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PROPERTIES OF CERTAIN p-VALENTLY CONVEX
FUNCTIONS
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A subclass €, (A, u) (p €N, 0 <A <1, —A =pu<1) of p-valently convex functions
in the open unit disk U is introduced. The object of the present paper is to discuss
some interesting properties of functions belonging to the class €, (A, u).

2000 Mathematics Subject Classification: 30C45.
1. Introduction. Let s{, denote the class of functions f(z) of the form
f(2)=2"+ > apnzl™ (peN={1,2,3,..1}) (1.1)

n=1

which are analytic in the open unit disk U= {z € C: |z| < 1}. A function f(z)
in s, is said to be p-valently convex of order « if it satisfies

Zf//(z)
f'(2)

Re{1+ }>p(x (zel) (1.2)
for some x (0 = & < 1). We denote by ¥, () the subclass of s, consisting of
functions which are p-valently convex of order « in U. In particular, we denote
J1(0) =K.

A function f(z) € o, is said to be uniformly convexin U if f(z) is in the class
I and has the property that the image arc f(y) is convex for every circular arc
y contained in U with center at t € U. We also denote by U the subclass of «;
consisting of all uniformly convex functions in U. Goodman [2] has introduced
the class UJ and given that f(z) € o, belongs to the class U if and only if

f// (Z)
f'(2)

Re{1+(z—t) }20 ((z,t) e UxU). (1.3)

Ma and Minda [3] and Renning [5] have showed a more applicable characteri-
zation for UJ. We state this as the following theorem.

THEOREM 1.1. Let f(z) € A;. Then f(z) € UK if and only if

Zf”(z)} 2
S (2) f(2)

Re{1+ (zeU). (1.4)
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In view of Theorem 1.1, Owa [4] considered a subclass UK (u) (-1 <u < 1)
of s;. A function f(z) € s, is said to be a member of the class U (u) (-1 <
u < 1) if and only if

Re{1+zf”(z)}— z2f"(z)

f(2) f(2)

In this paper, we investigate the following subclass of .

‘ (ze€U). (1.5)

DEFINITION 1.2. A function f(z) € #,, is said to be a member of the class
Gy (A, p) if

Zf// (Z)
f(z)

Zf//(z)
Re{1+ (2)

forsome A (0<A<1l)and u (-A=pu<1).

}—pu>/\‘1+ -p| (zel) (1.6)

Let f(z) and g(z) be analytic in U. Then we say that f(z) is subordinate to
g(z) in U, written f(z) < g(z), if there exists an analytic function w(z) in U
such that |lw(z)| = |z| and f(z) = g(w(z)). If g(z) is univalent in U, then the
subordination f(z) < g(z) is equivalent to f(0) = g(0) and f(U) c g(U).

2. Subordination properties. Our first result for properties of functions
f(z) € s, is contained in the following theorem.

THEOREM 2.1. A function f(z) € 6, (A, ) if and only if

zf"(2)
1+ 2) <h(z) (2.1)
with
o p=p) (14 yZ\FT 1z B
h(z)=p+ 2sin? B {(1_\/2) +<1+ﬁ) 2t (B =arccosA).

(2.2)

PROOF. Letl+zf"(z)/f (z) =w and w = u+iv. Then inequality (1.6) can

be written as
U—pu>AJ(u—p)2+ve. (2.3)

By computing, we find that inequality (2.3) is equivalent to

p(A-p)\* A2 pAL )2
<”+ 1-A2 >_1—2\2v2>( 1-A2 ) @4
pA+p)
>71+/\ (2.5)

Thus the domain of the values of 1 +zf"(z)/f’(z) for z € U is contained in

={w =u+iv:u and v satisfy (2.4) and (2.5)}. (2.6)
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In order to prove our theorem, it suffices to show that the function h(z) given
by (2.2) maps U conformally onto the domain D.
Consider the transformations

1-A2 w+2\2_“
p(1-p) 1—p’

t e %(w;/ﬁ+w2_"/ﬁ),

wy =

where 8 = arccosA and wy = wy + \/wf —1 is the inverse function of

wy +1/w»

> (2.8)

1=
It is easy to verify that composite function t = t(w) maps D" defined by

={w =u+iv:u and v satisfy (2.4), (2.5), and v > 0} (2.9)

conformally onto the upper-half plane Im(t) > 0 so that w = p corresponds
tot=1and w=pA+u)/(1+A) tot =—-1. With the help of the symmetry
principle, this function t = t (w) maps D conformally onto the domain

={t:|arg(t+1)| <m}. (2.10)
Since
1+2z\2
t=2<1_2> -1 (2.11)

maps U onto G, we see that

—p e PO (1) 4 (1) T 2]

2(1-22)
- p(1-p) 1+.Z 2(B/m) 1-Jz 2(B/m) (2.12)
“PT sin?p {(1—ﬁ) +<1+\/E) 2
=h(z)

maps U onto D with h(0) = p. Hence the proof of the theorem is completed.
O

Theorem 2.1 gives the following corollaries.

COROLLARY 2.2. If f(2) € 6,(A,p), then f(z) € Hp((A+p)/(1+A)) and the
order (A+ )/ (1+A) is sharp with the extremal function

z to
fo(z) :pL (t expj h( tl pdh)dtz, (2.13)

where h(z) is given by (2.2).
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PROOF. Using (2.5) in the proof of Theorem 2.1 and noting that

zfé’(z)) 3 A+pu
Re <1+ 71 =Re(h(z)) PIx (2.14)
as z =Re(z) — —1, we have the corollary. O

COROLLARY 2.3. If f(z) € Cp(A,u) and —A < u <A <1, then

zf"(2) 1-p
’arg<1+ 2) )‘ <arctan<m) (zeU). (2.15)

The bound in (2.15) is sharp with the extremal function fy(z) given by (2.13).

PROOF. Let the function h(z) be defined by (2.4). Then h(U) = D and an
easy calculation yields that

min{0: | arg (h(z))| < 0(z € U)} =arctan(%) (2.16)
for —A < u < A < 1. Therefore, the corollary follows immediately from Theorem
2.1. O

Next we derive the following theorem.

THEOREM 2.4. Let f(z) € €,(A,u) and let h(z) be defined by (2.2). Then

;;;Zl < expjoz h(t)t_pdt, 2.17)
’ 1 _
rJ:z(l”Z*)l = exp Jo h(p’#dp (zel). (2.18)

The bound in (2.18) is sharp with the extremal function f,(z) given by (2.13).

PROOF. Since the function h(z) — p is univalent and starlike (with respect
to the origin), by Theorem 2.1 and the result due to Suffridge [6, Theorem 3],
we have

f,(Z) _ z f”(t)_p_l Zm
IOg <p2p1> - JO (f'(t) t_>dt < JO " dt’ (2.19)

which implies the subordination (2.17).

Furthermore, noting that the univalent function h(z) maps the disk |z| < p
(0 < p =1) onto the domain which is convex and symmetric with respect to
the real axis, we deduce that

“h(t)-p ,, ('Re{h(pz)-p} Yhip)-p
Re Jo — dt = L 7p dp = Jo 7[) dp (2.20)

for z € U. Thus inequality (2.18) follows from (2.19) and (2.20). O
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REMARK 2.5. Ifwelet B=m/4and x = ((1+./p)/(1—/PNH? (0=p < 1),
then

™ (e

+o00 x 1
-8, (i - ams2

(2.21)

Thus, as the special case of Theorem 2.4, we have that if f(z) € 6,(1//2,1)
(-1/~/2=pu<1), then

=16P1H (zel) (2.22)
pzr-!
and the result is sharp.
3. Coefficient inequalities
THEOREM 3.1. If
f(2) =2+ > apnzP™ (3.1)
n=1
belongs to €, (A, u), then
8p*(1—p) ( B )2
< =
lap+1| = ) rrsing (B = arccosA). (3.2)

PROOF. It can be easily verified that

!/( ) 1
1+ZJJ:,(ZZ) =p+(1+;)ar,+1z+---,

_ PO (8B BB (2B

h(z)=p+ ZSinZB <1T * T (1T 1)>Z+ (3.3)
_ B\
7p+8p(1_“)<nsinﬁ> 2

where h(z) is given by (2.2). Since
f(z2)=zF +apnzPt+--- €%6,(A, W), (3.4)

it follows from (3.3) and Theorem 2.1 that

7T2 w 2 Zf//(z)_
s g ) (050G )
_ p+l mwsinf)?
_8p2(1_u)< y )ap+1z+ (3.5)
G sin B
<8v<1—u>< B

)2(h<z>—p).
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It is well known that if

f(z) = Z anz" < g(z) (3.6)

n=1

for g(z) € ¥, then (cf. Duren [1])

lan| =1 (n=1,2,3,...). (3.7)
Noting that
2 (SinB)z
— h(z)-p) €, 3.8
sp-w\ B (h(z)-p) (3.8)
we get (3.2). Also the bound in (3.2) is sharp for the function fy(z) given by
(2.13). O
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