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This paper is the third in a series of papers studying equivalence classes of fuzzy
subgroups of a given group under a suitable equivalence relation. We introduce
the notion of a pinned flag in order to study the operations sum, intersection and
union, and their behavior with respect to the equivalence. Further, we investigate
the extent to which a homomorphism preserves the equivalence. Whenever the
equivalences are not preserved, we have provided suitable counterexamples.
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1. Introduction. For the benefit of the reader and also to fix notations, we
recall the following from [3].

We use I = [0,1], the real unit interval, as a chain with the usual ordering in
which A stands for infimum (or intersection) and Vv stands for supremum (or
union).

A fuzzy subset of a set X is a mapping u : X — L. The union, intersection
of two fuzzy sets, and complementation of a fuzzy set are defined using sup
pointwise, inf pointwise, and 1 — u operator pointwise, respectively. We denote
the set of all fuzzy subsets of X by I*. Further, we denote fuzzy sets by the
Greek letters u, v, n, and so forth. If X is a finite group (which is what we will
be interested in this paper), a fuzzy set u is said to be a fuzzy subgroup if
u(x+y) = pu(x) Au(y) for all x,y € X and p(x) = pu(—x). Without loss of
generality, we assume that ¢ (0) = 1. From this assumption, we notice that the
only admissible fuzzy subgroup of the trivial group is u(0) = 1.

We define an equivalence relation ~ on I¥ as follows: u ~ v if and only if

(i) forall x,y € X, u(x) > u(y) if and only if v(x) > v(y),

(i) p(x) =0 if and only if v(x) = 0.
It is easily checked that this relation is indeed an equivalence relation on I¥
and when restricted to 2%, this relation coincides with an equality of sets. We
denote this equivalence relation by u ~ v. Originally, this idea of equivalence
was prompted by [3, 4, 5].

NOTE 1.1. The condition, p(x) = 0 if and only if v(x) = 0, simply says that
the supports of y and v are equal, where by support we mean suppu = {x €
X : u(x) > 0}. The above condition cannot be made redundant since it is an
essential part of the equivalence relation.
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Throughout this paper, by a group G we mean a finite group. By a flag we
mean a chain of subgroups of the form 0 ¢ G; C G>C--- C G, = G. For some
examples of flags used in this paper, we refer to [1]. In [1], flags were referred
to as series.

We recall from [4] that a keychain [ means a set of real numbers in I of the
form1>A; = A, > --- > A, =0, where the A;’s are not all necessarily distinct.
The A;’s are called pins. By a pinned flag, we mean a pair (%6, 1), of a flag € and
a keychain [, written as follows:

0' c GiM c G2 - c Gy, (1.1)

We associate the following fuzzy subgroup with such a pinned flag (%, [):

(1, x=0,
Aly XEGI\{O},

u(x)zq/\z, XEGz\Gl, (1.2)

Ap, X €Gp\Gy1,

where the component G, is the whole group G. We denote this simply by
Gn = GM. That u is indeed a fuzzy subgroup on G may be quickly verified
using the definition. In this case we say that u is represented by the pinned flag

0' c GiM c G2 - c Gy, (1.3)

Conversely, every fuzzy subgroup yu may be decomposed into a pinned flag
as above by considering suitable «-cuts. For further details, see [3, 4]. Similar
techniques have been used in [2].

2. Homomorphisms and equivalences. In this section, given a homomor-
phism between two groups, we look at the equivalence classes of homomorphic
images and preimages of fuzzy subgroups. Firstly, we recall that if f: G — H
is @ homomorphism, by f(u) we mean the image of a fuzzy subset u of G
and it is a fuzzy subset of H defined by, for h € H, (f(u))(h) = sup{u(g) :
geG, f(g)=h}if f-1(h) # @ and f(u)(h) =0 if f~1(h) = @. Similarly, if
v is a fuzzy subset of H, the preimage of f~1(v) is a fuzzy subset of G and
is defined by (f~1(v))(g) = v(f(g)). The subgroup property is transferred
to images and preimages by a homomorphism between groups. For further
properties of images and preimages of fuzzy sets under a mapping, see [6].
Throughout this section, we suppose that f: G — H is a homomorphism from
agroup G to H.

PROPOSITION 2.1. Ifu ~ v, then f(u) ~ f(v).
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PROOF. Clearly, suppu = suppv implies f(suppu) = f(suppv), which in
turn implies supp f (u) = supp f(v). For the other part, let x,y € H such that
fu)(x) > f(u)(y).Itis enough to show that f(v)(x) > f(v)(y). Now, there
is an x" € G such that f(x') = x and u(x") > u(y’) for all y’ € G such that
Ff(¥') =y.Since u ~v,v(x’) > v(y’). Thisin turn implies f (v)(x) > f(v) ().
Thus, f (1) ~ f(v). O

It is straightforward to check that if y ~ v in H, then f~'(u) ~ f~1(v) in G.
Also, one could consider the behavior of inequivalent fuzzy subgroups under
a homomorphism. In general, one would expect inequivalent fuzzy subgroups
to have inequivalent images, but the following example illustrates that two
inequivalent fuzzy subgroups may have equivalent images under a homomor-
phism.

For the next two examples, consider Zg = {0,1,2,3,4,5} as a given group
and f:Zg — Zs defined by f(1) = 2 as a given homomorphism.

EXAMPLE 2.2. Let

1, X = 0, 1; X = Ol
1 1
px) =17 x € 7,0, v(x) =17 x € 73\0, 2.1)
1 1
L otherwise, L otherwise.
Clearly, p is inequivalent to v. But

1, x=0, 1, x=0,

f(x)=41 ) fOWx) =11 _ (2.2)
L otherwise, 5 otherwise,

which are clearly equivalent.

Similarly, we may have inequivalent fuzzy subgroups giving rise to equiva-
lent preimages under a homomorphism.

EXAMPLE 2.3. Let

1, x=0, 1, x=0,
1 1
pix) =15 x €7>\0, vix) =15 x € 73\0, (2.3)
% , otherwise, % , otherwise.
Clearly, u is inequivalent to v. But
1, x=0, 1, x-= 0,
ST =41 _ ST =41 , (2.4)
3 otherwise, 5 otherwise,

which are equivalent.



2306 V. MURALI AND B. B. MAKAMBA

Itis clear thatif f : G — H is an epimorphism, then f(f~!(u)) = u; therefore,
if p and v are inequivalent fuzzy subgroups of H, then f~!(u) and f~1(v) are
inequivalent fuzzy subgroups of G. Similarly, it is clear that if f: G — H is
a monomorphism, then f~1(f(u)) = u; therefore, if 4 and v are inequivalent
fuzzy subgroups of G, then f(u) and f(v) are inequivalent fuzzy subgroups
of H. Therefore, equivalences and unequivalences of fuzzy subgroups are pre-
served under an isomorphism, but the notion of a fuzzy isomorphism is very
different (see [3]).

3. Equivalences under operation. In general, the operations of infimum
(the intersection), supremum (the union), and sum of fuzzy subgroups need
not preserve the equivalence classes of fuzzy subgroups. We have the following
example.

EXAMPLE 3.1. Suppose that g ~ v and p’ ~ v'. Then it is not necessary that
UAU ~VAV.
Let G be the group of integers 7 under addition.

Let
1, xe27, 1, x €27,
p(x) =11 _ pix)=41 _
3 otherwise, 10’ otherwise,
3.1)
1, xe3z, 1, xe€3z,
vix)=11 therwi Vi(x) = 1 herwi
5+ Otherwise, 5o Otherwise.
Then
1, xe€6z, 1, xe€6z,
1 1
HAV)(x) =120 X E2ENOL Ay () = g0 X E32V6L 3.2)
%, otherwise, 21—0, otherwise.

Firstly, we notice that
u~u, v~y (3.3)
Secondly, it is easily seen that
(HAV) £ (1 AV (3.4)

because

(u/\V)(3):§<(uAV)(2):%, 3.5)
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while

’ ’ _i ’ ’ _i
(u /\V)(3)—10>(H /\V)(2)—20- (3.6)

Similarly, we can show by an example that in general u ~ y’ and v ~ v’ do
notimply uvv ~u’ vv'.
The next example deals with the operation of sum.

EXAMPLE 3.2. Suppose that y ~v and y’ ~ v’. Then it is not necessary that
u+u ~v+v'.
Let G be the group of integers Z under addition.

Let
(1, xe6z, (1, xe6z,
u(x):.%, X €27\61Z, u’(x)=~%’ x €27\67Z,
i , otherwise, 1—10 , otherwise,
i i (3.7)
1, xe€6Z, 1, xe€6Z,
v(x):<§, x €37\62, v’(x):<%, x €37\62,
1 , otherwise, 1 , otherwise.
L6 L6
Then
1, x €67, 1, xeé6z,
2 3
(H+Vv)(x) =173 x €32\61, W +v)(x) =97 X €2Z\6Z, (3.8)
%, otherwise, %, otherwise.
Firstly, we notice that
u~u, v~V (3.9)
Secondly, it is easily seen that
(U+Vv) £ +v) (3.10)
because
2 1
(u+v)(3)=§>(u+v)(2)=§, (3.11)
while

(0 +v)(3) = 3 < W +V)(2) = 5. (3.12)

N | —
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NOTE 3.3. Although in this example p + v ~ v, this needs not be true in
general. For example, if 1/6 is replaced by 0 in both v and v’ above, then
u+v4vand p+v 4.

In contrast to the above examples, if we take two fuzzy subgroups u and v
from the same equivalence class J determined by u and v, then the inf, sup,
and sum of u and v determine the same equivalence class J.

PROPOSITION 3.4. Ifu~v, then unv ~ u. Consequently, UAV ~ V.

PROOF. Since u ~ v, suppu = suppv, and also supp(y A v) = suppu n
supp v, we have supp(u A v) = supp u. For the other part of equivalence, clearly,
if u(x) > pu(y), then v(x) > v(y) implies (LA V)(x) > (LAV)(Y).

Now, suppose that (uAV)(x) > (UAV) (V).

CASE 1. Assume that pu(x) = (uAV)(x) and u(y) = (uAV)(y), then there
is nothing to prove.

CASE 2. If u(x) =puAv(x)and v(y) =uAv(y), then v(x) > u(x) > v(y),
which in turn implies u(x) > u(y). Other cases are dealt with similarly. O

PROPOSITION 3.5. If u ~ v, then uvv ~ u. Consequently, uvv ~ v.

For the following proposition, we require both p and v to be fuzzy subgroups
of a finite group.

PROPOSITION 3.6. Ifu ~ v, then u+v ~ u. Consequently, u+v ~ v.

PROOF. Suppose that

(H+v)(x) > (u+v) (). (3.13)

Then there are x; and x» with x = x; + x> such that

u(x1) Av(xz) > (u+v) (). (3.14)

Suppose that p(x1) = pu(x1) Av(xe). Then p(xy) > pu(y) and v(x2) = u(xy) >
v(y). These imply u(x2) > u(y). Therefore, pu(x) = u(xy) A u(xz) > u(y).
Similarly, the other case v(x;) = u(x1) Av(x?2) leads to u(x) > u(y).
Conversely, suppose that p(x) > u(y). Then (u+v)(x) > (u+v)(y) be-
cause if (u+v)(x) < (u+v)(y), then by the above argument, we have u(y) >
u(x), a contradiction. On the other hand, (u+v)(x) = (u+v)(y) also leads
to a contradiction in the following way: there exist y; and y» such that (u+
v)(x) = u(y1) Av(y2) and ¥ = y1 + ¥2. So, p(y1) = (@ +v)(x) = p(x) and
v(y2) = v(x) implying p(y2) = p(x). Thus, p(y) = p(y1) A u(y2) = p(x).
This completes the proof. O

But, as for Zadeh’s complement [6], we have the following proposition.



ON AN EQUIVALENCE OF FUZZY SUBGROUPS III 2309

PROPOSITION 3.7. Ifu~v,thenl—pu~1-v.

4. Intersection and sums of fuzzy subgroups. In this section, we deter-
mine the equivalence class of fuzzy subgroups corresponding to intersection
and sum of two fuzzy subgroups in terms of pinned flags associated with given
fuzzy subgroups. Throughout this section, we require the number of compo-
nents in a pinned flag to be at least 3, otherwise the discussions become trivial.
Consequently, we assume that n > 2.

Firstly, in the next proposition, we look at a special case, namely the char-
acterization of intersection and sum of two equivalence classes of fuzzy sub-
groups whose pinned flags (6,1) have the same underlying flag of subgroups
(@).

PROPOSITION 4.1. Let G be a group with a flag ¢ of subgroups {0} = Gy C
G, C Gy C -+ C Gy =G. Suppose that u and v are two fuzzy subgroups whose
pinned flags have the same underlying flag 6 but have different keychains of
the forms pu=1A1Az---Ay and v = 1B1B> - - - Bn, respectively. Then

@) uAV~T1A1ABL - A ABn,
(i) py+v ~1A1VB1---AnV Bn.

NOTE 4.2. We emphasize in this note that y and v are not necessarily equiv-
alent.

PROOF. Let x € G. Then there is an index i such that 1 < i < n with x € G;,
but x & G;_1. Then u(x) = A; and v(x) = B;.

(i) To prove this part, it suffices to check that (u A v)(x) = A; A B;, which is
clearly true.

(ii) For this part, we first observe that (¢+v)(x) = A; v ;. Suppose that (u+
v)(x) > A; Vv Bi, then there exist x; and x, such that x = x; +x, with u(xy) A
v(x2) > A; V B;. This implies u(x;) > A; and v(x2) > Bi, which in turn implies
x1 € Gi—1 and x» € G;_1. Thus, x € G;_1, a contradiction. This completes the
proof. O

Suppose that we have two flags differing in only one component, such as

6u:10} =GoCcG1 CGrC - CGr-1 CGr CGy1C-+- CGp =G,

4.1
%, :{0}=GocGiCGrC---CGr1 CH,CGr1C---CGy=0G, (@.1)

forl<k<n-1.

PROPOSITION 4.3. Suppose that u and v are fuzzy subgroups of G whose
representative keychains are of the form 1A1A; - - - A,, and whose underlying
flags are €, and €., respectively, as described above. Then

(i) uAv isrepresented by the keychain

1A1A2 - - - A1 A1 Aks1 - - - A 0N €, or on 6, 4.2)
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(ii) p+ v is represented by the keychain
1A A - - - A1 Ak AR AR 42 - - - Ay 0N €, OF 0N 6. (4.3)

Before we give the proof, we note that €, can equivalently be replaced by
%, without any loss of generality.

PROOF. (i) It is straightforward from Proposition 4.1 that (u A v)(x) has
the same keychain pins as y and v on all G;’s fori=1,2,...,k—1,k+1,...,n.
It suffices to prove the case for i = k. So, consider x € Gg;1 \ Gk-1. Then
(UAV)(X) = Aks1. Suppose that (LA V) (x) > Agsq. Then either (uAV)(X) = As
for some 1 <s <k or (uAvV)(x) = 1. The latter case implies u(x) =1 = v(x).
But, x ¢ G implies p(x) < Ag_1. This in turn implies p(x) # 1, a contradic-
tion. For the former case, A; > Ay, implying p(x) = Ay, which implies x € Gy.
Similarly, x € Hy. So, x € Gy N Hi. By the maximality of the chains involved,
Gx NHy = Gi—1. This implies x € Gy-1, which is a contradiction to the choice
of x. Thus, (UAV)(x) = Ags1 for all x € Gii1\ Gg-1.

(ii) Firstly, we observe that Gy, = Gy + Hy by the maximality of chains.
Secondly, similar to the proof of case (i), for the sum, it is enough to consider
X € Ggs1 \ Gi—1. Then (u+v)(x) = u(x1) Av(xz) = Ag for x = x1 + xp with
x1 € Gi and x> € Hy. As before, suppose that u(x1) Av(x2) > Ag. Then either
U(x1) Av(xz2) =As forsome 1 <s <k—1or u(x;) Av(xy) = 1. The latter case
implies x = x1 +x2 € Gx_1+ Gk-1 = Gy-1, and in the former case, x = x1 +x; €
Gs + Gs = G;. By the chain property, we conclude that x € Gy_1, which is a
contradiction to the choice of x. Thus, (u+Vv)(x) = Ag for all x € Gii1\ Gi-1.
This completes the proof. O

Suppose that we have two flags differing in two or more components but
not consecutively, such as

€u:10}=GocG1C---CG;, C---CGp C---CGy, C---CGyr =G,
4.4
%y:{0}=GocGiC---CH;y C---CHj, C---CH;y C---CGy =G, (&4

where
1<) <1 4+2<ip <ip+2=< -+ <ip1 <ip1+2=<ix<n-1. (4.5)

Then, using the same argument as in Proposition 4.3 inductively, we have the
following corollary.

COROLLARY 4.4. Let u andv be two fuzzy subgroups whose underlying flags
6, and €., respectively, differ in two or more components but not consecutively
as shown in (4.4). Then

(i) uAv isrepresented by the keychain

IAD - A 1A 1A 1 - - A 1A 1A 1 - - A on 6, or on 6, (4.6)
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(ii) p+ v is represented by the keychain
1)\1 . 'AilflAilAil - 'AikflAikAik . ')\n on (611 or on (ﬁv. (4.7)

Now, we would like to consider two flags differing in two or more compo-
nents consecutively, such as

€Cu:-CGi-1CGiCGiy1C -+ CGik-1CGik CGiyps1 C vy

(4.8)
€y:---CGi-1CH{CHj;1 C---CHjyx-1 CHixx CGiyks1 C -+,

forl<i<-.--<i+k<n-1,k=1.Then the flags €,,, and €., are given by

Curv:--CGi-1CGi1NHi11 C-+- CGixNHj k CFCGiygs1 C- -,
(4.9)
where F can be either G, or H; ., and
Cuiv:i-+-CGi-1 CECGi+H;C---CGisk-1+Hivk-1 CGiggs1 C -+,
(4.10)

where E can be either G; or H;, respectively.

In the above, we have only indicated the corresponding distinct components
in €y, €,, €y\v, and €, and as the suppressed corresponding components
are assumed to be identical in the two flags.

PROPOSITION 4.5. Suppose that u and v are fuzzy subgroups of G whose
representative keychains are of the form 1A1A; - - - A, and whose underlying
flags are €, and €., respectively, as described above. Then

(i) uAv isrepresented by the keychain

TA1A2 - - Ais1 A1 A4 - - - Ak Ak 1 A ik 1A ik+2 - - = A 0N Gy,  (4.11)
(i) u+ v is represented by the keychain
TA A2 - A A A A1 - - - Ak Agyrr2 s - A 0N Gy (4.12)

PROOF. As in Proposition 4.3, it suffices to consider only indices i,i+1,...,
i+k.

(i) Let x € Gij+1 N Hiz1 \ Gi_1. Then clearly A;_; > (U AV)(x) = Aj;1. Now,
suppose that (uAV)(x) > Ajr1. Then (uAV)(x) = A; implying x € GiNH; =
Gi-1 by maximality of €, and %,. This is a contradiction to our choice of x.
Hence, (UAV)(X) = A1

Now, for other cases, let x € Gi1jNHisj\Gi+j-1 "Hi+j-1 for j=2,3,...,k.
Then Ay j-1 > (LA V)(X) = Aiyj. Suppose that (1A Vv)(x) > Ay ;. Then there
exists a pin A, representing the value of (uAv)(x) and itis such that A;, ;-1 >
As > Aq4j, which is a contradiction as A, ;-1 and A, ; are two consecutive pins.
Thus, (UAV)(Xx) = A4
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Next, let x € F\Gi;x N"Hjx,say F = Hi . Then v(x) > Ajyx and p(x) < Ajik,
which implies (uA V) (x) = pu(x) < Ajrx. But, (UAV)(X) = Ajk+1. Suppose that
(uAV)(x) > Aisk+1. Then this leads to a contradiction as in the previous case.
Thus, (U AV)(x) = Ajsk+1. Similarly, if F = Gik.

Finally, let x € G x+1\F,say F = Hiyk. Then (UAV)(x) = Ajix+1 and v(x) <
Ak, which implies (u Av)(x) < Ajik. As in the previous cases, we conclude
that (LA V)(X) = Ajsky1. Similarly, for F = G;.k. Thus (i) is proved.

(ii) Let x € E\ Gj-1, say E = H;. Then v(x) = A; implying (u+v)(x) = A;.
Suppose that (u+v)(x) = A;_;. Then x € G;_1, a contradiction. Thus, A; <
(u+vVv)(x) <Aj_1. As in case (i) above, we conclude that (u+v)(x) = A;.

Next, let x € G; + H; \E, say E = H;. Then (u+v)(x) = A; and v(x) < A;.
Suppose that (u+ v)(x) = A;_1. Then x € G;_1 < H;, a contradiction. Thus,
A; < (U+V)(x) < Aj—1. Hence, as before, (u+v)(x) = A;. Similarly, if E = G;.

Now, for other cases, letx € Gi;j+Hi+j\Gi+j—1 +H;sj1 for j=1,2,...,k—1.
Then Aij—1 > (u+V)(x) = Aj+;. As in other parts of this proof, it is clear that
(H+Vv)(x) = Ay

Finally,letx € Gi1k41\Gitk-1+Hirk—1. Then (u+v)(x) = Aj k1. But, Gigpq1 =
Gi+k + Hi+x by maximality of the chains 6, and €,. So, Ajsx—1 > (U+V)(x) =
Aisk. Thus, (u+v)(x) = Aj k. This completes the proof. O

The determination of the pinned flags of intersection and sum of two fuzzy
subgroups p and v, where the pins as well as the flags of the pinned flags
€6, and €, representing y and v are distinct, in general, does not seem to
follow any particular pattern as we have derived above. This is illustrated by
the following example.

EXAMPLE 4.6. Let G = Z7,. Let ¢, and ‘¢, be the pinned flags of y and v on
G given by

%p : 01 C 231/2 C 291/5 C Zlgl/ﬁ C 1361/9 C 2721/10,

(4.13)
@, : 01 C 7313 c 7614 C 71517 € T3118 75,011,

respectively. A simple calculation reveals the pinned flags for uAv and u+v
to be

01 c 231/3 c 261/6 c ZlSI/S C 2361/9 c 2721/11’

(4.14)
01 C 231/2 C 261/4 c 2181/5 C 2361/7 C 2721/10’
respectively. In the above calculation, notice that the roles played by the pins
and the components of the flags are equally important in a way in which they
are tied to each other. Suppose that we retain the flags but the pins for y and
v are changed to

139783672° 17290100110120° 19
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respectively. Then u Av and p +v have the pinned flags given by

01 C 231/72 c 261/90 C 2121/100 C 2361/110 C 2721/120’

01 C Z31/3 C 291/9 C 2181/18 C 2361/36 C 2721/72, (416)
respectively. Similarly, we could retain the pins but change the flags of y and v;
for example, in (4.13) above we retain the same pins but swop the underlying
flags. Then a simple calculation shows that we arrive at different (from (4.14))
pinned flags for u A v and p + v. The complete determination of the pinned
flags for p and v in the most general case will be dealt with in another paper.
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