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Stochastic antiderivational equations on Banach spaces over local non-Archime-
dean fields are investigated. Theorems about existence and uniqueness of the so-
lutions are proved under definite conditions. In particular, Wiener processes are
considered in relation to the non-Archimedean analog of the Gaussian measure.
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1. Introduction. This paper continues the investigations of stochastic pro-
cesses on non-Archimedean spaces [8]. In the first part, stochastic processes
were defined on Banach spaces over non-Archimedean local fields and the
analogs of Itd6 formula were proved. This part is devoted to stochastic an-
tiderivational equations. In the non-Archimedean case, antiderivational equa-
tions are used instead of stochastic integral or differential equations in the
classical case.

In Section 2, suitable analogs of Gaussian measures are considered. Cer-
tainly they do not have any complete analogy with the classical one, some
of their properties are similar and some are different. They are used for the
definition of the standard (Wiener) stochastic process. Integration by parts for-
mula for the non-Archimedean stochastic processes is studied. Some particular
cases of the general It6 formula from [8] are discussed here more concretely. In
Section 3, with the help of them, stochastic antiderivational equations are de-
fined and investigated. Analogs of theorems about existence and uniqueness
of solutions of stochastic antiderivational equations are proved. Generating
operators of solutions of stochastic equations are investigated. All results of
this paper are obtained for the first time.

In this paper the notations of [8] are also used.

2. Gaussian measures and standard Wiener processes
on a non-Archimedean Banach space

2.1. Let H = ¢o(x,K) be a Banach space over a local field K. Let U? be a
cylindrical algebra generated by projections on finite-dimensional over K sub-
spaces F in H and Borel o-algebras Bf (F). Denote by U the minimal o-algebra
o (UP) generated by U?.
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We consider functions, whose Fourier transform has the form
F) = foya(x) i=exp (= Blx]9) xy (%), (2.1)

where the Fourier transform was defined in [12] and [13, Section 7], y € K,
0<B <, 0<g< oo,

DEFINITION 2.1. A cylindrical measure p on AU? is called g-Gaussian if each
of its one-dimensional projections is g-Gaussian, that is,

HI(dx) = Cgy.qfpy.qV (dx), (2.2)

where v is the Haar measure on Bf(K) with values in R, g is a continuous
K-linear functional on H = ¢y («,K) giving projection on one-dimensional sub-
space in H, Cg,y,4 > 0 are constants such that u9(K) = 1, f and y may depend
on g, q is independent of g where 1 < g < o, and & C w( where wj is the first
countable ordinal.

If p is a measure on H, then [1 denotes its characteristic functional, that is,
[(g) == [y xg(x)u(dx), where g € H*, x4 : H — C is the character of H as the
additive group (see [8, Section 3.4]).

THEOREM 2.2. A nonnegative q-Gaussian measure L on co(wo,K) is o -addi-
tive on B f (co(wg,K)) if and only if there exists an injective compact operator
J € Ly(co(wo,K)) for a chosen1 < g < o such that

00

pldx) = @ u;(dx7), (2.3)
j=1
where
J= diag (C; : Cj €K, J S OU()), (2.4)
Hj (dxj) = Cﬁj;)’j;ﬂfﬁjv}’jqu(dxj) (2.5)

are measures on ¢;K, x = (x/ 1 j € wo) € co(wo,K), x/ €K, B; =1C;179, and
y =(yj:Jj€ wo) € co(wo,K). Moreover, each one-dimensional projection p9
has the following characteristic functional:

p? (h) =eXp<—(Zﬁj|91|q)lhlq)xg(y)(h), (2.6)
J

where g = (g;j:j € wo) € co(wo,K)*.

PROOF. Let 0 be a characteristic functional of u. By the non-Archimedean
analog of the Minlos-Sazonov theorem (see [6, Section 2.31], [5, 7]), a measure
u is o-additive if and only if, for each ¢ > 0, there exists a compact operator
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Se such that |[Re(u(y) —u(x))| < c for each x,y € co(wo,K) with [z*S.z| < 1,
where z = x — . From Definition 2.1, it follows that each projection u; on Ke;
has the form given by (2.5). It remains to establish that u is o-additive if and
only if J € Ly(co(wo,K)) and y € co(wo,K).

We have

Ui (K\B(K,0,7)) <C exp ’C ’ )|CJ L (dx)

xekK, |x|>r

(2.7)

<C exp (217 |G| dy,
yeR,|y|>r

where C > 0 and C; > 0 are constants independent of ; for by > p*® and each
¥ > by, 1 < q < o is fixed (see also the proof of [6, Lemma 2.8], [7], and [2,
Theorem I1.2.1]). Evidently, g(y) is correctly defined for each g € co(wo,K)*
if and only if y € co(wo,K). In this case the character xg4(,) : K — C is defined
and xg(y) = HA‘;‘;] Xa;v;- Due to [6, Lemma 2.3] and [7], if J € L4(co) and y €
co(wo,K), then u is o-additive.

Let 0 = g € ¢§. Since K is the local field, there exists xo € ¢y such that
lg(x0)| = llgll and ||xoll = 1. Put g; := g(e;). Then ||g|l < sup;|g;| since g(x) =
>;x’/gj,wherex = xJej:= > ;x/e;with x/ € K. Consequently, [|g|| = sup; |g;].
We denumerate the standard orthonormal basis {e; : j € N} such that |g,| =
llgll. There exists an operator E on ¢o with matrix elements E; ; = 6; ; for each
i,j > 1, E1j = g;j for each j € N. Then |detP,EPy| = llg|l for each n € N, where
Py, are the standard projectors on spgi{ei,...,en} [9]. When g € {eJ’.‘ 1 j € wol,
then evidently, p9 has the form given by (2.5) since y; (K) =1 for each i € wy,
where e;‘f (e;) = 0y, for each i, j.

Suppose now that J ¢ L,;(co). For this, we consider pu9(K\ B(K,0,7)) =
2 Jxek, x5 Cexp(=1x/T; DT v (dx), where g = (1,1,1,...) ecg = 1™ (wo,
K). On the other hand, there exists a constant C; > 0 such that for by > p3 and
for each » > by, we have the following inequality:

LeK,\x\>r exp( ‘C‘ 1Tl " (dx)

> | [Tew (- 117161 gy 08
+J_:exp(—|y|q|§j|*q)|§j|71dy]_

From the estimates of [2, Lemma II.1.1] and using the substitution z = y!/24
for y >0 and z = (—y)!/24 for y <0, we get that u9 is not o-additive, conse-
quently, u is not o-additive since Pg‘l (A) are cylindrical Borel subsets for each
A € Bf(K), where Pyz = g(z) is the induced projection on K for each z € c.
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For the verification of formula (2.6), it is sufficient at first to consider the
measure p on the algebra AU of cylindrical subsets in c¢y. Then for each pro-
jection u9, where g € spg(ey,...,en)™*, we have

09 (h) = L(' : -L(xe(hz)ul(dxl) o (X)), (2.9)

where e = (1,...,1) € Qy, h €K, n:=dimg, K, xieKe;, z=g(x), x = (x',...,
x™), consequently, 49 (h) = [1;" fii(hg:) since x.(hg(x)) = 1" Xe(higix")
for each x € spg(ey,...,em). Since J € L,, then p is the Radon measure, con-
sequently, the continuation of y from U? produces u on the Borel o-algebra
of ¢y, hence limy, .., i%m9 (h) = 19 (h), where Q,, is the natural projection on
spk(e1,...,em)* for each m € N such that Q,,(g) = (g1,--.,9m)- Using expres-
sions of f[i;, we get formula (2.6). From this, it follows that if J € L,, then fi(g)
exists for each g € ¢ if and only if y € ¢y, since 19 (h) = fi(gh) for each h eK
and g € ¢ |

COROLLARY 2.3. For each hi,h, € K and g € co(wo,K)*, |09 (hy + hy)| <
max (|49 (hy) 1,109 (h2)l).

REMARK 2.4. Let Z be a compact subset without isolated points in a lo-
cal field K, for example, Z = B(K, to,1). Then the Banach space C°(Z,K) has
the Amice polynomial orthonormal base Q,,(x), where x € Z, m € Ny :=
{0,1,2,...} [1]. Suppose that P! : C""1(Z,K) — C"(Z,K) are antiderivations
from [11, Section 80], where n € N. Each f € C° has a decomposition f(x) =
>om Am (f)Qm(x), where a,, € K. These decompositions establish the isomet-
ric isomorphism 6 : C°(Z,K) — co(wo,K) such that || f|lco = maxy, |am (f)| =
10(f)llc,- Since Z is homeomorphic with Z,,, then P'P°: C°(Z,K) — C*(Z,K)
is a linear injective compact operator such that P1P° € L,, where P/ here cor-
responds to PJ-H : CJ — CJ*! antiderivation operator by Schikhof (see also
[11, Sections 54 and 80] and [6, Section L.2.1]). The Banach space C%(Z,K) is
dense in C°(Z,K). Using Theorem 2.2 above and [8, Note 2.3] for g = 1, we get a
g-Gaussian measure on C°(Z,K), where P'POf =3 A;P;f and J f = 3 ; C;P;f
for each f € CY we put |A;||r]4 < ;|9 < [Aj| for each j € N, P; are projec-
tors, Aj,C; €K, p~l<|ml <1, ™€K, and |77| is the generator of the valuation
group of K.

If H = co(wop,K), then the Banach space C°(Z,H) is isomorphic with the
tensor product C°(Z,K) ® H (see [12, Section 4.R]). Therefore, the antideriva-
tion P" on C"(Z,K) induces the antiderivation P" on C"(Z,H).If J; € Ly (Y7),
then J:=J1®J> € L4(Y1 ®Y>) (see also [12, Theorem 4.33]). Put Y; = c%Zz,K)
and Y> = H, then each J := J1 ® J» € L4(Y; ®Y») induces the g-Gaussian mea-
sure p on C%(Z,H) such that pu = py ® up, where p; are g-Gaussian measures
on Y; induced by J; as above. In particular, for g = 1 we can also take J; =
P1P0. The 1-Gaussian measure on C°(Z,H) induced by J = J; ® J» € L; with
J1 = P1PY is called standard. Analogously considering the following Banach
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subspace C8(Z,H) = {f €C%Z,H): f(ty) = 0} and operators J := J; ® J» €
Ly (Cg(Z,K) ® H), we get the 1-Gaussian measures pu on it also, where ty € Z is
a marked point. Certainly, we can take other operators J; € L;(Y7) not related
with the antiderivation as above.

3. Non-Archimedean stochastic antiderivational equations

3.1. We define a (non-Archimedean) Wiener process w (t,w) with values in
H as a stochastic process (see [8, Definition 4.1]) such that

(ii)" the random variable w (t,w) —w (u, w) has a distribution pftu, where u
is a probability Gaussian measure on C°(T,H) described in Definition 2.1.

3.2. If u is the standard Gaussian measure on C8(T,H ), then the Wiener
process is called standard (see also [6, Theorem 3.23, Lemmas 2.3, 2.5, 2.8,
and Section 3.30], [7]).

REMARK 3.1. In [8] the non-Archimedean analogs of the It6 formula were
proved. In the particular case H = K we have a € LS(Q,%,A;C%(T,K)), E €
L7 (Q,%,A;CO(T,K)), f€ C(TxK,Y),and w € Lq(Q,%,)\;Cg(T,K)) are func-
tions (see [8, Sections 3.1, 4.3 and Definition 4.1]), so that

P bamel l[(ﬂ)(u E(u w))0(1®b®a®(m_l)®E®l)]
u Jw(u,w) oubdxm ’ ’

u=t

m+b
- Z( O ) BN -1 ) A

ouboxm

X [E(t;, ) (w(tjs,w) —w(tjw))]'

for each m +b < n, where ¢; = O'j(t) and a(t,w), E(t,w), w(t,w) € K, that
is, a, E, w commute. In particular, P\ f(u) = XL, (k!)~ 1P« f® (u), that is,
P f (W) lu—t = Pm+1f’(t),wherer+1 :C™(T,K) — C™+1(T,K) is the Schikhof
linear continuous antiderivation operator (cf. [11, Section 80]).

In the non-Archimedean case, the formula

M[(LTc;b(t,w)dBt(w))z] =MUST¢(t,w)2dt] (3.2)

(see [10, Lemma 3.5]) is not valid, but it has another analog. Let X be a locally
compact Hausdorff space and let BC.(X,H) denote a subspace of C%(X,H)
consisting of bounded continuous functions f such that for each € > 0 there
exists a compact subset V c X for which || f(u)||g < € for each u € X\ V. In
particular, for X Cc K, e* € H*, and a fixed t € X in accordance with [12, The-
orem 7.22], there exists a K-valued tight measure i o o+,px On the o-algebra
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Bco(X) of clopen subsets in X such that

e*Pub (U, x, ) o (I @ E®) |,

(3.3)
- JX W (1, E 1ty 0)w (4, 0), ) e 0,0 . (d10)

for each @ € L (Q,%,A;BC. (X, L (H®* H))) and E € L(Q, %,A;BC. (X,L(H))),
where H* is a topologically conjugate space, 1 <r,gq<co,and 1/ +1/qg > 1.

If x:K - Sl:={z e C:|z| =1} is a continuous character of K as the
additive group, then

MXy((e*ﬁuh’ka(qusw) o (I*" ® E®F) |u=t)l)

=HMxy((e*w(tj,x,w)[tj+1—tj]h) (3.4)
J
o (190 @ (E(t), ) [w (tj,1,0) ~w (), @) ])**)')

due to [8, Definition 4.1(i)]. For ¢ independent from x,l=1,k=2,b=0,E =1,
and H =K (so that e* = 1), (3.4) takes a simpler form, which can be considered
as another analog of the classical formula. For the evaluation of appearing
integrals, tables from [13, Section 1.5.5] can be used. Another important result
is the following theorem.

THEOREM 3.2. Let ¢ € L*(Q,%,A;CO(T,L(H))), w € L%(Q,%,A;CY(T,H))
be the stochastic processes on the Banach space H over K. Then there exists a
function ¢ € CUT,H) such that MXy(gPu u,w) W (U, w)oI|y-¢) = Ay gPupi)lu-r)
for eachy e K and eacht € T and for each g € H*.

PROOF. Lett €T andt; = 0;(t), where o; is the approximation of the iden-
tity in T and F,(w) := w(a,w) —w(b,w) for a,b € T (see [8, Section 2.1]).
In view of [8, Definition 4.2.(3), (ii)] and the Hahn-Banach theorem [12], there
exists a projection operator Pr, such that far95) (h) = gtfarPe) (Pry Eh) since
FapghEw = ghE(w(a,w) —w(b,w)) = hgEF,; pw for each a,b € T and for
each h € K, where [i is the characteristic functional of the measure u cor-
responding to w, that is, fi(g) := fc(?(T,H) Xg(V)u(dy), where g € C(T,H)*,
Xg : CO(T,H) — C is the character of CJ(T,H) as the additive group, E €
L(H), ¥ € C)(T,H), and u is the Borel measure on CJ(T,H) (see also [8,
Section 3.4]). The random variable E(w(a,w) — w(b,w)) has the distribu-
tion pfarf for each a = b € T and E € L(H). On the other hand, the projec-
tion operator Pr, commutes with the antiderivation operator P, on C°(T,H),
where (Pr. f)(t) := Pr, f(t) is defined pointwise for each f € C°(T,H). In
L*(Q,%,A;C%(T,H)) the family of step functions f(t,w) = X}_; Chy; (w) f;(t)
is dense, where f; € C 0(T,H), Chy is the characteristic function of U € %,
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and n € N since A(Q) = 1 and A is nonnegative. For each t € T, there ex-
ists limj_.. Y (tj,w) - (w(tjs1,w)—-w(tj,w)) in L2(Q, %, A H) (see [8, Theorem
2.12]).
If Ae L(H), then
1) xy((g1+92)Az) = Xy(g1AZ)Xy(g2Az) for each g1,9. € H* and z € H,

(i) xy(gA(z1+2z2)) =Xxy(gAz1)Xy(gAz,) for each g € H* and z,,z> € H,

(iii) xy(agAz) =[xy(gAz)]*@ for each {(e,ygAz)}, + 0 and a €K,
where C(a) := {(e,yagAz)},/{(e,ygAz)},. On the other hand, A is com-
pletely defined by the family {e]Ae;: i,j € «}, where H = ¢o(«,K), ef (e;) =
0ij, ef € H*, and {e; : j € «} is the standard orthonormal base of H. Hence,
the family {x, (ae;Ae;) : i,j € «; a € K} completely characterizes A € L(H)
due to (i), (ii), and (iii) when y = 0.

For each y € H and each y € K, the function My, (gy (t, w)y) is continuous
by t € T, consequently, there exists a continuous function ¢ : T — H such that
Myxy (g (t,w)y) = xy(gp(t)y) for each y € H and t € T since characters
Xy are continuous from K to C and x,(h) = xi1(yh) for each 0 # y € K and
h € K and the C-linear span of the family {x, : y € K} of characters is dense
in CY(K,C) by the Stone-Weierstrass theorem [3, 4]. On the other hand,

J o0
}i_rgoxy<zaj) =[Ixy(a) (3.5)
i=1

i=0

when limja; = 0 for a sequence a; in K. Therefore,
My (g 2wty ) [w(tin,w) —W(tj,w)]>
Jj=0

A(ygd(t;)(tjs1—t;))

Il
e

f(ygPy¢(u)|y—) foreachteT andeachge H*.

From the equality x,.p(c) = xa(c)Xxp(c) for each a,b,c € K, the statement of
this theorem follows for each y € K. O

THEOREM 3.3. Let a € L1(Q,F,A;CO(Bg,L1(Q,F,A;CY(Bg,H)))) and E €
L"(Q,%,A;CO(Bgr,L(L4(Q,%F,A;CO(Bg,H))))), a=alt,w,&), E=E(t,w,&),tc
Br,w €Q,E€ L1(Q,%,A;CO(Bg,H)) and & € L1(Q, F,A;H), andw LS (Q, F, A;
Cg(BR,H)) withl/vr+1/s=1/q,1<v,s,q < co, where a and E satisfy the local
Lipschitz condition

(LLC) for each 0 < v < o there exists K, > 0 such that

max (|la(t,w,x) —a(t,w,»)||,||Et,w,x)—E(t,w,)|]) <K/ lIx-yI (3.7)
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for each x,y € B(C°(Bg,H),0,7), t € Bg, and w € Q. Then the stochastic pro-
cess of the type

Et,w) =& (w) + (Pya) (u, 0,8 lu-t + (PwawE) (U, 0,8) | ,_, (3.8)

has a unique solution.

THEOREM 3.4. Let a € L®(Q,%F,A;CO(Bg,L1(Q,F,A;CO(Bg,H)))) and E €
L®(Q,%,A;CO(Bg, L(LA(Q,%F,A;CO(Bg,H))))), a=a(t,w,&),E=E(t,w,),tc
Br, w € Q, & € L1(Q,%F,A;CO(Bg,H)) and & < L1(Q,%,AH), w € L®(Q,
%,/\;CS(BR,H)), 1 < g < o, where a and E satisfy the local Lipschitz condition
(LLC). Suppose there is a stochastic process of the type

@) &(t,w) = Eo(w) + Xpmipo1 Xﬁo(pub+m4,w(u,w)l[am—z+b,z(u,§(u,w)) °
(I1®Y @ a®™m=b @ E®H)])|,—; such that am-;; € C°(Bg, X B(L4(Q,F,A;
C%Bg,H)),0,R>),L,,(H®™:H)) is continuous and bounded on its domain
for eachn,l, 0 < Ry < o,

(i) 1imy—co SUPg < @n-11llco (B, xB(19(0,5,1:C0 (Br,H)),0,R0), L (Hon i)y = O for
each 0 < Ry < R when 0 < R < o, for each 0 < Ry < R when R = oo,
and for each 0 < R, < oo,

Then (i) has a unique solution in Bg.

PROOF OF THEOREM 3.4. We have max(||la(x)—a(y)||9,|E(x)—E(y)||9) <
Kllx — |19, hence max(|la(x)|19,|E(x)]9) < K;([|x]|9 + 1) for each x,y € H
and for each 1 < g < o0, t € Bg, and each w € Q, where K and K; are positive
constants, a(x) and E(x) are short notations of a(t,w,x) and E(t,w,x) for
x = &(t,w), respectively. Let Xy (t) = x,...,

=] m
Xn(t) =X+ Z Z (puber—l’w(u‘w)l [amfl+b‘l(u,Xn71 (u, (U))
m+b=11=0 (3.9)

O(I®b®a®(m—l)®E®l)]) ‘ ,

u=t
consequently,

Xn1 _Xn(t) =

© m
Z Z (pumm*l,w(u,w)l [am—Hh,l (U,Xn(u)) - am—l+b,l(U,Xn—1 (u))]
m+b=11=0

o (I®b ®a®m-D ®E®l))

|u:t’

(3.10)
where in general

ﬁa(u,§>1|u:t = a(t,E(t,w)) —a(to,E(to,w)) + ﬁua(u,g)
=Y alt;,E(t;,w) [t~ ], (3.11)
J
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t; = oj(t) for each j = 0,1,2,.... Let M(n) be a mean value of a real-valued
distribution n(w) by w € Q. Then

MI|Pyomt gy ot [ Am =t (U, Xn (W) = Aom—reb (U, X1 (W) ]| (8 B(19,0,82)

o (I®b ®afm-D ®E®l) ’ ”g

u=t

< K(M||Pyim-t ot |7 | @m 15,11 8g, x3czaoron[
x (Msup|[ X, (w) = Xn -1 (w)]|?) (Msup lal™ ) (Msup | E]l"),
u u u
(3.12)

where X,, € Cg(BR,H) for each n, 1 < g < . On the other hand,
X (t) =x(t)

+ Z z Povimtwwiam-repi(u,xw)) o (I @a®™ Ve ESH]) |, _,,
mib=11=0
(3.13)

consequently,

[1X1 () = Xo (D) ]|

= Sullz (Hpuhm*l,w(u,w)l [am*ler,l(u’x(u)) ° (I®b ®a®mb ®E®l)] ||g) | u=t-
m,lL,

(3.14)

Due to condition (ii) of Theorem 3.4 for each € > 0 and 0 < R, < oo, there exists
B¢ C Bg such that

K sup (||Pybem-t et | g [@m 140,10, %) [ (BexB(1a,0,2))
m,Lb (3.15)
o (I*? @ a® ™MD gE®)]||9) =:c < 1.

Therefore, there exists a unique solution on each B, since sup,, || X; (1) — Xo (u) ||
< o0 and lim;_.., ¢!C =0 for each C > 0, hence there exists lim,, ... X, (t) = X (t) =
&(t,w)|p., where C:= Msup,cp, I X1 (1) = Xo(u)[|9 < (¢ +1)K < oo, here B is
an arbitrary ball of radius € in Bg, t € Be.

If X' and X? are two solutions, then X' — X? =: ¢ = 37, C;Chpx ;)
where n € N, C; €K, T = Bg, since Bg has a disjoint covering by balls B(K, x},
7;), on each such ball there exists a unique solution with a given initial condi-
tion onit (i.e., in a chosen point x; such that C; and B(K, x,7;) are independent
of w). If S is a polyhomogeneous function, then there exists n = deg(S) < «
such that differentials D™S = 0 for each m > n, but its antiderivative P has
D"1PS + 0. If ||S1]| > [|S2]l, then [|PS;]] > ||PS>|l, which we can apply to a
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convergent series considering terms |D™PS||(mod p*) for each k € N. There-
fore,

§

Z Z P pim- Law (u,w)l [am—l+b,l(u’X2)_am—l+b,l(u’X1)]
m+b=11=0 (3.16)

b Iy !
o(I**@a® ™V eE®))|,_,,

where the function y is locally constant by ¢t and independent of w. The term

[w(tiv1) —w(ti)]
(tiv1—ti)

(®'w) (t;;1;ti — ti) = (3.17)

has the infinite-dimensional over K range in CO(BI% \A,H) for A-a.e. w € Q,
where A := {(u,u) : u € Bg}. In view of [8, Lemma 2.2], ¢ = 0 since it is evident
for a(u,X), E(u,X), and ax_;;(u,X) depending on X locally polynomially or
polyhomogeneously for each u, but such locally polynomial or polyhomoge-
neous functions by X are dense in

LY(Q,%,A;C° (Bg, L(Q,F,A;C°(Br, H)))),
LA(Q,F,A; C°(Br,L(LI(Q,%,A;C%(Br,H))))), (3.18)
C%(Bg, x B(LY(Q,%,A;C°(Bg,H)),0,R>), Ly (H®; H)),

respectively. |
The proof of Theorem 3.3 is a particular case of the latter proof.

PROPOSITION 3.5. Let & be the Wiener process given by (3.8) with the 1-
Gaussian measure associated with the operator P1P° as in Remark 2.4 and let
also

max (||a(t,w,x)—a(v,w,x)||,|[E(t,w,x)—Ew,w,x)||)

(3.19)
<[t—v|(C + Callx|I?)

foreacht andv € B(K,tg,R) A-a.e. by w € Q, where b, C1, and C, are nonneg-
ative constants. Then € has a C%-modification with probability 1 and

a(t) <max {[[&l[*, [t —to| (C1 + C2q())} (3.20)

for each t € B(K,to,R), where q(t) := supm,tO,S‘t,tmMIIE(t,w)IIS and N > s >
b=>0.
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PROOF. For the function f(t,x) = x* in accordance with [8, Theorem 4.5],
we have

Sf(t,&(t, w))
= f(tO,g()) + Z Z <1l<> (pukl,w(u,w)l

k=11=0

u=t
(3.21)

X |:(IS<> E(t,w) % (u, E(u,w)) o (a®*D ®E®l)]>

hence

MHE(t,w)IlssmaX(HEoIS,It—told(Pi)(CﬁCz sup IMIIE(u,w)HS)),
u—tol=lt—-to
(3.22)

since |t; —to| < |t —to| for each j € N and

MI[E(t,w) - E(W,w)|]

. N (3.23)
sltv|<1+Cl+C2d(Pi) sup M||E(u,w)|| )

lu—to|<max(|t-tol,lv-tol)
since |t;—v;| < |t —v|+p’ for each j € N, where 0 < p <1,

B SUP g0, E20, f+0 MAX s> k=10 [| (kD)1 (I;)ﬁuk*l,wl (% f 10k x) o (a®*DoE®!) |

k-1 l
Haucﬂ(BR‘H) ”E”CO(BR,L(H)) HfHCS(BR,H)

dpy):

(3.24)

hence d(ﬁi) <1, since f € C* as a function by x and (®*g)(x;hy,...,hs;0,...,
0) =D5g(x)-(hy,...,hs)/s! for each g € C* and due to the definition of ||g||¢s.
Considering in particular polyhomogeneous g on which d(ﬁi) takes its max-
imum value, we get d(ﬁi) = 1. Since P(C?) = 1 for the Markov measure P
induced by the transition measures P(v,x,t,S) := uftv (S|€(v) = x) for t # v
of the non-Archimedean Wiener process (see Theorem 2.2), then & has a C?-
modification with probability 1. O

NOTE. If we consider a general stochastic process as in [8, Theorem 4.2],
then from the proof of Proposition 3.5 it follows that & has a modification
in the space J (CS(T,H )) with the probability 1, where J is a nondegenerate
correlation operator of the product measure p on Cg (T,H).

PROPOSITION 3.6. Let & be a stochastic process given by (3.8) and let

max (||a(t,w,x;) —a(v,w,x2)||,||E(t,w,x1) —E(v,w,x2)||)
b (3.25)
< |t—v|(C1+C2||X1—X2H )
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for each t and v € B(K,to,R) A-a.e. by w € Q, where b, C1, and C, are non-
negative constants. Then two solutions &, and &> with initial conditions &,y and
&2 satisfy the following inequality:

y(t) <max {|[E10— &0, [t —to | (C1 + Coy (1))} (3.26)

for each t € B(K,to,R), where y (t) := SUp,_y|<|i-to) MI1E1 (£, ) = E2(L, ) |I°
andN>s>b>0.

PROOF. From Proposition 3.5, it follows that

M||E (t, ) - 2 (t, )|

. (3.27)
< |t—to|<C1+C2 sup MHE](M,(U)—Ez(u,(L))H ),

lu—tol=<lt-tol

since d(P$) < 1. 0

REMARK 3.7. Let X; = Xo+P;a+P,v and Y; = Yy + P;q + Py s be two sto-
chastic processes corresponding to E = I and a Banach algebra H over K in [8,
Section 4.3]. Then

XuYu=XeYe = (X = Xp) (Y = Vi) + Xe (Yu = Vi) + (X = X¢) Yo, (3.28)

where u,t € T. Hence d(X;Y;) = X;dY; + (dX;)Y: + (dX;)(dY:). Therefore,
Py, Y: = XtYi — XoYo — Py, X; — Pix,.v;)1, which is the non-Archimedean ana-
log of the integration by parts formula, where in all terms X; is displayed
on the left of Y;. For two C! functions f and g, we have (fg) = f'g+ fg’
ord(fg)=gdf+ fdg, that is, terms with (dt)(dt) are absent, consequently,
(dt)(dt) = 0.Inaparticular case X; = Y; = wy, this leads to w? —w§ — 2P, w; =
ﬁ(wt,wt) 1, where the last term corresponds to (dw;) (dw;) # 0. This means that
d(w?) =2wdw + (dw) (dw). For X; = w; and Y; = t, the integration by parts
formula gives Py, t = wit — Pyw; — Py, 1 such that Pyl = 3 tlwy,, —
wtj] *th‘FZthj[tj_pl —t;1# 0, for example, fort =1, w € Cg(T,H), T=1,
and to = O this gives ﬁ(t,um 1 =w; —wp = wy. Therefore, (dt)(dw;) # 0, that is
the important difference of the non-Archimedean and classical cases (cf. [10,
Exercise 4.3 and Theorem 4.5]).

If H is a Banach space over the local field K and f (x,y) = x*y is a K-bilinear
functional on it, where x* is an image of x € H under an embedding H - H*
associated with the standard orthonormal base {e;} in H, then

Py Yy = X[ Yy = X5 Yo = Pys Xo = P v 1, (3.29)

hence d(X;[Y;) = X[ dY: + (dX{)Y: + (dX[)(dYy) and d(w*w) = w*dw +
(dw*)w+ (dw*)(dw).
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DEFINITION 3.8. If £(t,w) € L1(Q,%,A;CO(Bg,H)) =: Z is a stochastic pro-
cess and T (t,s) is a family of bounded linear operators satisfying the following
conditions:

(d) T(t,s):Hs — Hy, where Hy := L1(Q,%,A;CY(B(K,0,|s|),H)),

(i) T(t,t) =1,

(iii) T(t,s)T(s,v) =T(t,v) for each t,s,v € Bg,

@iv) MS{HT(t,s)nllﬁ,} < Clmll,‘f, for each n € H;, where C is a positive non-

random constant, 1 < g < oo,
then T (t,s) is called a multiplicative operator functional of the stochastic pro-
cess &.

If T(t,s;w) is a system of random variables on Q with values in L(H), sat-
isfying a.s. conditions (i), (i), and (iii) and uniformly by t,s € Bz condition (iv)
such that (T(t,s)n)(w) = T(t,s;w)n(w), then such multiplicative operator
functional is called homogeneous. An operator A(t) = lim,_.o[T(t,t+s)—1]/s
is called the generating operator of the evolution family T (t,v). If T(t,v) =
T(t,v;w) depends on w, then A(t) = A(t;w) is also considered as the random
variable on Q (depending on the parameter () with values in L(H).

REMARK 3.9. Let A(t) be a linear continuous operator on a Banach space Y
over K such that it strongly and continuously depends on t € B(K,0,R), that
is, A(t)y is continuous by t for each chosen y € Y and A(t) € L(Y). Then
the solution of the differential equation dx(t)/dt = A(t)x(t), x(s) = xo, has
a solution x(t) = U(t,s)x(s), where U(t,s) is a generating operator such that

Ul(t,s) =I1+P,A(u)U (u,s)¥Zt, (3.30)

though x(t) may be nonunique, where x(s) = xo is an initial condition, x,t €
B(K,0,R). The solution of (3.30) exists by using the method of iterations (see
Theorem 3.4).

Indeed, in view of [8, Lemma 2.2], U(s,s) =1 and

dx(t) oU(t,s)x(s)
dt ot

=A)U(t,s)x(s) = A(t)x(t). (3.31)
If to consider a solution of the antiderivational equation
V(t,s) =1+P,V(t,u)A(u) 4=, (3.32)

thenitis a solution of the Cauchy problem oV (t,s)/ds = -V (t,s)A(s), V(t,t) =
I. Therefore, o[V (t,s)U(s,v)]/0s = =V (t,8)A(S)U(s,v)+V(t,s)A(s)U(s,v) =
0. Hence V (t,s)U(s,v) is not dependent on s; consequently, there exist U and
V such that V(t,s) = U(t,s) for each t,s € B(K,0,R). From this it follows that

U(t,s)U(s,u) =U(t,u) foreachs,u,t € B(K,0,R). (3.33)

In particular, if A(t) = A is a constant operator, then there exists a solution
U(t,s)=EXP((t—s)A) (see about EXP in [11, Proposition 45.6]). Equation (3.30)
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has a solution under milder conditions, for example, A(t) is weakly continuous,
that is, e*A(t)n is continuous for each e* € Y* and n € Y. Then e*U(t,s)n
is differentiable by t and U(t,s) satisfies (3.31) in the weak sense and there
exists a weak solution of (3.32) coinciding with U(t,s). If to substitute A(t) on
another operator A(t), then for the corresponding evolution operator U (t,s),
there is the following inequality:

O (t,s)-Ut,s)||<MM sup ||A(u)—Au)|R, (3.34)
ueB(K,0,R)

where M :=1+sup; ,cpkor) IU(t,$) |l and M is for U.

PROPOSITION 3.10. Let B(t) and two sequences A, (t) and By (t) be given
and strongly continuous on B(K,0,R) bounded linear operators, and let U (t,s)
be evolution operators corresponding to A, (t) = A, (t) + By (t), where

sup [[Bn(w)]| < sup [|B(w)]|=C < . (3.35)
neN,ueB(K,0,R) ueB(K,0,R)

IfMCR<1, then there exists a sequence Uy, (t, s) which is also uniformly bounded.
If there exists U, (t,s) strongly and uniformly converging to U (t,s) in B(K,0,R),
then U, (t,s) also can be chosen to be strongly and uniformly convergent.

PROOF. From the use of (3.30) and (3.33) iteratively for Uy, (0.1 (t),0;(¢)),
for Uy (07(t),s), and also for U, and taking U, — Uy, it follows that

Uy (t,s) = Un(t,8) + P, Uy (t,0)By(v)Up(v,s) V2t foreachn € N. (3.36)

Therefore, ||U, (t,s)|| < M +MCsup, |U,(v,s)|IR, hence |T,(t,s)|| < M/[1-
MCR] since MCR < 1. If lim,, x,, = x in Y and U,(t,s)x is uniformly con-
vergent to U(t,s)x, then for each € > 0 there exist 6 > 0 and m € N such
that sup; segx or) 1Un(t +h,s +v)xy — Uy (t,s)xu|l <€, for each n > m, and
max(|h|,|v|) < due to equality (3.36). O

PROPOSITION 3.11. Let a, am-1+p,1, and E be the same as in Theorem 3.4.
Then Theorem 3.4(i) has the unique solution & in Br for each initial value
E(tg,w) € L1(Q,F,A;H) and it can be represented in the following form:

&(t,w) = T(t,to;w)E(to; w), (3.37)

where T (t,v;w) is the multiplicative operator functional.

PROOF. Inview of Theorem 3.4, Definition 3.8, Remark 3.9, and Proposition
3.10 with the use of a parameter w € Q, the statement of Proposition 3.11
follows. O

3.3. Now we consider the case J(COO(T,H)) C CY(T,H) (see Proposition 3.5),
for example, the standard Wiener process.
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COROLLARY 3.12. Let a function f(t,x) satisfy conditions of [8, Theorem
4.7], then a generating operator of an evolution family T (t,v) of a stochastic
process n = f(t,E(t,w)) is given by the following equation:

A(t)n(t) = f{(t,&(t,w))
+ fr(t,E(t,w)) calt,w)
+ fr(t,E(t,w)) o E(t,w)w'¢ (t,w)

B S

m+b22,0smel,0sbez =

o(m+b) (3.38)
e offm (£

x(u,au,w>>o<z®b®a®<m4>@Ew)])

u=t

+ l(pthrm—l‘w(u’w)lfl [(M) (u,&(u, w))

ouboxm
o (I®? @ @®m~D ®E®”’”)]Ew,’l(u, w)) |u:t}.

PROOF. In view of [8, Theorem 4.7] and Proposition 3.11, there exists a
generating operator of an evolution family. From [8, Lemma 2.2 and formula
(4.14)], the statement of this corollary follows. 0

REMARK 3.13. If f(t,x) satisfies conditions either of [8, Section 4.3] or of
[8, Corollary 4.6], then formula (3.38) takes simpler forms since the corre-
sponding terms vanish.
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