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CIRCULAR POLYA DISTRIBUTIONS OF ORDER k
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Two circular Polya distributions of order k are derived by means of generalized urn
models and by compounding, respectively, the type I and type II circular binomial
distributions of order k of Makri and Philippou (1994) with the beta distribution.
It is noted that the above two distributions include, as special cases, new circular
hypergeometric, negative hypergeometric, and discrete uniform distributions of
the same order and type. The means of the new distributions are obtained and two
asymptotic results are established relating them to the above-mentioned circular
binomial distributions of order k.

2000 Mathematics Subject Classification: 62E15, 60C05.

1. Introduction. In five pioneering papers, Philippou and Muwafi [18],
Philippou et al. [17], Philippou [14], and Philippou et al. [15, 16] introduced
the study of univariate and multivariate distributions of order k. Since then,
the subject matter received a lot of attention from many researchers. For com-
prehensive reviews at the time of publication, we refer to Johnson et al. [7, 8].

Makri and Philippou [11] introduced two circular binomial distributions of
order k, as the distribution of nonoverlapping and possibly overlapping suc-
cess runs of length k in n Bernoulli trials arranged on a circle. They also
derived two exact formulas for the reliability of a consecutive-k-out-of-n : F
system whose components are ordered circularly. The distribution of circu-
lar nonoverlapping or possibly overlapping success runs of length k was also
studied by Chryssaphinou et al. [5], Koutras et al. [9], Charalambides [4], and
Koutras et al. [10].

In the present paper, we introduce two circular Polya distributions of order
k, type I and II, say Pg;(-) and Pg;(-), respectively (see Definitions 2.4 and
3.2), as the distribution of nonoverlapping (Nﬁ’kys) and possibly overlapping
(M, . 5) success runs of length k in a generalized sampling scheme (see Theo-
rems 2.1 and 3.1). We also derive Py,(-) and P ;(-) by compounding, respec-
tively, the circular binomial distribution of order k, type I (Bi;(-)) and type II
(Bli,ll () ) of Makri and Philippou [11] with the beta distribution (see Remarks 2.5
and 3.3). We introduce as special cases of P,fvl(-) and P,f,H(-), respectively, new
circular hypergeometric, negative hypergeometric and Bose-Einstein uniform
distributions of the same order and type, and we recover By (-) and By ;;(-).
Moreover, we obtain the factorial moments of P ;(-) and the mean of Py (-)
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(see Propositions 2.6 and 3.4) and we relate them asymptotically to By ;(-) and
By (), respectively (see Propositions 2.7 and 3.5). Potential applications are
also indicated.

2. Circular Polya distribution of order k, type I. In this section, we derive
the circular Polya distribution of order k, type I, by means of a generalized urn
model and by compounding the circular binomial distribution of order k, type
I, of Makri and Philippou [11]. The factorial moment of this new distribution
is also obtained.

THEOREM 2.1. Consider an urn containing co+c1 (= ¢) balls of which ¢y bear
the letter S (success) and c, bear the letter F (failure). A ball is drawn at random
and then it is replaced together with s balls bearing the same letter. We repeat
this procedure n (= 1) times and we assume that the outcomes are bent into a
circle. Let N, ks be arandom variable denoting the number of nonoverlapping
success runs of length k (= 1). Then, for x =0,1,...,[n/k],

m-1-3% x:] =k x:+1]
SE_xj+x | (co/s) ™I ey f5) TN
X1yeens Xky X (c/s)tn]

X1yeeey Xk X (c/s)n]

kiz (Z_I; lxj+x) (C()/S)[n 1= ZJ 1% (C /S) _1xj+1]
i=11 1x +1

+ Wlsx,[n/k],

(2.1)

where the summation Y, is taken over all nonnegative integers xu,...,Xy such
that Z§:1 Jjxj=mn—1i—-kx and ¢ is the Kronecker delta function.

First, we will establish two preliminary lemmas. The first one gives a formula
for P(thk’s =x),x=0,1,...,[n/k].

LEMMA 2.2. Let Nfl’k‘s, >, and & as in Theorem 2.1. Then, for x = 0,1,...,
[n/k],

< g =1 ) (co/s) TN (¢ g 5) B
=2 Zl;< - ) (c/s)n)

r=0i=1 XLyees X X =¥

x—-1k-1

+2(1,x) > > (k—1)

r=0i=1
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-3k . k .
x> SExj+x-r-1 R R A (V) R
X1yeeoy Xk, X —7 —1 (c/s)n]

1

(co/s) l
+ W(sx,[n/k],

(2.2)

where C (-, -) is the zeta function defined by C(v,u) = 1 if u = v and 0 otherwise.

PROOF. A typical element of the event (Ny , ¢ = x) is either a circular ar-
rangement

k k B
— r—’—(—L —r
SS--8--88:--588 - -SFX10 - Cxy1-ixix—rSS--S (0<x <[n/k])

~

r

(2.3)

such that x; of the «’s are e; = SS---SF (1 < j < k), x —r of the «’s are

j-1
ex=S8S---5,and
ﬁf—'

k
k
Sixj=n-l-kx—(ax+f), 0<r=x,0<af=<k-1,x+f<k-1, (24)
j=1

or a circular arrangement

k k B
— r—%—L —r
S8+ 8-88---SSS- - SFoq 0z Cy4-voixpix—r—1SS -+ S (2.5)

~
v

(1 <x <[n/k]) such that x; (1 < j<k) and x —+ —1 of the &’s are as above,
and

k
ixj=n-1-k(x-1)- ,
Dixj=n (x-1)—(«+p) 06

j=1
x=1, O0<r=<x-1, 1<=aB=<k-1, k=<x+p=<2k-2,

or a circular arrangement SS---S (x = [n/k]).
—_—

n
Fix7r,x; (1 < j <k), « and B. Then, the number of the circular arrangements
of type (2.3) is

(Z’j_lxj+x—r> 2.7)

Xlyeey Xi, X =1
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and each one of them has probability

)[H*I*Z?;:lx‘j]( )[Z§=1X‘i+1]

c1/s
(c/s)tm

(co/s

Furthermore, the number of the circular arrangements of type (2.5) is

k
i xjtx-r-1
Xlyeuy Xi, X =¥ —1

and each one of them has probability

k ;
c /S)[Zj:liJrl]

(c/s)nd

[nflfzg‘,:lxj](

(co/s)

Finally, we observe that

(co/s)™
P(ss---s):m.

| —
n

(2.8)

(2.9

(2.10)

(2.11)

But7, x; (1 <j<k), & and  may vary subject to (2.4) and (2.6) for the ele-
ments of type (2.3) and (2.5), respectively. Denote by >’} and >’} the summation
over all nonnegative integers xi,...,xx satisfying (2.4) and (2.6), respectively.

Then, for x =0,1,...,[n/k] and > ; as in the theorem, we have

X k2lk=l ., sk -
SIS ()
r=0 a=0 =0 Lyees X
«+B<k-1
(co/s) ™ 1% (¢, /) i ]
X
(c/s)ln]
x-1 k-1k-1 v (S xj+x—r—1
+C(1,x) ( k_ )
Tgo D(Zz"l[;; Z1 Xl,..-,Xk,x_y_l
k<o+B<2k-2
1osk . C
(co/s)™ 1 Hm1i gy /) B
(c/s)nl
(CO/S)W(?
x,[n/k]

(C/S)[n]
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X k-1
:Z (o<+[§+1)z ( jo1Xj X - 1/)
=0 a+p=0 X1yeoy Xy X =V
(CO/S)[niliz‘l;zlxj](C1/S)[Z,I;:1Xj+1]
(c/s)ln]
x—1 k=2
i Xjtx—-r-1
+§(1X)Z Z(zk “h I)Z (Xl, Xk, X—1r—1
r=0y=1
(CO/S)[niliz‘I;:lXj](Cl/S)[Zﬁzlx;Hl]
(c/s)n]
(eots)™
(c/s)n1 Ox[n/k]
i i Z J 1XjEx=r (co/s)™ Z%i e /S) —1%j+1]
r=0i=1 X1yeo0y Xk X =T /sy
x-1 k-1
xXi+x—-r-1
L, k— 1Xj
- x)yzolzl( l)z(xl, WXk, X =T — 1)
(CO/S)[WPZ?:]XJ](C1/S)[Z’J<':1XJ’+1]
(c/s)nl
(Co/S) ]6
(c/s)[n] x,[n/k]s
(2.12)
which establishes the lemma. ]

The next lemma (see Makri and Philippou [11]) provides a formula for exe-
cuting the summation with respect to » appearing in Lemma 2.2.

LEMMA 2.3. Let

44 44 |
X1 xe) _ (x1 Xk) (2.13)
X1yeeey Xk X! xg!

denote the multinomial coefficient. Then, for x = 0,1,...,

i X1+ x ) x+1 X1+ X +x+1 (2.14)
X1ynes Xk, ¥ TX 4 X+ L\ X, xx+1 ) )



1568 G. A. TRIPSIANNIS AND A. N. PHILIPPOU

PROOF OF THEOREM 2.1. By means of Lemma 2.3, for x =0,1,..., we get
ca x)xf X1+ X +x—-r—1) x Xp 4 H X+ X
’ = Xlyeey Xio X =7 —1 X1+t xp+1 Xlyeees Xky X

pe
Z<x1+---+xk+x—r>
T\ X1 Xk X =T

X
X1+t Xpt+X X1+ +Xpt+tX—-7
2(1 k )w(l,x)Z(l K )
r=1

X1yeeey Xy X X1yeeey Xiy X =7
_ [tk x) x X1+ +Xk+X
X1yeeey Xk X X1+ +xp+1 X1,y Xk X )
(2.15)

Introducing these expressions into the formula of Lemma 2.2, we get, for
x=0,1,...,[n/k],

sk ixj+1)

SN xj+x (co/s)" '™ X e s)!
X1yeeey Xiy X (c/s)td

Koy
» X (Z’J‘-lxj+x) (co/s) 1 Zia1%i) (¢, /) Bt
1

Sh x4+ 1 \X, e X X (c/s)nl

sk xj+x
+> (k- J=1%
Z( l)zzk J+1<X1, xk,x)

i=1

(CO/S)[niliz‘,;:lxj] (c1/s) (=X xj+1)

(c/s)tn]
(co/s)™
(C/S)[n] x,[n/k]s
(2.16)
from which the theorem follows. O

DEFINITION 2.4. A random variable X is said to have the circular Polya dis-
tribution of order k, type I, with parameters n, s, ¢, and ¢y (s integer and n, c,
and ¢( positive integers), to be denoted by P,fvl(n; s;c,co)ifforx=0,1,...,[n/k],
P (X = x) is given by (2.1).

REMARK 2.5. It may be noted that if X and P are two random variables
such that (X | P = p) is distributed as B,ﬁyl(n, p) and P is distributed as B(«, )
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(the beta distribution with positive real parameters « and f), then, for x =
0,1,...,[n/kl],

:Zl ( li+X)B(a+n_1_Z§_1Xj,B+z§_1Xj+1)
T \ X1y Xj, X B(x, B)
(2.17)

+k§§1:2

le 1Xj+X
G X+ LAXT, - X X
XB((x+n—1—25:1X1,3+Z§:1X1+1)
B(ex, B)

B(x+mn,pB) s
B(O(,B) x,[n/k]»

where >; and 6 are as in Theorem 2.1. Relation (2.17) reduces to (2.1) if « =
co/s and B = c1/s (s # 0), which indicates that (2.17) may be considered as
another form of P,ﬁ‘l(n;s;c, co).

The rth factorial moment of the circular Polya distribution of order k, type
I, is given next.

PROPOSITION 2.6. Let X be a random variable following the circular Polya
distribution of order k, type I, with probability function as given by (2.17) and
let

[n/k]
() = > (x)P(X=x), r=0,1,.,[n/k], (2.18)

xX=r

be the rth factorial moment of X. Then,

my [(n—i)/k] e
() =n@r-n1> > <—1>l<i)
i=0  j=r
X(n—kj+r—i—1>(j—l)B((x+jk+1,,8)

r—1 r—1 B(e,B)
k B ]
r!<[”r/ ]) =) S 7 = L2 i
(2.19)

where m, = min{r,n—kr}.

PrOOF. It follows by means of Charalambides [4, relation (3.10)] and
Remark 2.5.
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The circular Polya distribution of order k, type I, includes as special cases
four distributions of order k, of which three are new. Each one arises when
success runs of length k are not allowed to overlap by means of Theorem 2.1.
Their moments may be easily obtained from Proposition 2.7.

CASE 1. The P,S’I(n;s; c,cp), for s = —1, reduces to a new distribution, which
we call circular hypergeometric distribution of order k, type I, with parameters
n, ¢, and cp, and denote it by H,ﬁ,l(n;c,co).

CASE 2. The P,S,I(n;s; c,cp), for s = +1, reduces to a new distribution, which
we call circular negative hypergeometric distribution of order k, type I, with
parameters n, ¢, and co, and denote it by NH,ﬁ‘I(n;c,co).

CASE 3. The P,fvl(n;s;c,co), for ¢ = cg = s, reduces to a new distribution,
which we call circular Bose-Einstein uniform distribution of order k, type 1.

CASE 4. For s =0, P,fyl(n;s;c,co) reduces to the circular binomial distribu-
tion of order k, type I, of Makri and Philippou [11], with p = ¢o/c.

Next, we relate P,fyl( -) asymptotically to the circular binomial distribution of
the same order and type. |

PROPOSITION 2.7. Let X, ., and X be two random vectors distributed as
P,f_,(n;s;c,co) andB,ﬁJ(n,p), respectively, and assume thatcy/c — p (0 <p < 1)
as cg, 1 — o, then

P(Xepep =X) —P(X=x), x=0,1,...,[n/k]. (2.20)

PROOF. We observe that

S1osk Koo
(co/s)™™ ZJ:lXJ]EC]l/S)[ZJZIXJH] "N (- )T
(c/s)n (2.21)
(co/s)™ (/) — p™ s co,c1 — oo
from which the proof follows. O

3. Circular Polya distribution of order k, type II. In this section, we derive
the circular Polya distribution of order k, type II, by means of a generalized
urn model and by compounding the circular binomial distribution of order k,
type II, of Makri and Philippou [11]. The mean of this new distribution is also
obtained.

THEOREM 3.1. Consider an urn containing cy+c1 (= ¢) balls of which co bear
the letter S (success) and c, bear the letter F (failure). A ball is drawn at random
and then it is replaced together with s balls bearing the same letter. We repeat
this procedure n (> 1) times and we assume that the outcomes are bent into
a circle. Let M;i,k,s be a random variable denoting the number of overlapping
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success runs of length k (= 1). Then, P(My . = x) = (co/$)™ /(c/s)" ifx = n,
Oifn—-k+1<x<n-1,andfor0<x <n-k,

Xtk
X1 +---+X
P( nks= Z ( 11)
2

: X1yee X
i=1 ! " (3.1)

[n-1-3" x;+1]

'VL
]l](cl/s) 111

(co/s)
. (c/s)tn ’

where the summation ', are taken over all nonnegative integers xi,...,Xx such
that X jxj =n—-i (1 <i<x+k) and max{0,i—k}+ X7 ;. ,1(j—k)x; =x
0O=x=<n-k).

PROOF. We first observe that, for n—k+1<x <n-1, P(My ;= Xx) =
P(@) =0and P(M§,, , =n) =P(SS---8) = (co/s)™/(c/s). For 0 < x
%(_J

IA

n—k, a typical element of the event (Mn ks = X) is a circular arrangement

SS- - SFoueo -+ Cxpgeegny S-S (3.2)
& B

such that x; of the o«’saree; =SS---SF (1 < j<n)and

Jj-1

O<a=<x+k-1, 0<B=<x+k-1, x+B=<x+k-1, (3.3)

jxj=n-1-(x+B), max{0,x+B-k+1}+ > (j—kx;j=x. (3.4)
1 j=k+1

s

J

Fix x; (1 < j <n), «, and B. Then, the number of the above arrangements
is

(x1+---+xn) 3.5)

X1yeey Xn

and each one of them has probability

(CO/S)[n—l—Z}L (C /S) X+l
(c/s)n '

(3.6)

But @ and  may vary subject to (3.3) and the nonnegative integers x; (1 <
Jj < k) may vary subject to (3.4). Therefore, for 0 < x <n—k and >, as in the
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theorem, we have

P( ;,k,s :X)

xX+k—1 x+k-1

C1osn no.
> 2 Z(x1+---+x"> (co/s)" THm (e ) Bt
X1yen-

[n]
x=0 p=0 2 Xn (c/s)m 3.7)
oa+B=<x+k-1
_1-3n . n .
_ XikiZ ("1 o +x") (co/s)™ 1 H1N (g /) B Xt
D7\ X Xn (c/s)tm
which establishes the theorem. O

DEFINITION 3.2. A random variable X is said to have the circular Polya
distribution of order k, type II, with parameters n, s, ¢, and ¢( (s integer and
n, ¢, and c( positive integers), to be denoted by P,f’H(n;s;c,co) if

(x+k

X1+ +Xpy
i,
> X1yees Xn

i=1
(co/) "0 ey 15)
P(X =x)=1X (c/s)n] , if0<x<n-k,
0, ifn-k+l<x<n-1,
L (¢/s)n1” if x =n,

(3.8)
where the summation , are taken over all nonnegative integers x1, ..., X such
that X7, jxj =n—i (1 <i<x+k) and max{0,i—k} + X7, (j—k)x; = x
0O=x=<n-k).

REMARK 3.3. It may be noted that if X and P are two random variables such
that (X | P = p) is distributed as B,ﬁyu(n, p) and P is distributed as B(«, ), then

k

o L (X1t Xy
i

=1

: 2 X1y.eeyXn
Bla+n—1-37x;,B+>7;x;+1)
B(e, B) '
0, if n-k+1<x<n-1,
B(a+m,B)

L B(x,B)

P X=x)=1X if0<x<n-k,

if x =n,
(3.9
where the summation ), is as in Theorem 3.1. Relation (3.9) reduces to (3.8)

if x=co/s and B =c1/s (s = 0), which indicates that (3.9) may be considered
as another form of P,fyn(n;s;c,co).
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The mean of the circular Polya distribution of order k, type II, is given next.

PROPOSITION 3.4. Let X be a random variable following the circular Polya
distribution of order k, type II, with probability function as given by (3.9). Then,

nB(x+k,f)

et B(«x,B)

(3.10)

PRrROOF. It follows by means of Proposition 2.7 of Makri and Philippou [11]
and Remark 3.3.

The circular Polya distribution of order k, type II, includes as special cases
four distributions of order k, of which three are new. Each one arises when
success runs of length k are allowed to overlap by means of Theorem 3.1.
Their means may be easily obtained from Proposition 3.5.

CASE 1. The P,S,H(n;s;c, co), for s = —1, reduces to a new distribution, which
we call circular hypergeometric distribution of order k, type II, with parameters
n, ¢, and co, and denote it by H,f,H(n;c,co).

CASE 2. The P,f,H(n;s;c, co), for s = +1, reduces to a new distribution, which
we call circular negative hypergeometric distribution of order k, type II, with
parameters n, ¢, and cp, and denote it by NHE’II(n;c,co).

CASE 3. The P,f‘u(n;s;c,co), for ¢ = ¢y = s, reduces to a new distribution,
which we call circular Bose-Einstein uniform distribution of order k type II.

CASE 4. For s =0, P (n;s;¢,c0) reduces to the circular binomial distribu-
tion of order k, type II, B,i‘H(n, p), of Makri and Philippou [11], with p = ¢¢/c.

Finally, we relate Py ;(-) asymptotically to the circular binomial distribution
of the same order and type. O

PROPOSITION 3.5. Let X, and X be two random vectors distributed as
P,f‘l(n;s;c,co) andB,ﬁJ(n,p), respectively, and assume thatco/c - p (0<p <1)
as cp,c1 — oo, then

P(Xepe, =x) —P(X=x), x=0,1,...,n. (3.11)

PROOF. We observe that

[n—l—Zr.‘zlxj] [anlxj'-%—l]
(co/s) ! (c1/s)7 I () EaxitL

(c/s)tn] (3.12)

(co/s)™/(c/$)M — p" as co,c1 — oo,

from which the proof follows. |

The distribution of the number of success runs of length k in a circular
sequence of n Bernoulli trials, with a constant success probability p, can have
potential applications in several fields (see Koutras et al. [10]) as in quality
control (modifying the Prairie et al.’s sampling process [19]) and in reliability



1574 G. A. TRIPSIANNIS AND A. N. PHILIPPOU

theory (introducing the circular-m-consecutive-k-out-of-n : F system, which
fails whenever at least m nonoverlapping failure runs of length k occur, see
Alevizos et al. [2], Chao et al. [3], Papastavridis and Koutras [13], and Makri
and Philippou [12]). In these cases, when p is allowed to vary from trial to trial
according to the beta distribution, the circular Polya distribution of order k
arises.

Agin and Godbole [1] proposed a nonparametric test for randomness based
on the number of success runs of length k in a linear sequence of n Bernoulli
trials, for an alternative hypothesis of clustering. Furthermore, tests based on
the number of success runs of length k in a linear sequence of trials in the sam-
pling scheme described in Theorem 2.1 are valid even for finite populations
(see Godbole [6]). An analogous test (which is expected to be more sensitive
for the alternative hypothesis of circular clustering) can be established on the
number Nfl,k, ;- Other potential applications are indicated by Theorems 2.1 and
3.1.
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