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We present characterizations of connected graphs G of order n > 2 for which
h*(G) = n. It is shown that for every two integers n and m with1 <n-1<m <
(’21), there exists a connected graph G of order n and size m such that for each
integer k with 2 < k < n, there exists an orientation of G with hull number k.
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1. Introduction. The (directed) distance d(u,v) from a vertex u to a vertex
v in an oriented graph D is the length of a shortest directed u—v pathin D. A
directed u —v path of length d(u,v) is referred to as a u—v geodesic. A vertex
w is said to lie in a u — v geodesic P if w is an internal vertex of P, that is, w
is a vertex of P distinct from u and v. The closed interval I|u,v ] consists of u
and v together with all vertices lying in a u — v geodesic or in a v — u geodesic
in D. Hence, if there is neither a u — v geodesic nor a v —u geodesic in D, then
Iflu,v] = {u,v}. For a nonempty subset S of V(D), define

11s1= | IMu,v]. (1.1)

uves

Then certainly S < I[S]. A set S is convexif I[S] = S. The convex hull [S] of S is
the smallest convex set containing S. The set [S] is also the intersection of all
convex sets containing S. The convex hull [S] of S can also be formed from the
sequence {I¥[S]}, k = 0, where I°[S] =S, I'[S] = I[S], and I¥[S] = I[T*'[S]]
for k > 2. From some term on, this sequence must be constant. Let p be the
smallest number such that I?[S] = I?*1[S]. Then I”[S] is the convex hull [S].
A set S of vertices of D is called a hull set of D if [S] = V(D). A hull set of
minimum cardinality is a minimum hull set of D. The cardinality of a minimum
hull set in D is called the hull number h(D). Certainly, if D is a nontrivial
connected oriented graph of order n, then 2 < h(D) < n.

Concepts related to hull sets and hull numbers in oriented graphs were
studied in [7]. A set S of vertices in an oriented graph D is a geodetic set if
I[S]=V (D). A geodetic set of minimum cardinality is a minimum geodetic set,
and this cardinality is the geodetic number g(D).
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FIGURE 1.1. An oriented graph D with h(D) =2 and g(D) = 3.

To illustrate these concepts, consider the oriented graph D of Figure 1.1.
Let S = {u,v}. Since I[S] = V(D) — {z} # S, it follows that S is not convex.
However, [S]=1I°?[S] = V(G) and so S is a minimum hull set in D. Therefore,
h(D) = 2. On the other hand, the geodetic number of the oriented graph D of
Figure 1.1 is 3 and {u,v,z} is a minimum geodetic set in D.

If S is a hull set of an oriented graph D and u,v € S, then each vertex
of every u — v geodesic of D belongs to I[S]. This observation implies the
following lemma.

LEMMA 1.1. Let S be a minimum hull set of an oriented graph D and let
u,v €S.Ifw liesin au—v geodesic in D, thenw ¢ S.

The degree degv of a vertex v in an oriented graph is the sum of its indegree
and outdegree, that is, degv =idv +odv. A vertex v is an endvertex if degv =
1. A transmitter is a vertex having positive outdegree and indegree 0, while a
receiver is a vertex having positive indegree and outdegree 0. For a vertex u
of D, let

N*(u) = {x:(u,x) €EMD)}, N (u)={x:(x,u)€ED)}. (1.2)

So if u is a transmitter, then N~ (u) = &; while if v is a receiver, then N*(u) =
. A vertex u of D is a transitive vertex if (1) odu > 0 and idu > 0, (2) for
everyv € N*(u) and w € N~ (u), (w,v) € E(D). Avertex v of D is an extreme
vertex if v is a transmitter, receiver, or transitive vertex (see [2]). If v is an ex-
treme vertex, then v can only be the initial or the terminal vertex of a geodesic
containing v. This observation yields the following lemma.

LEMMA 1.2. Every hull set of a connected oriented graph D must contain
the extreme vertices of D. In particular, every hull set of D must contain its
endvertices. Moreover, if the set of the extreme vertices of D is a hull set, then it
is the unique minimum hull set.

The closed intervals I[u,v] in a connected graph were studied and charac-
terized by Nebesky [12, 13] and were also investigated extensively in Mulder
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FIGURE 1.2. An oriented graph in which every pair of vertices is a
hull set.

[10], where it was shown that these sets provide an important tool for study-
ing metric properties of connected graphs. The sequential construction of a
convex hull of a set of vertices in a graph was utilized in [9]. The hull num-
ber of a graph was introduced by Everett and Seidman [8] who characterized
graphs having some particular hull numbers and who obtained a number of
bounds for the hull numbers of graphs. The hull numbers of median graphs
was determined by Mulder [11]. (A connected graph G is a median graph if
for every three vertices u, v, and w of G, there is a unique vertex lying on a
geodesic between each pair of u, v, and w.) The hull number of a graph was
studied further in [3]. Convexity in graphs and digraphs was studied in [2, 6].
The geodetic number of a graph was introduced in [1] and studied further in
[4], while the geodetic number of an oriented graph was studied in [7]. We refer
to [1] for concepts and results on distance in graphs.

We have seen that if D is a nontrivial connected oriented graph of order n,
then

2<h(D) <n. (1.3)

The upper and lower bounds in (1.3) are sharp for all n > 2. For example, the
directed path 177: 1VU1,V2,..., Uy Of order n > 2 has hull number 2, where the set
{v1,v,} isits umque minimum geodetic set. Obviously, the hull number of the
directed Cycle Cn is 2 as well, but in thls case every pair of vertices in Cn isa
hull set of Cn. It was shown in [7] that Cn is the only connected oriented graph
of order n such that every pair of its vertices forms a geodetic set. However,
this is not true for hull sets. It can be shown that every pair of vertices of the
oriented graph in Figure 1.2 is a hull set.

At the other extreme are oriented graphs D of order n for which h(D) =
We need an additional definition. An oriented graph D is transitive if when-
ever (u,v) and (v,w) are arcs of D, then (u,w) is an arc of D. We can now
characterize oriented graphs of order n having hull number n.

PROPOSITION 1.3. Let D be a nontrivial oriented graph of order n. Then
h(D) = n if and only if D is transitive.
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PROOF. Assume first that h(D) < n. Then there exists a vertex v in D such
that S$ = V(D) —{v} is a hull set of D. Then odv > 0 and idv > 0. This implies
that v lies in some u —w geodesic u, v, w in D, where u,w € S. Therefore,
(u,w) ¢ E(D) and D is not transitive.

Conversely, assume that D is an oriented graph that is not transitive. Then
there exist distinct vertices u, v, and w such that (u,v),(v,w) € E(D), but
(u,w) ¢ E(D). Then S =V (D) —{v} is a hull set and so h(D) < n. O

Next we show that for a given integer n > 2, every integer k with2 <k <n
is the hull number of some oriented graph of order n.

PROPOSITION 1.4. For every two integers k and n with 2 < k < n, there exists
an oriented graph of order n and hull number k.

PROOF. We show, in fact, that there exists an oriented graph with this prop-
erty having the path P, of order n as its underlying graph. Let P,, : v1,V2,...,Un.
We construct an oriented graph D from P,, by directing the two edges incident
with v; towards v; for all even i with i < k. If k is odd, then each edge v;vi;1
with i > kis directed as (v;.1,v;).If kis even, then each edge v;v;,; fori > k—1
is directed as (v, vi+1). In each case, the set {vy,v>,...,Vk_1,Vn} of extreme
vertices is a hull set, so h(D) = k. O

Next we provide an upper bound for the hull number of an oriented graph
in terms of its order and diameter (the length of a longest geodesic).

PROPOSITION 1.5. If D is a connected oriented graph of order n and diam-
eter d, then

h(D)<n-d+1. (1.4)

PROOF. Let u and v be vertices of D for which d(u,v) = d and let u =
Vo, V1,...,V4 = U be a u —v geodesic. Let S = V(D) — {v1,v2,...,v4-1}. Then
[S]=V(D)andso h(D) <|S|=n-d+1. O

Note that, in the proof of Proposition 1.4, the oriented graph D constructed
there has order n, diameter d = n — k + 1, and hull number k = n—-d + 1.
Therefore, the upper bound for h(D) presented in Proposition 1.5 is sharp.

2. Relating hull number to geodetic number. If D is a nontrivial connected
oriented graph with h(D) = a and g(D) = b, then necessarily 2 < a < b. We
now show that every pair a, b of integers with 2 < a < b is realizable as the
hull number and geodetic number, respectively, of some oriented graph. The
following lemma is analogous to Lemma 1.2.

LEMMA 2.1. Every geodetic set of a connected oriented graph D must contain
the extreme vertices of D. In particular, every geodetic set of D must contain its
endvertices. Moreover, if the set of the extreme vertices of D is a geodetic set,
then it is the unique geodetic set.
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FIGURE 2.1. An oriented graph D with h(D) =a and g(D) =b =a+3.

THEOREM 2.2. For every pair a, b of integers with 2 < a < b, there exists a
connected oriented graph D such that h(D) = a and g(D) = b.

PROOF. Assume first that a = b > 2. Let D be the oriented graph whose
underlying graph is the star K; 4, where V(D) = {v,v1,v2,...,V,} and degv =
a, and such that (v,v) € E(D) and (v,v;) € E(D) for 2 <i<a. Then V(D) —
{v} is the set of extreme vertices of D. Since V(D) — {v} is both a hull set and
a geodetic set, it follows by Lemmas 1.2 and 2.1 that h(D) = g(D) = [V(D) —
{fvil=a.

Assume next that 2 < a < b. We construct an oriented graph D with the
required hull and geodetic numbers. For each integer i with 1 <i < b —a, let
F; be the oriented graph whose underlying graph is the 6-cycle x;, i, zi, wi,
Si, ti, x; and such that F; contains the two directed x; — w; paths x;, vi, z;,
w; and Xxi, t;, Si, w;. The oriented graph D; is produced by adding the vertex
v; and the two arcs (t;,v;) and (v, z;) to F;. Therefore, D; is isomorphic to
the oriented graph of Figure 1.1. The oriented graph D is then obtained from
the oriented graphs D; (1 < i < b —a) by adding (1) the a — 1 new vertices
uj (1 <j=<a-1),(2) the arcs (wp—q,u; ) for 1 < j < a -1, and (3) the arcs
(xi,xi+1) and (w;,w;s1) for 1 <i <b—a—1. The oriented graph D is shown
in Figure 2.1 for b—a = 3.

Let U = {u,uy,...,ugz_1} and V = {vq,vo,...,Vp_a}. Then {x;} U U is the
set of extreme vertices of D. Since I[{x;}uUU] =V(D)-V and [{x;}uU] =
I?[{x1} UU] = V(D), it follows that {x;} U U is a hull set of D and so h(G) =
[{x1}UU| =a by Lemma 1.2.

Next we show that g(G) = b. Since {x;} UU UV is a geodetic set, g(G) <
[{x1} WU UV| = b. It remains to show that g(G) = b. Let W be a minimum
geodetic set of D. Certainly, {x;} UU C W by Lemma 2.1. Of course, W con-
tains the vertex x; in D;. We claim that W contains at least one vertex in each
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FIGURE 3.1. An oriented graph D of K 4 with h(D) = 2.

D; for all i with 2 < i < b — a. Otherwise, V(D;) nW = & for some i with
2 < i < b—a. Observe that v; does not lie on any x — y geodesic in G for
x,y ¢ V(D;). This implies that v; ¢ I[W], which contradicts the fact that W
is a geodetic set. Therefore, as claimed, W contains at least one vertex from
eachD; 2 <i<b-a)and so |[W| > [{xj}uU|+(b—-a-1) = b-1. On the
other hand, if |W| = b — 1, then W contains exactly one vertex from each D;
(1 <i<b-a).In particular, x; is the only vertex of D; belonging to W. Since
each vertex v; (2 < i < b — a) only lies on those geodesics having v; as one
of its endvertices or having both endvertices belonging to D;, it follows that
v; € W. This implies that W = {x;} UU U (V — {v1}). However, then v, ¢ I[W],
which is a contradiction. Therefore, g(D) = b. O

3. Orientable hull numbers of graphs. For a connected graph G of order
n > 2, the lower orientable hull number h~(G) of G is defined as the minimum
hull number among the orientations of G and the upper orientable hull number
h*(G) as the maximum hull number, that is,

h™(G) = min {h(D) : D is an orientation of G},

h*(G) = max {h(D) : D is an orientation of G}. (3-1)
Hence, for every connected graph G of order n > 2, we have 2 < h™(G) <
h*(G) < n. First, we present a lemma that gives a sufficient condition for a
graph to have lower hull number 2. Observe that if a graph G contains a Hamil-
tonian path, then there exists an orientation D of G in which the Hamiltonian
path in G is oriented as a Hamiltonian path in D such that h(D) = 2. Thus we
have the following lemma.

LEMMA 3.1. Let G be a connected graph of order n > 2. If G contains a
Hamiltonian path, then h= (G) = 2.

The sufficient condition given in Lemma 3.1 for a graph to have lower ori-
entable hull number 2 is not necessary. For example, the graph K» 4 contains
no Hamiltonian path. Since the orientation D of K> 4 of Figure 3.1 has h(D) = 2,
it follows that h= (G) = 2.
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Certainly, if G contains a Hamiltonian path, then G contains a spanning tree
with two endvertices. More generally, we have the following lemma.

LEMMA 3.2. Let u be the minimum number of endvertices among all span-
ning trees of a connected graph G. Then h=(G) < p.

PROOF. Let T be a spanning tree of G with u endvertices, say, vi,va,..., V.
We orient the edges of T so that T is rooted at vy, that is, so that there is a
directed path in T from v; to every other vertex of T. For each edge uv of
Gnotin T, if dr(vy,u) <dr(v,,v), then orient uv as (v,u), and otherwise,
orient uv as (u,v). We denote the resulting digraph by D.

Let S = {v1,v2,...,v,}. For distinct integers i,j € {1,2,...,u}, the only v; -
vj geodesics in D are the unique v; —v; paths in T with 2 < j < pu. Thus
I[vy,v}] contains all vertices of the unique v, —v; path in T. Hence V(D) =
Uﬁ:zl[vl,vj] cI[S] and so I[S] = V(D). Therefore, h(D) < |S| = L. O

We now turn to those connected graphs G of order n > 2 for which h* (G) =
n. Recall that a vertex v is an extreme vertex in an oriented graph if v is a
transmitter, a receiver, or a transitive vertex. Hence if there exists an orienta-
tion D of a connected graph G of order n > 2 such that every vertex of D is an
extreme vertex, then h* (G) = n. The converse is also true for assume that G
is a connected graph of order n > 2 for which every orientation of G has some
vertex that is not an extreme vertex. Let D be an orientation of G. Then D con-
tains a vertex v that is not an extreme vertex. Hence v is neither a transmitter,
a receiver, nor a transitive vertex. Therefore, there exist two vertices u and w
distinct from v such that (u,v) and (v,w) are arcs of D but (u,w) is not an
arc of D. Consequently, v lies in a u — w geodesic in D and V(D) — {v} is a
hull set. Thus h(D) <n—1. Since D is an arbitrary orientation of G, it follows
that h*(G) < n—1. We summarize these observations.

PROPOSITION 3.3. Let G be a connected graph of ordern > 2. Then h*(G) =
n if and only if there exists an orientation D of G such that every vertex of D is
an extreme vertex.

For example, it is not difficult to show that there exists an orientation of any
bipartite graph and any complete multipartite graph in which every vertex is
an extreme vertex. Thus if G is a bipartite graph or a complete multipartite
graph of order n > 2, then h* (G) = n.

There is yet another characterization of those connected graphs G of order
n = 2 for which h* (G) = n. Let S be a finite nonempty set of positive integers.
The divisor graph G(S) of S has § as its vertex set and two vertices i and j are
adjacent if either i | j or j | i. A graph G is a divisor graph if G = G(S) for some
finite nonempty set S of positive integers. The following theorem was proved
in [5].

THEOREM 3.4. Let G be a graph. Then G is a divisor graph if and only if there
exists an orientation D of G such that every vertex of D is an extreme vertex.
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Combining Proposition 3.3 and Theorem 3.4, we have the following charac-
terization which relates two concepts that, at the outset, would appear to be
unrelated.

THEOREM 3.5. Let G be a connected graph of order n > 2. Then h*(G) =n
if and only if G is a divisor graph.

There exist connected graphs G and an integer k with h~(G) < k < h*(G)
such that G has no orientation with hull number k. In order to show this, we
first determine the hull number of an orientation of a cycle.

PROPOSITION 3.6. Let D be an orientation of C,, for n = 3. Then h(D) = 3
or h(D) = 2t for some integert with 1 <t <n/2.

PROOF. Let Cy : v1,V2,...,Uy, V1 be a cycle of order n and let D be an
orientation of C,. Then the number t of transmitters of D equals the num-
ber of receivers of D. If t = 0, then D is a directed cycle and so h(D) = 2.
For t = 1, let v;,,vi,,...,v;, be the transmitters of D and let v;,,v},,...,V},
be the receivers of D, where 1 <i; <ix < ---<ip<mand 1 < j; < jo <
-+ < jr <n.ByLemma 1.2, h(D) > 2t. We assume, without loss of generality,
that these transmitters and receivers appear around the cycle C,, clockwise as
Vi Vj13 Vips Vjpyeeny Vigy Vg

Case 1 (t = 1). If dp(vy,vj,) = n/2, then {v;,v}} is a hull set and so
h(D) =2.1f dp(vi,,vj,) <n/2, then {v;,vj, } isnotahull setand so h(D) = 3
by Lemma 1.2. On the other hand, {vi,,vi,+1,vj,} or {vy_1,Vi,vj;} is a hull
set. Thus h(D) = 3.

CASE 2 (t = 2). Since {vi,,Viy,..., Vi, Vj;,Vj,,...,Vj, } is @ hull set of D, it
follows by Lemma 1.2 that h(D) = 2t. 0

By Lemma 3.1 and Proposition 3.3, it is easy to verify that (1) h=(C,) = 2
foralln =3 and (2) h*(C,) = nif n =3 or n is even, while h* (C,)) =n—-1 if
n = 5 is odd. Thus, by Proposition 3.6, if n > 6 and 5 < k < n, where k is odd,
then there exists no orientation of C,, with hull number k. Therefore, there are
connected graphs G such that G has no orientation with hull number k for
some integer k with h~=(G) <k < h*(G).

On the other hand, for every two integers n and mwith1 <n-1<m < (’21),
there exists a connected graph G of order n and size m such that, for each
integer k with 2 < k < n, there exists an orientation of G with hull number k.
In order to show this, we first present three lemmas. The converse D* of an
oriented graph D has the same vertex set as D and the arc (1,v) in D* if and
only if the arc (v,u) is in D. Since the reversal of the edge directions on any
u —v geodesic in D yields a v —u geodesic in D* and vice versa, we have the
following lemma.

LEMMA 3.7. IfD* is the converse of an oriented graph D, thenh(D) = h(D*).

LEMMA 3.8. Let D be an oriented graph obtained from an oriented graph D’
by adding a new vertex and joining it to all vertices of D'. Then h(D) = h(D’) + 1.
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PROOF. Let v be the vertex of D that is not in D’. Since idp v = 0, it follows
that v belongs to every hull set of D by Lemma 1.2. Let S’ be a minimum
hull set of D’. Then [S"]pr = V(D'). Since [S'U{v}] =V(D")u{v} =V (D), it
follows that Su {v} is a hull set of D and so h(D) < |S'|+1=h(D’) +1. On
the other hand, let S = Au {v} be a minimum hull set of D, where A < V(D").
Since every geodesic of D is either a geodesic of D’ or an arc (v,v’) for some
vertex v’ in D', it follows that V(D) = [S] = [A]u {v}. Thus [A] = V(D’) and
soAisahull setof D’.So, h(D’") < |A|=|S|-1=h(D)-1orh(D) = h(D")+1.
Therefore, h(D) = h(D’) +1. O

LEMMA 3.9. Let D be an oriented graph obtained from an oriented graph D’
by adding a new vertex v and joining it to a vertex v’ of D’'.
(a) Ifv' is a transmitter of D', then h(D) = h(D’).
(b) Ifv' is a receiver of D', then h(D) = h(D") + 1.

PROOF. First, assume that v’ is a transmitter of D’. Let S’ be a minimum
hull set of D’. Then v’ € §" and [S"]p = V(D’). Since every geodesic of D is
a geodesic in D’ or a geodesic starting with v followed by v’, it follows that
(S"={v'})u{v}is a hull set of D. Thus h(D) < |S’| = h(D’). On the other
hand, let S be a minimum hull set of D. Since v is a transmitter of D, it follows
by Lemma 1.2 that v € S. Thus S = {v} UA, where A < V(D’). Since every
v — x geodesic of D, where x € V(D’), has v’ as its second vertex, it follows
that Au{v’} is a hull set of D’. Thus h(D') < |[Au{v'}| < |[Au{v}| = h(D).
Therefore, h(D) = h(D") and so (a) holds.

Next assume that v’ is a receiver of D’. Then v’ is also a receiver of D and
so v’ belongs to every hull set of D. Let S” be a minimum hull set of D’. Then
v’ e §’. Since S’ U {v} is a hull set of D, it follows that h(D) < |S" U {v}| =
h(D’) + 1. On the other hand, let S be a minimum hull set of D. Since v is a
transmitter of D, it follows by Lemma 1.2 that v € S. Thus S = {v} UA, where
A c V(D). Since v is on no geodesic joining two vertices of V(D’), it follows
that A is a hull set of D’. Thus h(D') < |A] < h(D)—-1or h(D') +1 < h(D).
Therefore, h(D) = h(D’) + 1 and so (b) holds. O

We are now prepared to present the following result.

THEOREM 3.10. For every two integersn and m withl <n-1<m < ('2‘)
there exists a connected graph G of order n and size m such that for each
integer k with 2 < k < n there exists an orientation of G with hull number k.

PROOF. We prove the more general statement: for every two integers n and
mwithl<n-1l<m< ('21), there exists a connected graph G of order n and
size m having a vertex v such that (a) G contains a Hamiltonian path with initial
vertex v and (b) for each 3 < k < n, there exists an orientation of G having v
as a transmitter and hull number k. By Lemma 3.1, (a) and (b) imply that for
each 2 < k < n, there exists an orientation of G having v as a transmitter and
hull number k.
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We proceed by induction on n. Since the statement is certainly true if n < 3,
we assume that n > 4. Suppose that the statement is true for n— 1. We consider
two cases.

CASE 1 (2n—3 <m< (’21)) Then m—-1)-1<m—-(n-1) < (";1). By the
induction hypothesis, there exists a connected graph G’ of order n — 1 and
size m — (n—1) having a vertex v’ such that G’ contains a Hamiltonian path
starting at v’ and for each 3 < k < n — 1, there exists an orientation of G’
having v’ as a transmitter and hull number k.

Let G = G'+K, with V(K;) = {v}. Then G is a connected graph of order n and
size m. Since G’ contains a Hamiltonian path starting at v’, it follows that G
contains a Hamiltonian path starting at v. Thus G has an orientation with hull
number 2 by Lemma 3.1. We now assume that 3 <k <n.Then2 <k-1<n-1.
By the induction hypothesis, there exists an orientation D’ of G’ having v’ as
a transmitter and hull number k — 1. We extend the orientation D’ of G’ to an
orientation D of G by directing each edge incident with v in G away from v.
Then v is a transmitter of D. Since h(D’) = k—1, it then follows by Lemma 3.8
that h(D) = k.

CASE2 m—-1<m=<2n-4). Then (n—-1)-1<m-1 < 2n - 5. By the
induction hypothesis, there exists a connected graph G’ of order n—1 and size
m—1 having a vertex v’ such that G’ contains a Hamiltonian path starting at v’
and for each 3 < k < n—1, G’ has an orientation having v’ as a transmitter and
hull number k. Let G be the graph obtained from G’ by adding a new vertex v
and the pendant edge vv’. Then G has order n and size m. Since G’ contains a
Hamiltonian path starting at v’, it follows that G contains a Hamiltonian path
starting at v. So, G has an orientation with hull number 2 by Lemma 3.1. For
3 < k <n, we consider two subcases.

SUBCASE 2.1 3 <k <n—1). Let D’ be an orientation of G’ having v’ as a
transmitter and h(D’) = k. We extend D’ to an orientation of G by directing
the edge vv’ as (v,v’). Then v is a transmitter of D. By Lemma 3.9, h(D) =
h(D") = k.

SUBCASE 2.2 (k = n). Let D’ be an orientation of G’ having v’ as a transmit-
ter and h(D') =n—1 and let D* be the converse of D’. Then v’ is a receiver
of D* and h(D*) = h(D’) = n—1 by Lemma 3.7. We now extend D* to an ori-
entation D of G by directing the edge vv’ as (v,v’). Then v is a transmitter
of D. It then follows by Lemma 3.9 that h(D) = h(D*) +1 = n. |

There is reason to believe that if G is any connected graph of order n > 3,
then h™(G) # h* (G). Consequently, we conclude this paper with the following
conjecture.

CONJECTURE 3.11. For every connected graph G of order at least3, h™ (G) +
h*(G).
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