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We study a family of diffusion models for risk reserves which account for the in-
vestment income earned and for the inflation experienced on claim amounts. After
we defined the process of the conditional probability of ruin over finite time and
imposed the appropriate boundary conditions, classical results from the theory
of diffusion processes turn the stochastic differential equation to a special class
of initial and boundary value problems defined by a linear diffusion equation.
Armed with asymptotic analysis and perturbation theory, we obtain the asymptotic
solutions of the diffusion models (possibly degenerate) governing the conditional
probability of ruin over a finite time in terms of interest rate.

2000 Mathematics Subject Classification: 35K20, 35B25, 41A60, 91B30.

1. Introduction. The diffusion-type modeling for risk reserves is one of the
most popular methods for the valuing of the investment income earned and
for the inflation experienced on claim amounts in studying insurance models.
The basic assumption is that the risk reserve is modeled as one-dimensional
diffusion process. In a continuous time aspect of the system under study, dif-
fusion process is an arbitrary strong Markov process with continuous sample
paths, or even more specifically, diffusion process is given as a strong solution
of a stochastic differential equation driven by the underlying Brownian mo-
tion. This approach, which uses an appropriate diffusion process to approx-
imate the actual claims process, has been examined by many authors during
the past, including Garrido [5, 6], Harrison [8], Iglehart [9], Willmot and Yang
[13], Moller [10], Young and Zariphopoulou [14], and many others during the
late 80s to 2000. Garrido [5] studied a family of diffusion models for risk re-
serves, he obtained an explicit solution of the stochastic differential equation
for the distribution of the time to ruin for the linear case. Willmot and Yang
studied a modified diffusion models by allowing the variance to depend on the
size of the reserve, which made the model more realistic. They provided some
solutions for the partial differential equations obtained from the stochastic dif-
ferential equations in some special cases. Young and Zariphopoulou studied
the distorted probabilities for the nondegenerate diffusion processes. In this
paper, we focus on the solutions of diffusion models with possibly degenerate
diffusion, that is, we allow the case of vanishing viscosity. Our first effort is to
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impose the appropriate boundary condition for the diffusion models for risk
reserves, then the classical results from the theory of diffusion processes and
linear partial differential equations yield a special class of initial and boundary
value problems defined by an unsteady linear diffusion equation. This is par-
ticularly important because although the study of partial differential equations
in complete generality is a vast undertaking, almost all the partial differential
equations encountered in financial applications belong to a much more man-
ageable subset of the whole second-order linear parabolic equations [3]. By
allowing the possibly dependencies of the diffusion process, our second focus
is on providing the asymptotic solutions of the linear diffusion equations at
the opened upper half of vertical axis

99 a0 1 ,0°¢ _

or HlFTBe) G 450 5 =0 (1.1
¢, r)=1, r<0, (1.2)
(T, r)=0, r>0, (1.3)

where ¢ € C2([0,T)xR),0 <t < T < o,  is a constant, the interest rate > 0,
the diffusion coefficient o > 0, and A(t) is a continuous function in the given
domain. Although numerical solutions of boundary value problems of partial
differential equations often use a variety of finite difference or finite element
formulations of differential equations, it is also quite common to convert given
problems into integral equations, from which boundary element methods can
be applied to obtain numerical approximations. Moreover, we notice that the
boundary condition (1.2) is defined on the left-half opened space » < 0. The
analytic solution of (1.1), (1.2), and (1.3) is unlikely to be obtained because of
such initial and boundary conditions. Using asymptotic analysis and perturba-
tion theory, we obtain the conditional probability of ruin ¢ (t,7) over a finite
time by providing the asymptotic solutions of the diffusion equations in terms
of interest rate 8 and the volatility (diffusion coefficient) o. Our aim is to un-
derstand the asymptotic behavior of the conditional probability of ruin ¢ (t,7)
between time t and T with reserve v at time t. Our results show that when the
difference « of the aggregate rate 7r(t,») at which premiums are cashed at
that time and the average aggregated claim rate u(t) at time t is greater than
zero, there are boundary layer and parabolic corner layer behavior in the so-
lutions of when volatility coefficient o is degenerated, the interest rate 8 has
little impact to the asymptotic solutions in this case whether it is small or not.
For « < 0, no boundary layer or corner layer occurs, the asymptotic solutions
of (1.1), (1.2), and (1.3) can be obtained in terms of the interest rate and it is
uniformly valid for the whole domain. We hope the explicit asymptotic solu-
tions are useful to illustrate the general behavior of the solutions for more
complicated case such as the multiple portfolios case.

In Section 2, we state some basic definitions and results from the classi-
cal theory of stochastic processes and derive a family of the linear diffusion
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equation with its initial and boundary conditions. Some useful results from as-
ymptotic analysis are given before we close this section. In Section 3, we study
the asymptotic behavior of solutions of (1.1), (1.2), and (1.3) under different
behavior of o and «. Some results are illustrated by the graphs of the asymp-
totic solutions at the end of the section. The final conclusion and remarks will
be discussed in Section 4.

2. Preliminaries and boundary conditions of the parabolic equation. In
this section, we start with a brief review from the fundamental results of the
theory of stochastic calculus, then we impose appropriate boundary condi-
tions to the partial differential equations obtained from the diffusion models.
Some useful results from asymptotic analysis will be stated before we close
the section. Most of the results can be found in [1, 2, 4, 5, 7, 11, 12, 13].

DEFINITION 2.1. Let R(t) be the risk reserve level at time t and let F; =
o{W,:0<s <t} be the o field generated by a standard Brownian motion W;.
Then, the following definitions can be stated.

(a) The conditional probability ¢ (t,r) defined by

qb(t,r)zP(tirSleTR(s)<0|R(t)=1f) (2.1)

is called the probability of ruin between t and T given the reserve r at
time t.

We notice that ruin could happen, for instance, if the company pays out pen-
sion, or if it invests its reserve and gets a negative outcome of its investments.
By definition (a), the probability of ruin is one when the reserve becomes neg-
ative, that is, ¢(t,r) =1, <0, with 0 <t < T < o and the initial probability
of ruin is zero at time t = T when the reserve is positive. Therefore, we obtain
condition (1.3).

(b) The time T defined by

T=inf{t >0 | R(t) <0} (2.2)

is the first time that the reserve level becomes negative and is called
the time of ruin.

(c) A process S is called a martingale with respect to a measure P and a
family of o-field F; if

Ep(Sj |Fi) =Si, ViSj. (2.3)
THEOREM 2.2. Suppose that g is a function of class C?(R¥,R) and the pro-

cesses X' is in the class of all real-valued continuous semimartingales on the
probability space for i = 1,2,...,k, then the following form of Ito’s formula
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is valid:

k
9(X) —g(Xo) =ZJ a—g Xy )dXi

(2.4)
+fu21 ax XJ JA((X',XT),).
THEOREM 2.3. If ¢p(t AT,R(t AT)) is an F; . martingale, that is,
PAAT,R(EAT)) =E(I(T<T)|Frrr), (2.5)

where t AT = min{t, T}, then the conditional probability of ruin ¢ (t,r) satisfies
the parabolic equation

o op 1 ’p _
5?+yﬁvﬁ——+20(t7%———0, (2.6)

where y(t,v) = [1t(t,v)+ B(t)r —u(t)] is defined as in (2.7).

Now, consider the risk reserves accumulated for a particular line of busi-
ness. The risk reserve level R(t) satisfies the following stochastic differential
equation:

dR(t) = [0 (t,R(t)) + BE)R(t) —u(t)]dt + o (t,R(t))dWr,

(2.7)
R(0) =7 = 0.

Here, 1t(t,R(t)) is the aggregate rate at which premiums are cashed at time t,
u(t) is the average aggregated claim rate at time t, f(t) is assumed the known
force of interest at that time, and W; is a standard Brownian motion. Since
the coefficients of the stochastic differential equation (2.7) depend only on the
history through R (t), therefore, the reserve process R(t) is a Markov process.
The strong Markovian property of R(t) implies that ¢(t A T,R(t A T)) iS an
F; »r martingale. Thus, ¢(t A T,R(t A T)) — ¢o(0,79) is a zero initial-valued
martingale, and it is square integrable. Apply Ito’s formula in Theorem 2.2,
then the following linear diffusion equation can be obtained by Theorem 2.3:

ad)[

op 1 ,0°¢
5 0. (2.8)

(t,r)+B(t)r— u(t)]—+ 50 52 =

Let r(t,7) — u(t) = « be a constant; o (t) = o > 0, B(t) = BeA® with 8 > 0,
and A(t) = fot A(s)ds, where A(t) acts as a functional force of inflation on
claims and premiums. Then we obtain the linear diffusion equation (1.1). By
the definition of ¢(t,7) in (a) and the previous discussion, the conditional
probability of ruin ¢ (t,r) satisfies the initial and boundary conditions (1.2)
and (1.3) where 0 <t < T < oo.
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We notice that there is no boundary condition defined along » = 0. We will
discuss the asymptotic solutions of (1.1), (1.2), and (1.3) across the disconti-

nuity v = 0 in Section 3.

Before closing this section, we introduce a useful lemma and a theorem in

asymptotic analysis.

LEMMA 2.4. For —o < x < o,

1 n? 1 x
e | oo (- )an=1-gere(3),
1 (™ 2 1 x
ﬁf oxp (- )an = j erte ()
X
for all € > 0.

THEOREM 2.5. The integral I,(x,t) defined by

2 (x+at) /2t nz
Lo, ) = =3 LO Q(n,x,t)exp(—az/z)dn

can be expanded as

I, t) =IO (t,x) + oIV (x,t) + 0 *1? (x, 1),

where
1 X+t X+t
Iéo)(x,t):Q(O;x,t)—EQ( NG ;x,t)erfc(U Zt)'
NG X+ «t . X+ «t
e gl -0 ) 525
o (x,t) prsp (0;x,1) N3 ix, t) )ierfc 52t )
. 1 (x+at)/2/t ) '72
I = Q . _
a (x,0) a\/ﬁﬁw (n,x,t)exp< 022 dn,
with

Q2 (m;x,t) = d%(%{mn;x,o —00x,0}).

The integral I, (x,t) defined by

R : n* )
Ib(th)_ _’TO_Z LX—M)R\EQ(’?;X;UeXp( 0_2/2 dr’

can be expanded as

I(x,t) =1V (x,t) + o I," (x,t) + 0217 (x, 1),

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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where x<0,0<0 <1,

I,(?O)(x,t) = %Q(X_O(t' ,t) erfc(x_o‘t),

NG o2t
Vo = 2 (05 —eron e (5
I, (x,t) — ok Q NG ;x| —Q(0;x,t) |ierfc oVt )’ (2.16)
1 * n?
Weo- 1 [ aomenen(- 1 Jan
p (X,1) = I (n;x,t) exp o2z )N
where
erfC(x):LJwe’Szds~ ! exp(—x?), asx — o (2.17)
VT )i x /T ’ ’ )

; 1 2y o1 52
1erfc(x)—\/ﬁexp( x°) —x erfc(x) 2Xz\/ﬁexp( Xx°), asx — oo,

(2.18)
Moreover, if Q(n;x,t) is a polynomial of degree n in n, then Q? (n;x,t) is a
polynomial of degree n—2 inn.

These results can be found in [12] and will be used in our later sections.

3. Asymptotic solutions of the diffusion equations. Consider the linear
parabolic differential equation

¢ a0 OP 1 0%
T +(x+7rpPe )ar+20 32 =0 (3.1

subject to initial and boundary conditions

d(t,r)=1, r<O0,

$(T,¥r)=0, r>0, (3.2)

where 0 <t < T < 0. Letting T = T —t, and making change of variables in (3.1)
and (3.2), we have

o _ a0 1 ,0°¢

P (x+7Be™) 3 + 20 I (3.3)
P(t,r)=1, r<Q0, (3.4)
$(0,r) =0, r>0. 3.5)

Since the boundary condition (3.4) is defined for » < 0, in order to obtain a
smooth transition for the asymptotic solutions of (3.3), (3.4), and (3.5) across
the discontinuity boundary » = 0, we use the boundary layer theory to deter-
mine the asymptotic behavior of solution of (3.2), (3.3), (3.4), and (3.5) in the
neighborhood of r = 0. Define the stretched variable € along » = 0 by

&E=—, (3.6)
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insert (3.6) into (3.3), and evaluate the coefficient of d¢ /07 at v = 0. This gives,
with ¢ = y/(T,8),
oy _ 0w 1, 5 0%

EZG 0(@4’50’ € TEZ (37)

We now divide our discussions into two Cases (I) ¢ > 0 and (II) x < 0.

CASE (I) (x > 0). If o is small, without loss of generality, let O(o) ~ O(€),
then we choose k = 2 in (3.7) to balance the leading term, this gives the bound-
ary layer equation

20y oy oy

2" = =200 +

it o€ @, (3.8)

which replaces (3.3). With ¢ expended in powers of € and with ¢ as its leading
term, we find that

Yo(T,8) = a(t) +b(T)e 2%, (3.9)

where a and b are arbitrary functions to be determined using the matching
condition and the boundary condition so that a boundary layer of width O (o°?)
can be located near » = 0. On the other hand, leading term of the outer solution
of (3.3) satisfies the reduced equation

9o
oT

9o

ar r >0, (3.10)

=0, 0= (x+per™)
which implies

¢o(T,¥) =0, r>0. (3.11)

Using the method of matching with the matching condition and the boundary
conditions

lgir%tl/(T,E) = ygng(T,r) —¢o(T,0) =1,

a2
%im w(T,&) =0, (3.12)

we have the boundary layer solution of O(c?),
Wo(T,E) =e %, E>0. (3.13)

To determine if there is a corner layer near origin (0,0), we introduce a stretch
variable ¢ along t = 0, defined by

c==1, (3.14)
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and the corner layer @ (¢, &) to (3.8), we obtain a corner layer equation which
is a linear parabolic partial differential equation of the form

o _ o 10
e~ %3 TaaE (3.15)

for 0 < & < o0, 0 < ¢ < o subject to the initial and boundary conditions

@(0,8) = —yo(0,8) = —e2*¢, £>0,
®(5,0)=0, ¢>0, (3.16)
%im P& =0, ¢>0.

Solving (3.15) and (3.16), we obtain the parabolic corner layer solution of width
0(0?),

PC,E) = —e 20E0c2 erf (J%) (3.17)
where the error function erf is defined by
2 (% _eo
erf(x) = \/—ﬁ Jo e ds. (3.18)

If, in addition, S is small, assume that O (*) ~ O (o) for some s > 0, we have
the boundary layer and parabolic corner layer as

Wo(T,E) = e 20E, £= é, (3.19)
— _p-20E-a?g)2 RS L
(g, &) =-e s erf(m>, c= go (3.20)

Therefore, we have the following theorem.

THEOREM 3.1. If @ > 0 and O (o) is a small positive parameter, the asymp-
totic solution, as o — 0%, of (1.1), (1.2), and (1.3) has the following form:

P(t,r) ~ e 2o
X (1*670(2(]“7”/202 erf(é)), r>0,0<t<T< o0,
g/2(T—1)
p(t,r)=1, r<O.
(3.21)
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If, in addition, O (B°) ~ O(0o) for some s > 0, then the asymptotic solution, as
B — 0%, 0f (1.1), (1.2), and (1.3) has the following form:

B(t,r) ~ e 20 /B

X (1—e‘°‘2<T‘”/ZBZS erf(;», r>0,0<t<T< o0,

BSN2(T —1t)
pt,r)=1, r<O.
(3.22)

REMARK 3.2. For a noise problem of (3.7), we replace o by the noise co-
efficient oe with € — 0™ and we can obtain a similar result using the above
techniques to obtain the asymptotic solutions of (3.1) and (3.2).

CASE (I) (¢ < 0). (i) For the case O(o) ~ O(€), no boundary layer occurs
since the exponential term decreases as & decreases in (3.9), but ¢(7,7) =1
for r <O0.

(ii) When o is not a small parameter if we retain the stretching variables
€ = v/B* and substitute into (3.3) with ¢ = @(7,&) = ¢(T,7), the boundary
layer equation becomes

2
gk OV _ gk OW 1 20" (3.23)
oT
We find that the leading term q is again given by

Yo(T,8) =a(t)+b(T)E, (3.24)

therefore, no boundary layer effect or corner layer effect occurs near v = 0
since there is no exponential decay. In this case, (3.3), (3.4), and (3.5) are a
regular perturbation problem.

In order to derive a uniformly valid asymptotic solution for this case, we
expand the solution ¢ (7,7) of (3.3), (3.4), and (3.5) in terms of interest rate
as a perturbation series

P(T,7) =D PulT,1)p" (3.25)
n=0

Making the substitution of (3.25) into (3.3), (3.4), and (3.5) and equating the co-
efficients of like power of 8, we convert the original equations to the following
equations:

090 _ 090 1 200

oT or 2 or? ’
$o(T,7) =1, ¥ <0, (3.26)

¢0(0,7)=0, >0
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and for n > 1, we have the following equations:

a(l)n a¢n 1 zazd)n 71,8,4(-,-) a(i)n—l

ot “ar 27 a2 ar
bn(T,7) =0, 7 <0, (3.27)

$n(0,7) =0, 7>0.

The solution ¢ (T,7) of (3.26) employing the Green’s function representation
has the form

bo(T,7)

0 1 _ 2
~1-enen)| [T Ao (- S ag

© 1 20E (r+oT+&)>2
I, o\/ﬁeXp(?>eXp(_20—ZT>d§}

(3.28)
where function H is the Heaviside function defined by
1, if x>0,
H(x) = (3.29)
0, if x <O.
We can simplify (3.28) to obtain
bo(T,7) = 1- 2 (1-H(-7) (1 _el2ralot) o (L+ o) )
ot 2 o/2T (3.30)
_(Corajo?) ((O(T—T))) ’
e erf 70\/? .
Solution ¢, (T,7) of (3.27) for n > 1 has the form
T 0
Pn(T,7) = JO . aqb%éu’g)EeA““G(T,T;E,u)olgtilu, (3.31)

where G (7, T;&,u) is the Green’s function representation of the form

2
COrTiEu) = (r+a(t-—u)-§) )

o2 (T-u) exp(— 202(T-u)

B 206y 1 _(1f+o(('r—u)+§)2
exp( o? >0' 21 (T —u) exp( 202(T—u) )

(3.32)
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In order to simplify (3.31), we let

0pn-1(u,§) Au)
9Pn-1 (U, 6) ¢ ),

o0& § (3.33)
f=1-u.

Y1 (E) =

Then, for n > 1, the integral

1= ma(ﬁ%;é(ageA(u)G(riT;g'u)dE
- 1 _rrai-§)?
_jo \Ifnfl(u,E)[U anexp( 202t )
) @ 1 B (1"+O(f+§)2
exp( = )Umexp< >5F )]dE (3.34)

(" Yai(r—s)  (s+ai)?

= —————"eX ———|ds
J—oo o221t p( 202t )

ar) “‘Pn_l(sfr)ex (_(saf)2>ds

—ex - — —_— =
p( o))y oot 20%t

Let n = (s + f)/2VE, then we have

— WM A(u) .
I_JO Je B MG TE ) dE

(3.35)
R . or
=L(r,t) =L (7,t)exp (— ;),
where
R [5 or+adi2y/i . - n?
Li(r,t) = pp Lw Y 1 (r+o<t—2n\/;) exp(— 02/2>dn,
(3.36)
A 2 o N : 3 r]z )
L(r,t) =,/ pp eraf)/z\/?\llnfl <¢xt+2r)\/; r) exp( 022 dan.
For n > 1, we have the solution ¢, (1,7) of (3.31)
T A A o -
bn(T,7) =J [Il(r,t)—lz(r,t)exp<—?)]dt, (3.37)
0
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where I (r,f) and I»(r,{) are defined in (3.36), f = T —t = u, and

0pn-1(1,§) Aw)
T e,

Therefore, we have the following theorem.

Yu1(8) = (3.38)

THEOREM 3.3. For « < 0, the asymptotic solution ¢, (t,v) of (3.1) and (3.2)
has the following form:

P (t,7) =Po(t,r)+ > Pult,r)p" (3.39)
n=1
with

dbo(t,r)=1- %(1 —H(-7)) <1 —e"2ralo?) | orf (M)

oJ2(T-t)

_p(-2ra/o?) apf (%7;—)__;)) )'

(3.40)

and ¢, (t,v) for n = 1, as defined in (3.37), is uniformly valid in the domain of
v andt.

For the case o is small, since the integrals I; (r,f) and L (r,f) are of the
same forms as in (2.11) and (2.15) in Theorem 2.5, respectively, we can apply
Theorem 2.5 to (3.35) repeatedly and obtain

_ *®0pn-1(u,8)
= 735

m-1 P P
1 A 1 r+ ot ¥+t
= UZk{Q(k)(O;r,t) Q(k)( . )erfc( A)
k;o [ 4kl D2k+1"%1 2i oV2F
1 (k)(rcxf) (—20r/0?) (r(xf)}
—— Q —— |e erfc =
224172\ o ff o2t

k1) [T QR 0,7, ) - ((r + «f) 12VE 7, 1) . r+cxf>
o {\/;( 2k(r + t) ferfe ov2f

I EeAWG(r,T;E,u)dE

+ 0 (07, 1) -0 ((r — ) /2VEs 7, )
2k (¥ — of)

' —f
xe(z"‘”"z)ierfc(r 0{))
o2t

1 ~ ~ Xr
+02m4—m{1f7") (r,6) = 1™ (r,f) exp (— ?ﬂ»,

(3.41)
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where
QR 0;r,f) = hnOlQY” (s;7,1), (3.42)
=
Q¥ (0;7,f) = 1in01Q‘2’<) (s;7,0), (3.43)
o
Yoq (r+ atAfZS\/E>, if k=0,
o (s;r,1) = Jr1 (3.44)
(k=1) p 0. 7 (k=1) (.o F ;
E[E{Ql (s;7,6) -l (o,r,t)}], ifk>1,
R ‘I’n,l(—r+af+23\/%), if k=0,
Q¥ (s;7,1) = (3.45)
’ d 1{9“‘ Visr.h-of Vo b}, ifk=1
\dS 2 2 ’ = ’

(r+o<t)/2\/_ 2
1,6 == 2 J Q™ (mr t)exp( U’Z/Z)dr/, (3.46)
(m) m)
I, (r,t ,/ JHM /2\/_ (n;7r t)exp< 2/2>dn (3.47)

Therefore, together with (3.30), we have the solution ¢,, (T,7) of (3.27) in terms
of an asymptotic uniform expansion in o

Pn(T,7)

m-1

.
=2 [02"{41—,{[ o® (o;r,b)df
k=0 0
1 JT[ (k)<r+0(f) <r+cxf>
~ ookl Q — | erfc _
22k+1 0 1 2\/? O_\/Z
— ot 2 r—of R
+Q(k)(rof>e(2mf/0' >erfc< ,\)]dt}
2 2\/{ 0_\/_
T (k) (k) ~
+0.2k+1j \/j 0;7,0) - ((r+af)/2VEr, ) | erfe r+(x€
o V2 2k (r + i) o2t

Qg’”(()r £)— Q¥ ((r — b)) /2VE 7, 1)
2k (¥ — «t)

. — ot N
x e(=20017%) jarfe (T ot )] dt
o2t

with erfc and ierfc as defined in (2.16) and (2.17); the remainder term

+02MRM) (v Fr0),
(3.48)

m) oy foory = L [T 2y g 2 g7
R >(r,t,0)—4—mjo ™ e -1 o, b}t (3.49)

where I."™ (v, f) and IS"™ (r,f) are as defined in (3.46) and (3.47), respectively.
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Therefore, we have the following theorem.

THEOREM 3.4. For x <0 and o < 1, the solution ¢, (t,r) of (3.3), (3.4), and
(3.5) is

P, 1) = po(t,7) + D b (t, )" (3.50)

n=1

with ¢o(t,r) as given in (3.40), and ¢, (t,v) for n = 1 as defined in (3.47). The
expansion (3.50) is uniformly valid in the whole domain for all B, o > 0 and

Pu(t,7)

= | o¥o;rbat
0

o2k+2 (T (r + af)? [ ® (r+ ot ) ( £ )
- | exp| -——||Q 7, =
22k+1 /1 ) xp( 202t ! o\ +at

(g2 (r + at)?
2k+3
+0 5 &X -
,[o { V2 p( 202t

y QR 0;7,8) - ((r + t) /2VE;7, )
2k (¥ + «f)?
Qg")(o;r,f)—Q‘z’”((r—af)/zﬁ;r,f)]} ]
+ ~— dt
2k (r — «xt)?

+02MmRM (v t: o).
(3.51)

We now plot some results to illustrate the asymptotic behavior of the solu-
tions (1.1), (1.2), and (1.3) with different values of the interest rate f and the
diffusion coefficient o.

When & =1, T = 1, and interest rate f = 0, for (I) o = 0.0005 and (II) o =1,
the asymptotic behavior of the conditional ruin probability are illustrated by
the following figures.

We notice in Figures 3.1 and 3.2 that the conditional probability of ruin
¢ (t,7) reaches zero much faster in Case (I) (reserve v ~ 10~%) than in Case (II)
(reserve v =~ 1.6).

For other fixed parameters, Figure 3.3 shows the behavior of the conditional
ruin probability as time decreases. Figure 3.4 shows the behavior of the ruin
probability as the reserve level decreases. Figure 3.5 shows that the conditional
ruin probability decreases as the interest rate increases.

Figures 3.6 and 3.7 show that the conditional ruin probability decreases as
the variance o decreases.
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FIGURE 3.1. Probability of ruin for case (I).
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FIGURE 3.2. Probability of ruin for case (II).

4. Conclusion and remarks. In study of diffusion models for risk reserves,
a special class of initial boundary value problem of linear diffusion equations
(1.1), (1.2), and (1.3) is obtained. Using asymptotic analysis and perturbation
theory, we provide the asymptotic behavior of the conditional probability of
ruin over finite time for different cases. Our results show that when the differ-
ence « of the aggregate rate 1r(t,7) at which premiums are cashed at that time
and the average aggregated claim rate u(t) at time t is greater than zero, there
are boundary layer and parabolic corner layer occur if volatility coefficient o
is small, or it is order of the small interest rate. In this case, inflation has
little effect on the asymptotic behavior of the ruin probability ¢ (t,7). How-
ever, there is no boundary layer or corner layer behavior when « < 0, then
the asymptotic solutions of (1.1), (1.2), and (1.3) can be obtained in terms of
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interest rate 8, which is uniformly valid in the given domain. The result also
provides us with some insight of the asymptotic behavior of the conditional
ruin probability for a more general model (2.8) where 1t (t,v) — u(t) = rg(t).
The similar techniques can be applied to obtain the asymptotic behavior of
the solutions by converting (2.8) into the heat equation via a transformation
in both independent variables t and 7.

In addition, our approach to the reserve process which is described by a
single stochastic differential equation in the above sections can be extended
to a vector form of stochastic differential equation. In fact, a company may
hold different portfolios. If we assume that there are n portfolios, then the risk
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asset and risk-free asset will follow the different dynamics, and the governing
equations of probability of ruin are described by (4.1). In this case, the vector
reserve processes can be described by a vector form of (2.7). Similar techniques
can provide a family of parabolic partial differential equation

%, 5, Lo S [2% o of o
+i:Z16 (tr)+50 gg[a”(trﬂaha’(t )]blj(t,r)_()

¢t,r)=1, f(r)<0, ¢(T,r)=0, f(r)>0,
(4.1)
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where f: R" — R is a C? function and the probability of ruin ¢(t,7) of the
total reserves

b(t,r) = P(til}sfrf(R(”) <0[ f(R()) = f(r)). 4.2)

The study of such equations will be discussed in somewhere else.
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