gives the usual formula, dlP;G(s)](x)/dx = G(x).

2.2. Suppose that X and Y are Banach spaces over a (complete relative-
to-its-uniformity) local field K. Let X and Y be isomorphic with the Banach
spaces co(x,K) and co(B,K) and there are given the standard orthonormal
bases {e; : j € o} in X and {q; : j € B} in Y, respectively, then each E €
L(X,Y) has its matrix realisation E;y := qf Eej, where « and f are ordinals,
q; € Y* is a continuous K-linear functional g : Y — K corresponding to gi
under the natural embedding Y — Y* associated with the chosen basis, and
Y* is a topologically conjugated or dual space of K-linear functionals on Y.

2.3. Let A be a commutative Banach algebra and A" denote the Gelfand
space of A, thatis, A" = Sp(A), where Sp(A) in another words spectrum of A
was defined in [21, Chapter 6]. Let Co (A*,K) be the same space as in [16, 21].

DEFINITION 2.4. A commutative Banach algebra A is called a C-algebra if
it is isomorphic with C (X,K) for a locally compact Hausdorff totally discon-
nected topological space X, where f+g and fg are defined pointwise for each
£,9 € Co(X,K).

REMARK 2.5. Fix a Banach space H over a non-Archimedean complete field
F as the above L(H) denotes the Banach algebra of all bounded F-linear op-
erators on H. If b € L(H), we write shortly Sp(b) instead of Sp; g, (b) :=
cl(Sp(spang{b™:n =1,2,3,...})) (see also [21]).

It was proved in [20], in the case of F with the discrete valuation group, that
each continuous F-linear operator A : E — H with ||A]| < 1 from one Banach
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space E into another H has the form

A=U D m"Pya4, (2.15)

n=0

where Py, := Py 4, {Py i1 = 0} is a family of projections and P, P,, = 0 for each
n=+m, |Pyll <1 and P; = P, for each n, U is a partially isometric operator,
thatis, Ulacs, p, &) is isometric, Ulgsc (s, ra(e)) = 0, ker(U) D ker(A), Im(U) =
cl(Im(A)), T €F, |[1r] < 1 and 77 is the generator of the valuation group of F.

We restrict our attention to the case of the local field F; consequently, F has
the discrete valuation group. If [|A]| > 1, we get

A=2U D> TPy 4, (2.16)

n=0

where A4 € F and [A4| = ||All. In view of [16], this is the particular case of the
spectral integration on the discrete topological space X. Evidently, for each
1 <7 < o there exists J € L(H) for which

1/r
{ > s;dimFPnJ(H)} <o (2.17)

n=0

for 1 <7 < o, where J has the spectral decomposition given by formula (2.16),
S i=|Aj]|TT|"™|| Py l. Using this result, it is possible to give the following defini-
tion.

DEFINITION 2.6. Let E and H be two normed F-linear spaces, where F is
an infinite spherically complete field with a nontrivial non-Archimedean valu-
ation. The F-linear operator A € L(E,H) is called of class L, (E,H) if there exist
an € E* and vy, € H for each n € N such that

(3 lanlt bl ) <o, 218)
n=1
and A has the form
AX =D an(x)yn (2.19)
n=1

for each x € E, where 0 < g < . For each such A, we put

© 1/q
Va(A) :inf{ > llannz*nyn\lﬁl} , (2.20)

n=1
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where the infimum is taken by all such representations (2.19) of A,
Ve (A) 1= [ Al (2.21)

and L (E,H) := L(E,H).

PROPOSITION 2.7. The F-linear space L,(E,H) is the normed F-linear space
with the norm v,, when 1 < q; it is the metric space when 0 < q < 1.

PROOF. LetAeL,(E,H)and]1 < g < o since the case g = c follows from its
definition. Then, A has the representation (2.16). Then due to the ultrametric
inequality,

00 1/q
14Xl = il sup (e [ll) < nan( s ||an||z*||yn||;3) @22)
ne n=1

SUP. .o IAX |l /llx]lE =: Al < v4(A).
Letnow A,S € L;(E,H), then there exist 0 < § < co and two representations
Ax =37 1 an(x)yy and Sx = >, | by (x)zy,, for which

00 1/q
(Znannf*mn,,) < va(A) 4+,

N \/a (2.23)
(Sl lzaliy) < vas) 45,
hence
(A+8)x = i (an(xX)yn +bn(x)zn),
. ta (2.24)

Vi(A+S) < (z ||an<|q|<yn||Q)w+ (;nbnnquanQ)

Va(A) +vq(S)+26

due to the Holder inequality. The case 0 < g < 1 is analogous to the classical
one given in [18]. O

PROPOSITION 2.8. If J € Ly(H) and S € L,(H) are commuting operators,
the field F is with the discrete valuation group, and 1/q+1/v = 1/v, then JS €
L, (H), where 1 <q,v,v < oo,

PROOF. Since F is with the discrete valuation, then J and S have the de-
compositions (2.16). Certainly, each projector P, ; and P,, s belongs to L; (H)
and have the decomposition (2.19). The F-linear span of U, ,, range(Py, jPp,s)
is dense in H. In particular, for each x € range(Py ;P s), we have JkSlx =
ASALrnkemip, (P, ox. Applying Remark 2.5 to the commuting operators
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J¥ and S! for each k,l € N and using the base of H, we get projectors P, ;
and Py, s which commute for each n and m; consequently,

JS=UjUsAjAs > 1" ™MPy P, (2.25)

n=0,m=0

hence Ujs = U;Us, Ajs = AjAs, Prys = X nim=1PnjPm.s. In view of the Holder
inequality, vy (J§) = inf (35_o Sy 75 dimg Py js (H))'Y < vy (J) vy (S). O

PROPOSITION 2.9. IfE is the normed space and H is the Banach space over
the field F (complete relative to its uniformity), then L, (E,H) is the Banach space
such that if J,S € L, (E,H), then

W +Sle <l + 1Sl Tl = [BIIJIl-  for each b €K; (2.26)

lJIl, =0 if and only if ] = 0, where 1 <7 < oo, || % [|4 1= v4(*).

PROOF. In view of Proposition 2.7, it remains to prove that L, (E,H) is com-
plete when H is complete. Let {Ty} be a Cauchy net in L, (E,H), then there
exists T € L(E,H) such that limy Tyx = Tx for each x € E since L, (E,H) C
L(E,H) and L(E,H) is complete. We demonstrate that T € L, (E,H) and Ty
converges to T relative to v, for 1 < r < oo. Let & be a monotone subse-
quence in {«} such that v,/ (Tyx — Tp) < 27k=2 for each «,B = &, where k €
N. Since Toy,, — Toy € Lr(E,H), then (Ty,,, — Tog )X = Dyt Ak (X) Yk With
St lan il ynll” < 27572, Therefore,

k+p-1 oo

(Takw —Toy)X = Z Z An,n (X)Ynh (2.27)
h=k n=1

for each p € N, consequently, using convergence while p tends to o, we get
(7*—-T&k)kfz=ZiﬁszZ:zltanzﬁx)JVan Then

P (T-To) = Z S llanl| lymnll” <2751, (2.28)
h=k n=1

hence T - Ty, € Ly (E,H) and inevitably T € L, (E,H). Moreover, v, (T —Ty) <
Vi (T = Tg,) + Vi (T, — To) < 2-%D/72 for each o = . O

PROPOSITION 2.10. LetE, H, and G be normed spaces over spherically com-
plete F. If T € L(E,H) and S € L,(H,G), then ST € L,(E,G) and v,(ST) <
viS)ITI. IfT € L, (E,H) and S € L(H,G), then ST € L,(E,G) and v,(ST) <
ISV (T).

PROOF. For each § > 0, there are b,, € H* and z, € G such that Sy =
S 1bn(y)zy for each v € H and X,,_; [1bull" Iznll” < VI(S) + &. Therefore,
STx =, _1T*by(x)z, foreach x € E,hence v, (ST) < > 1 IT*bull"lznll" <
ITNvy(S) + 6] since [[T*bn(x)|l = [bp(Tx)| < bullITxI < IbRIITIxI,
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where T* € L(H*,E*) is the adjoint operator such that b(Tx) =: (T*b)(x)
for each b € H* and x € E. The operator T* exists due to the Hahn-Banach
theorem for normed spaces over the spherically complete field F [21]. |

PROPOSITION 2.11. If T € L,(E,H), then T* € L, (H*,E*) and v, (T*)
vy (T), where E and H are over the spherically complete field F.

IA

PROOF. For each § > 0, there are a,, € E* and y, € H such that Tx
Sme1an(x)yy for each x € E and >, llanll"llyunll” < vE(T) + . Since
(T*b)(x) = b(Tx) = X, _1an(x)b(yy) for each b € H* and x € E, then
T*b =3, _1vi(b)ay, where v} (b) := b(yy), that is correct due to the Hahn-
Banach theorem for E and H over the spherically complete field F [21]. There-
fore, v (T*) < >, i lynll"llanll” < vI(T) + 6 since ||y* ||y = vy for each
vy eH. O

2.4. For a space Ly (Hy,...,Hy;H) of k-linear mappings of H; ® - - - ® Hy, into
H,we have its embedding into L (E, H), where E is anormed space H; ® - - - ® Hy
in its maximum norm topology for normed spaces Hj,...,Hy,H over F (see
Section 2.1, Definition 2.6, and Proposition 2.7). Therefore, we can define the
following normed space Ly, (Hi,...,Hy;H) := Ly(Hy,...,Hy;H) N Ly (E;H), in
particular, Ly, (H1,...,Hy;H) := Ly (Hy,...,Hy; H) with the norm v, (J) =: ||J ll,,
where 1 <7 < co. Certainly, Ly, C Li4 for each 1 <7 < g < oo.

Suppose that (Q,%,A) is a probability space (with a nonnegative measure
A), where 3 is a o-algebra of subsets of Q. We define a K-linear Banach space
L1(Q,RB,A; Ly (Hy,...,Hy; H)) and L1(Q,B,A; Ly (Hy,...,Hi; H)) as a comple-
tion of a family of mappings Z;‘LZIAJ'ChW,- with Aj € Ly, (Hy,...,Hx;H) or
Aj € Ly(Hu,...,Hy;H), respectively, and W; € B and n € N, where Chy is the
characteristic function of a subset W. That is, as consisting of those mappings
Q>5v— A(v) € Ly, (Hy,...,Hy;H) for which [[A(v)]l,- is A-measurable and

1/q
Il AllLa == {JQHA(V)HZ)\(dv)} <o, 1=<q<o;

Al == ess-sgpl\A(v)I\y-

(2.29)

2.5. We consider a C*-manifold X with an atlas At(X) = {(Uj,¢;) : j €
Ax}, where J;U; = X, ¢;(Uj) are open in co(x,K) and U; are open in X,
¢;:Uj — ¢;(Uj) are homeomorphisms, ¢>io¢]1 € C> for each UinUj #+ @
and ||qbioqu71||Cm < oo foreachm € N, ¢;(Uj) are bounded in ¢y (x,K) for each
J € Ax, Ax is aset, C (X, H) is a completion of a set of all functions f: X — H
such that fo ¢! € C"(¢p;(U;),H) for each j € Ay, and sup; [|f o ;" llen =:
l.fllenx,my < oo, where H is a Banach space over K. Then, C" (X, H) is the set of
all functions f : X — H such that for each x € X there exists a neighborhood
x € U c X for which f|y € C}}(U,H).

By LS (Q,%B,A;C"(X,H)), we denote a completion of a space of simple func-
tions Z;‘:l‘g”j(x)ChW,(v) with €;(x) € C™(X,H), W; € B and n € N, relative



STOCHASTIC PROCESSES ON NON-ARCHIMEDEAN BANACH SPACES 1351

to the norm

1/s
18155 = { [ 16 lEnamA@n] <o, (2.30)
foreach 1 <s < oo, Or

€l := ess—SlipIIE(x,v)ch(x,m < 0o, (2.31)

where X is the C* Banach manifold on ¢y (x,K) and [|§(x, V) [l cn x,m) is attached
to & as a function by x € X with parameter v € Q such that [|E(x,V)llcnx.m) 1S
a measurable function by v.

THEOREM 2.12. Let

G e L7 (Q,B,A;CO(Br x L1(Q, B,A;C(Br, H)) ', Ly (H**D: H))),

(2.32)
Eireens Sk € L9(Q,B,A;CO(Br,H)), Aryi € CO(Bg,L(H)),

foreachi=1,...,k—1(see Section 2.1), where Bg = B(K,0,R), G = G(x;&,,...,&;
v), & =& (x,v) withx € Bg,veQ,1/r+(k-1)/q=1/s with1 <7,q,s < co.

PROOF. InLi1(Q,%,A;CO(BgrxV,W)), the family of step functions f(t,x,w)
= Z}l:l ChUj(w)fj(t,x) is dense, where f; € CO9(Bg xV,W), Chy is the char-
acteristic function of U € &, n € N, V and W are Banach spaces over K,
teBr, xeV,weQ,since A(Q) =1 and A is nonnegative [2, 3]. Each matrix
element Fj, , (x,v) is in L' (Q,%,A;C%(Bg,K)) and &; € L9(Q,%,A;C%(Bg,K)),
where F(x,Vv) := G(x;a,...,a;v) - (Ai1aie1 (x),...,Avar(x)),he H*, b € H,
Fnp := h(Fb), a; € C°(Bg,H) for each i = 1,...,k. Since [|&;(x,V)llcox.m €
L1(A), Fap(x,V)llcnix,ny € L"(A), then F(x,v) - w(x,v) € L (Q,R,A;
CO(Bg,H)), where w = (&1,...,&). The operator P, F is linear by w and F,
hence it is defined on simple functions. In view of Lemma 2.1,

1PwF (¢, V)|l < [IF 6V co et iy (o031

k (2.33)
x I (Al cogg.rcen 18 (W | co g i ]
i=l+1
for A-a.e. v € Q, hence ||(P,F) (x,v)|lrs < |Gllr ]_[’i‘:Hl[IIAiIICo 1EillLal. O

COROLLARY 2.13. If in Theorem 2.12 §; € L1(Q,%B,A;C (Bg,H)) for each
i=1,...,k, then (P,F) € L*(Q,B,A;C  (Bg,H)) and

1(PwG - (A ®-- “® A | 1s et (B,

SN Gllr aseo Brxmel g (HEE-D;H)))
k
X l_[ [HAiHCO(BR,L(H))HEiHLq(A;Cl(BR,H))]-

i=l+1

(2.34)
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PROOF. In view of Lemma 2.2 and Theorem 2.12,

H (ﬁwF) (X’v)HCl(BR,H) = ||G(x1§1= e ’El;v) ||C0(BR><H®l,Lk,l(H®(kfl),H))

k (2.35)
X 1_[ [HAiHCO(BR,L(H))Hgi(va)HCl(BR,H)]
i=l+1
for A-almost each v € Q. From this formula (2.34) follows. O

3. Markov quasimeasures for a non-Archimedean Banach space

REMARK 3.1. Let H = ¢o(,K) be a Banach space over a local field K. Let u”
be a cylindrical algebra generated by projections on finite-dimensional over
K subspaces F in H and Borel o-algebras Bf (F). Denote by A the minimal o-
algebra o (U”) generated by U”. Each vector x € H is considered as continuous
linear functional on H by the formula x (y) = > xJyJ for each y € H, so there
is the natural embedding H — H* = I*(«,K), where x = > ;x/e;, x/ € K.

3.1. Notes and definitions. Let T = B(K,ty,7) and X; = X be a locally K-
convex space for each t € T. Let (X7,) := [[;e7(X;,U;) be a product of mea-
surable spaces, where 9, is a o-algebra of subsets of X, a is the o-algebra of
cylindrical subsets of X7 generated by projections 71, : X; — X4, X9 :=[[,c, X1,
and g C T is a finite subset of T (see [4, Section I.1.3]). A function P (t1,x1,t2,A)
with values in C for each t; # t, € T, x1 € X;,, A € Uy, is called a transition
measure if it satisfies the following conditions:

(i) the set function

Vxl,tl,tz,(A) :=P(t1’xlat2|A) (31)

is a o-additive measure on (X;,, Uy, );
(ii) the function

ey, (X1) 1= P(t1,x1,12,A) (3.2)

of the variable x; is U, -measurable;
(iii)

P(ty,x1,t2,A) = | P(t1,x1,5,dy)P(s,y,t2,A) foreacht; #t, €T. (3.3)
Xs

A transition measure P(ty,x1,t»,A) is called normalised if

P(ti,x1,t2,X,) =1, foreacht;#t, eT. (3.4)
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For each set g = (to,t1,...,tn+1) of pairwise distinct points in T, there is a
measure in X* := [[;c; X; defined by the formula

n+l1

W% (E) = jﬂptk X todxy), Eear =[], 3.5)

tes

where s = g\ {tp}, variables x1i,...,x,+1 are such that (xi,...,x,+1) € E, and
Xo € Xy, is fixed.
Let E = Ey X X;; X E», where E; € Hl 1 % and E; € Hl 41 MU, then

Jj-1
ik, (E) :J |:1_[P(tk1;xklytkydxk):|
E1XEp

k=1
n+1 (3.6)
X P(tj-1,xj-1,t,dx;) l_[ P(tk—1,Xk-1,tk, dxr)
Xt k=j+1

= py, (E1 X E2),

where r = g\ {{;}. From (3.6), it follows that

a
[k ]™ = uY,y, (3.7)

for each v < g (i.e., v C q), where wd . X5 — X¥ is the natural projection,
s=q\{to}, w = v\ {to}. Therefore, due to conditions (3.4), (3.5), and (3.7),
{uﬁ?o;m’f;YT} is the consistent family of measures, which induce the quasimea-
sure fix, on (Xr,9) such that fiy, (t;'(E)) = u¥, (E) for each E € U, where
Yt is the family of all finite subsets g in T such thatty e qCc T, v <q € Yr,
1, : Ur — X° is the natural projection, s = q\ {fo}.

The quasimeasures given by (3.1), (3.2), (3.3), (3.4), (3.5), and (3.7) are called
Markov quasimeasures.

PROPOSITION 3.2. If a normalized transition measure P satisfies the condi-
tion

n
C:=sup [ > In (supHvX,tkl,tkH)] <, (3.8)
4 Lg=1 X

where q = (to,t1,...,t,) With pairwise distinct points ty,...,t,, € T and n € N,
then the Markov quasimeasure [iy, is bounded.

PROPOSITION 3.3. If
n
Cy := sup [ > ln||vx,tk],tk||] = o0, (3.9)
4 Lg=1

for each x, where q = (to,t1,...,tn) With pairwise distinct points to,...,t, € T
andn € N, then the Markov quasimeasure [iy, has the unbounded variation on
each nonvoid set E € AU°.
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PROOF. (1) If E €9ll, then E € AU* for some set q = (to,t1,...,t,) with pair-
wise distinct points tg,...,t, € T and n € N and s = g\ {to}; consequently,
lu,’?o (E)| < ]_[’,f:1 supy |Vt Il < exp(C) since ty € T for each k =0,1,...,n.

(2) For each (t,t2,x), there exists a compact set 6(ty,t2,x) € U, such that
P(ty,x1,t2,0(t1,t2,x)) > 1+ €(ty,t2,x1,x), where €(t1,tr,x) > 0. In view of
condition (3.9), for each R > 0 and x we choose g such that zg:1€(tk,tk+1,
X1,X) > R.For chosen u # u; € T and x € X,,, we represent the set 5 (u,u,x)
as a finite union of disjoint subsets y;, such that for each y; and u, # u;
there is a set §;, satisfying P(u1,x1,u2,0j,) = 1+ €(uy,u2,x1,x) for each
x € yj;. Then by induction &, ., = U7"L, ¥, j,,, so that for uy, =
Uns1 € T there is a set §j,,..j,,, for which P(uyni1,Xne1, Uns2,0j,, 0 jnss) =
1+€(Un+1,Un+2,Xn+1,X) for each x € yj, 5, - Put [, i = {x:x(u) = xo,
x(U1) € Yjseeey X(Un) € 8y jns X(Uns1) € Yji g}, and [*X0 =

U,X()
Ujtreoiin Uiy i - Then,

------

n+1
fix, (T%X0) = Z J J e 1_[ P(ug—1,Xx-1, Uk, dXk)
J1oin Oy rin ¥ Vi1 remin Vi1 k=1
. (3.10)
> [][1+e€(ur-1,up,xx-1,xx)] >R
k=1 O

3.2. Evidently condition (3.8) of Proposition 3.2 is satisfied for the nonneg-
ative normalized transition measure.

3.3. Let X; = X for each t € T, Xy, := {X € X7 : x(t9) = X0}. We define a
projection operator T, : X — x4, where x, is defined on g = (to,...,tn+1) such
that x,4(t) = x(¢) for each t € g, that is, x; = x|,4. For every F : X1 — C, there
corresponds (SqF) (x) := F(xq) = Fq(Y0,...,n), where y; = x(t;). F; : X9 — C.
We put % := {F | F: X7 — C, SqF are U9-measurable}. If F € &, T =ty € q, then
there exists an integral

n+1
Jq(F) = qu (SqF) (x0,..,xn) [ | Ptrer, xu-1, t, dx). (3.11)
k=1

DEFINITION 3.4. A function F is called integrable with respect to the Markov
quasimeasure Ly, if the limit

lim J (F) = J (F) (3.12)

along the generalized net by finite subsets g of T exists. This limit is called a
“functional integral” with respect to the Markov quasimeasure

J(F) = J F () g (o). (3.13)

Xtg,x0
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REMARK 3.5. Consider a complex-valued measure P(t,A) on (X,U) for each
t € T:=B(K,0,R) such that A—x € for each A € U and x € X, where A € a,
X is a locally K-convex space, and AU is a o-algebra of X. Suppose that P is a
spatially homogeneous transition measure (see also Section 3.1), that is,

P(tl,Xl,tz,A)=P(t2—t1,A—X1), (3.14)

for each A € U, t; = t, € T, and every x; € X, where P(t,A) satisfies the
condition

Pty + 1, A) LP(tl,dy)P(tz,Afy). (3.15)

The transition measure P(t1,x1,t2,A) is called homogeneous. In particular, for
T =17, we have

P(t+1,A)=JXP(t,dy)P(1,A—y). (3.16)

If P(t,A) is a continuous function by t € T for each fixed A € A, then (3.16)
defines P(t,A) for each t € T, when P(1,A) is given since Z is dense in Z,,.

3.4. Notes and definitions. Let X be alocally K-convex space and P satisfies
conditions (3.1), (3.2), and (3.3). For x and z € Q,;, we denote by (z,x) the sum
Z;L:l xjzj, where x = (xj:j=1,...,n), x; € Q,. We consider a character of X,
Xy : X — C given by

Xy (x) = ey, (3.17)

for each {(e,y(x))}p =0, Xy (x) :=1for {(e,y(x))}, = 0, where € = 17 is aroot
of unity, z = pordeyip) 'y € X* X* denotes the topologically conjugated
space of continuous K-linear functionals on X, and the field K as the Q,-linear
space is n-dimensional, that is, dime K =n, K as the Banach space over Q, is
isomorphic with Q),e= (1,...,1) e Qy (see [8, 9, 15, 22]). Then,

P (t1,x1,t2,y) = Jxxy(x)P(tl,xl,tg,dx) (3.18)

is the characteristic functional of the transition measure P(t;,x;,t»,dx) for
each t; # to, € T = B(K,ty,R) and each x; € X. In the particular case of P
satisfying conditions (3.14) and (3.15) with ty = 0, its characteristic functional
is such that

d)(tl,Xl,tz,y)=(I/(t2—t1,_y)Xy(X1), (3.19)
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where
w(t,y):=JXxy(x)P(t,dx), Yty +t2,y) =w(t,y)p(t,y), (3.20)

foreach t; #t, € T and y € X*, x; € X.

4. Non-Archimedean stochastic processes

4.1. Remark and definition. Let (Q,%,A) be a probability space. Points w €
Q are called “elementary events” and values A(S) probabilities of events S € %.
A measurable map &: (Q,%) — (X,%) is called a random variable with values in
X, where % is the o-algebra of a locally K-convex space X. The random variable
€ induces anormalized measure vg(A) := A(E1(A)) in X and a new probability
space (X,3B,vg). We take X = CY(T,H) (see Section 2.1) and the o-algebra %
which is the subalgebra of the Borel o-algebra Bf (X) of X, where H is a Banach
space over K, T = B(K,ty,R) =: Bg, 0 < R < oo, K is the local field. A random
variable & : w — &(t,w) with values in (X,%) is called a (non-Archimedean)
stochastic process on T with values in H.

Events Si,...,Sy are called independent in total if P([T¢_; Sx) = [1r-1 P(Sk)-
Then o-subalgebras %, C & are said to be independent if all collections of
events Sy € ¥, are independent in total, where k = 1,...,n, n € N. To each
collection of random variables &, on (Q,%) with y € Y is related the minimal
o-algebra Jy C & with respect to which all §, are measurable, where Y is a set.
The collections {&, : y € Y;} are called independent if so are QFYJ, where Y; CY
foreach j=1,...,n,n eN.

Besides X = CY(T,H), it is possible to consider the product locally K-convex
spaces X = HT.

DEFINITION 4.1. Define a (non-Archimedean) stochastic process w(t,w)
with values in H as a stochastic process such that

(i) the differences w(tsy,w) —w(t3,w) and w(t2,w) — w(t1,w) are inde-
pendent for each chosen (t,t,) and (t3,t4) with t1 # ty, t3 * ty4, either
t; or ty is not in the two-element set {t3,t4}, where w € Q;

(ii) the random variable w (t,w) —w (u, w) has a distribution pft«, where
u is a probability measure on C%(T,H), u9(A) := u(g-'(A)) for g €
C9(T,H)*, and each A € B, a continuous linear functional Fy 1s given
by the formula F;, (w) := w(t,w) —w(u,w) for each w € L1(Q,F,A;
C(T,H)),where 1 < q < 00, C)(T,H) := {f: f € CO(T,H), f(ty) = 0} is
the closed subspace of C8(T,H);

(iii) we also put w (0, w) = 0, thatis, we consider a Banach subspace L7 (Q, %,
A;CS(T,H)) of L1(Q,%F,A;CO(T,H)), where Q = O,

This definition is justified by the following theorem.

THEOREM 4.2. There exists a family of pairwise inequivalent (non-Archime-
dean) stochastic processes on Cg (T,H) of the cardinality 6, where € := card(R).
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PROOF. Since H is over the local field, then H has a projection 1y on its
Banach subspace Hj of separable type over K (see its definition in [21]), that is,
Hy is isomorphic with ¢y (x,K) with countable «. Therefore, a o-additive mea-
sure o on (Hy,Bf (Hy)) induces a o-additive measure y on (H, 1T61 [Bf(Hp)]),
where 115 [Bf (Hp)] := {1y (A) : A € Bf(Hp)}. Therefore, it is sufficient to
consider the case of H of separable type over K.

If w is the real-valued nonnegative Haar measure on K with w (B(K,0,1)) =
1, then it does not have any atoms since it is defined on B f(K), each singleton
{x} is the Borel subset and w(y + A) = w(A) for each A € Bf(K). Indeed,
if w had some atom E, then it would be a singleton since K is the complete
separable metric space, and for each disjoint w-measurable subsets A and S in
E, either w(A) = w(E) > 0 with w(S) =0, or w(S) =w(E) >0 with w(A) =0.
But Xye,(w (y+{x}) = cowhen w ({x}) > 0 for a singleton {x} (see [2, Chapter
VII]). Therefore, each measure p; (dx7) = fi (x)w(dx’) onK does not have any
atom since w does not have any atom, where f; € L' (K,Bf (K),w,R) (i.e., fjis
w-measurable and || fjlI;1 := i |fj(x) | w(dx) < o) and p;(K) = 1. Hence, each
measure p on C8(T,H) does not have any atom when u(dx) = ®;°:1 uj(dxj),
where Cg(T,H) is isomorphic with ¢o(wo,K), x € CS(T,H), x = (x':j € wy),
x/ €K, x = > xJej, e is the standard orthonormal base in ¢ (wo,K), and wq
is the first countable ordinal, since K is the local field (see [8, 9, 21]).

Consider an operator J € L;(cp) in the Banach space ¢y := ¢o(wg,K) such
that Je; = v;e; with v; # 0 for each i and a measure v(dx) := f(x)w(dx),
where f:K — [0,1] is a function belonging to the space L' (K, w,R) such that
lim|y|- f(x) =0 and v(K) = 1, v(S) > 0 for each open subset S in K, for ex-
ample, when f(x) > 0 w-almost everywhere. In view of the Prohorov theorem,
there exists the following o-additive product measure.

Consider the product of measures (i) u(dx) := [;~; vi(dx?) on the o-algebra
of Borel subsets of ¢y since the Borel o-algebras defined for the weak topol-
ogy of c¢o and for the norm topology of ¢y coincide, where v;(dx?) := f(x!/
vi)v(dxt/v;) (see[2, 3, 8, 9]).

Let Z be a compact subset without isolated points in a local field K, for
example, Z = B(K, ty,1). Then the Banach space C°(Z,K) has the Amice poly-
nomial orthonormal base Q,, (x), where x € Z, m € N, := {0,1,2,...} [1]. Each
f € C° has a decomposition f(x) = >, @m (f)Qm(x) such that limy, e am =
0, where a,, € K. These decompositions establish the isometric isomorphism
0:C%(T,K) — co(wo,K) such that || fllco = max, [@m ()| = 10(f) ¢,

If H = co(wy,K), then the Banach space C°(T, H) is isomorphic with the ten-
sor product C°(T,K) ® H (see [21, Section 4.R]). If J; € L, (Y;) is nondegenerate
for each i = 1,2, that is, ker(J;) = {0}, then J:=J; ® Jo € L; (Y1 ® Y») is nonde-
generate (see also [21, Theorem 4.33]). If u; are roots of basic polynomials Q,,
as in [1], then Q,, (u;) = 0 for each m > i. The set {u; : i} is dense in T. Put
Yi=CYT,K)andY> =Hand J:=J1®J» € L; (Y1 ®Y>), where J1 Q. := &mQm
such that o, + 0 for each m and > ; | ;| < o. Take J, to be also nondegenerate.
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Then J induces a product measure p on C°(T,H) such that p = p; ® po, where
u; are measures on Y; induced by J; due to formulas (3.17) and (3.18). Analo-
gously, considering the following Banach subspace C8 (T,H):={f € C%T,H):
f(to) = 0} and operators J:= J1® J» € Ll(Cg(T,K) ® H), we get the measures
U on it also, where ty € T is a marked point.

For each finite number of points (ty,...,t,) C T and (zy,...,z,) C H, there ex-
ists a closed subset CO(T,H; (t1,...,tn);(Z1,...,2n)) := {f € CUT,H) : f(t;) =
ziii=1,...,n} such that CO(T,H; (t1,...,tn);(Z1,...,2n)) = (Z1,...,2Zn) + CO(T,
H;(t1,...,t);(0,...,0)), where CO(T,H; (t1,...,tn);(0,...,0)) is the Banach sub-
space of finite codimension n in C°(T,H). Therefore,

We get that (i) o-algebras F,,", (Bf(H)) and Ft;,ltg (Bf(H)) are independent
subalgebras in the Borel o-algebra Bf(Cg(T,H)) when (tq,t>) and (t3,t4) sat-
isfy Definition 4.1(i).

Put P(ty,x1,t2,A) :=u({f: f(t1) = x1, f(t2) € A}) foreach t; #t, € T, x; €
H and A € Bf (H). In view of (iii), we get that P satisfies conditions (3.1), (3.2),
(3.3), and (3.4). By the construction above (and Proposition 3.2 also), the Markov
quasimeasure fly, induced by u is bounded since p is bounded, where xo = 0
for C§(T,H).Let Q be a set of elementary events w := {f : f € C)(T,H), f(t;) =
Xi, 1 € Aw}, where A, is a countable subset of N, x; € H, (t;j:i € Ay) is a
subset of T of pairwise distinct points. There exists the algebra U of cylindrical
subsets of Cg(T,H) induced by projections 7r; : Cg(T,H) — H*, where H® :=
[lies He, s = (t1,...,ty,) are finite subsets of T, Hy = H for each t € T. In view
of the Kolmogorov theorem [4, 8, 9, 14], fiy, on ((CS(T,H),Tw),OTL) induces
the probability measure A on (Q,Bf(Q)), where T, is the weak topology in
CY(T,H).

Therefore, using the product of measures, we get examples of such measures
u for which stochastic processes exist (see also [8, Theorem 3.23, Lemmas 2.3,
2.5, 2.8 and Section 3.30]). Hence, to each such measure on Cg(T,H), there
corresponds the stochastic process. Considering all operators J := J1 ® J» €
L, (Y, ®Y>) and the corresponding measures as above, we get €%0 = ¢ inequiv-
alent measures by the Kakutani theorem I1.4.1 [4] for each chosen f. O

4.2. We consider stochastic processes E € L" (Q,%,A;C(T,L, (H))) such
that E = E(t,w),where 1 <v <o,1<r <oo,teT=B(K,tyR)and w € Q
(see Section 2.5 and Definition 4.1).

DEFINITION 4.3. For L"(Q,%,A;C%(T,L,(H))), the non-Archimedean sto-
chastic integral is defined by the equation

M2

$(E)(t,w) = (PyE)(t,w) = > E(tj,w)[w(tj1,w) —w(tj,w)], (4.1)

j=0

where w = w(t,w), t; = 0;(t) (see Section 2.1).
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PROPOSITION 4.4. The non-Archimedean stochastic integral is the continu-
ous K-bilinear operator from L" (Q,%,A;C°(T,L,(H))) ® Lq(Q,%,/\;Cg(T,H))
into LS (Q,%,A;C°(T,H)), where1/q+1/r =1/sand 1 <v,q,s < .

PROOF. It follows from Theorem 2.12, since (Pay+pyE) = (aPyE) + (bPyE)
and (P, (aE+bV)) = (aP,E) +b(P,V) for each a,b €K, each w,y € L1(Q, F,
)\;Cg(T,H)) and each E,V € L" (Q,%,A;CO(T,L, (H))). O

4.3. Consider a function f from T x H into Y = ¢ (j,K) satisfying the fol-
lowing conditions:
(@) feCH(TxH,Y),
b) @) (t,x;h1,...,hn;Ci,...,Cn) € CO(TxH™ 1 xK",Y) for each n < m,
(© (@™ f)(t,x;h1,....,hn;Ch,...,Cn) =0forn=m+1,
(d) f(t,x)— f0,x) = (Pg)(t,x) with g € CO(T xH,Y), where 2 < m €
N, f=f(tx),teT, xeH; h,....h, € H, Ci,...,Ch € K; P, is the
antiderivation operator on C°(T,Y), (P;g) (t, x) is defined for each fixed
x € Hby t € T such that (P,g)(t,x) = P,g(u,x)|u— with u € T (see
Section 2.1 and also about difference quotients (" f) and spaces of
functions of smoothness class C" in [10, 15]).
Suppose that a € L*(Q,%,A;C(T,H)), w € Lq(Q,@,A;Cg(T,H)) and E €
L7 (Q,%,A;C%(T,L(H))), where 1/r +1/q = 1/s,1 <¥,q,s < o, a = a(t,w),
E=E(t,w),t €T, w € Q. A stochastic process of the type

E(t,w) = & (w) + (Pya) (u, @) | i + (Pwiuw E) (u, ) |, (4.2)
is said to have a stochastic differential
d&(t,w) =a(t,w)dt+E(t,w)dw (t,w), 4.3)

since (ﬁtg)’(t) = g(t) for each g € C°(T,H), where & € L*(Q,%,A;H), to,t €
T, w(ty,w) = 0.In view of Lemma 2.2, Theorem 2.12, and Proposition 4.4, £ €
LS (Q,%,A;CO(T,H)).

(2.4), where & =u,...,& =u, &1 = w,...,&+n = w. Henceforth, the notation
p{ZL,wa(u: E(u, (U))

44

is used for such operator when it exists (see the conditions 4.3 (a-d) above and
(4.9), (4.13) below), where n € N or n = .
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THEOREM 4.5. Let conditions (a), (b), (c), (d), (4.2), and (4.3) be satisfied, then

f(t,E(t,w)) =f(t0;§0) +puftl(u!§(usw)) |u:t+Pt;fLwa(u!§(ulw)) |u:t'
(4.5)

PROOF. Let {uy: k=0,1,...,n} be a finite |77|! net in T, that is, for each
t € T there exists k such that |uy —t| < ||}, where n = n(k) € N, T € K,
p~! < |m| < 1, and |77 is the generator of the valuation group of K since the
ball T is compact. We choose t = u,, and ty = 1. Denote by n(t) a stochastic
process f(t,&(t,w)). Then by the Taylor formula (see [19, Theorem 29.4] and
[8, Theorem A.5]), we have

= fi(w, &) (t—u) + fx (u,E(w)) - (AE) + %f”t,t(uyﬁ(u))(t—u)z

e () (=100, 88) + 5 f " (1, E@0) - (AE,AE)

1

@) () (=), (=i L, 1) = 5 f g (W Ew) (£ —w)?} G0

+{(®2f) (u, E(w); (t—u),AE1,1)
+(D2F) (W, E(W); AL, (t—u);1,1) — f o (u,E(W)) - (E—u,AE)}

B (W E WAL BT 1) - 3 (1, E00) - (A5,88)],

where AE = £(t) — &E(u). For a brevity, we denote &£(t) = &(t,w) and w(t) :=
w(t,w) for a chosen w. If t,, = 0, (t) for each n =0,1,2,..., then by formulas
(4.2) and (2.4),

E(tni1,w) —E(ty, w) = alty,w)(tyi1 —tn) +E(ty, ) (W (tyi1, w) —w(ty,w)),
4.7)

where {0, :n =0,1,2,...} is the approximation of the identity in T.

From condition (d), it follows that (0f(t,x)/ot) = g(t,x) = (Ptg)’t and
2 (f')(t,x) = f(t,x)—f(0,x), which also leads to the disappearance of terms
oMb £(t,x)/0t?dx™ from formula (4.5) for each b and m such that 1 < b and
2 <m-+b.Now we approximate f'(t,x) by functions of the form 3. ; ¢ (t) y (x),
so the problem reduces to the consideration of the functions f(x) which
are independent of t. Due to conditions (4.2) and (4.3), it is possible to put
E(t,w) =& (w)+a(w)(t—ty)+E(w)[w(t)—w(ty)]. By the Taylor formula,

m
flx) = Z (n) 1 f ™ (xq) - (x—x0)°", (4.8)
for each x,xo € H since ®™*1f = 0. Let ty = oy (t) for each k = 0,1,2,...,

then n(t) —n(to) = X710 1f (Ej41) — f(§))}, where &; := E(t;) since lim; . &; =
&. Then each term f(§;+1) — f(§;) can be expressed by formula (4.8) due to
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condition (b). On the other hand, (§;+1-&;) = a(w) (tj+1 —tj) +E(w)[w (tj1) —
w(t;)] as the particular case of formula (4.7). From formulas (2.4), (4.6), (4.7)
and (4.8) and Theorem 2.12, we get the statement of this theorem. O

COROLLARY 4.6. If conditions (a), (d), (4.2) and (4.3) are satisfied, (b) is ac-
complished for each n € N and

lim I(@LS) (t, 25~y Hen; T e S | O (e (BUHLO,Ry )L B a1 0.R)).¥)

(4.9)
=0 foreachQ <Ry < oo,

then

f (£, &, w)) = f(to,80) +Pufy (U, E(w, ) [y + (Ppe f (,)) [y (4.10)

PROOF. From the proof of Theorem 4.5, we get a function f(x) for which
F(xX) = flxo0)+ D ()L™ (x) - (x —x0)°" (4.11)
n=1

due to condition (4.9). In view of Theorem 2.12,

o 52

1=0
X (pum*l,w(u,w)l [(0™f/ox™) (u,&(u,w))

0(a®(m_[)®E®l)])|u:t =0.

12)
Approximating f(x) by the Taylor formula up to terms ®™ f by finite sums
and taking the limit while m tends to the infinity, we deduce formula (4.10)
from formula (4.5), since for each chosen w € Q, the functions a(t,w) and
w(t,w) are bounded on the compact ball T. O

LS (Q,7,0;,C0(T,Y))

THEOREM 4.7. Let f(u,x) € C*(TxH,Y) and

lim max ||(®" f) (t,x;h1,..., hy;
n—-o(<l<n

(4.13)
;la---:Cn)||CO(T><B(K,O,r)le(H,O,l)”*le(K,O,Rl)"*l,Y) =0

for each 0 < Ry < o, where hj = e; and C; € B(K,0,7) for variables corre-
spondingtot € T = B(K,to,¥) andhj € B(H,0,1), C; € B(K,0,R1) for variables
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corresponding to x € H, then

S & w))
1w (m+b\ (m
= f(to,%0) + > ((m+b)) Z( m )(l) (4.14)

m+b=1,0smeZ,0<be’ =0
X (Pyvem-t . [ (0 f 12Ul 0x™) (u, E(u, w))

° (I®b ®a®m-b ®E®l)]) |u:t'
PROOF. In view of the Taylor formula, we have (see [8, 9, 19])

f(t,x) = f(to, x0)

k
X (e (") @ froutex) tox) - )

m+b=1
: (x—X0)®m
k+1 -
+ 2 ( ’ ) [ (@%*1£) (£0,x0; (£ = 10) ", (x = x0) *™";15+D))
m
m+b=k+1
—((k+1)) 7 (@%V £ 1aubax™) (to, x0) (t — to)"
. (x—x0)®m],
(4.15)
for each k € N. In view of condition (4.13) and formulas (4.4), (2.4), and (4.7)
we get formula (4.14) (see the proof of Theorem 4.5). O
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