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We suppose that p = 2938 4+ 1, where « = 1, B > 0, and p = 7 is a prime num-
ber. Then we prove that the simple groups Ay, where n = p,p + 1, or p + 2, and
finite groups Sy, where n = p,p + 1, are also uniquely determined by their order
components. As corollaries of these results, the validity of a conjecture of J. G.
Thompson and a conjecture of Shi and Bi (1990) both on A;, where n = p,p+1, or
p +2, is obtained. Also we generalize these conjectures for the groups Sy, where
n=p,p+1.

2000 Mathematics Subject Classification: 20D05, 20D60, 20D08.

1. Introduction. Let G be a finite group. We denote by 17(G) the set of all
prime divisors of |G|. We construct the prime graph of G as follows. The prime
graphT(G) of a group G is the graph whose vertex set is 77 (G), and two distinct
primes p and q are joined by an edge (we write p ~ q) if and only if G contains
an element of order pq. Let t(G) be the number of connected components of
I'(G) and let 11y, 112,. .., Tt () be the connected components of T'(G).If 2 € T (G),
then we always suppose that 2 € 1.

Now |G| can be expressed as a product of coprime positive integers m;,
i=1,2,...,t(G), where 1r(m;) = 11;. These integers are called the order compo-
nents of G. The set of order components of G will be denoted by OC(G). Also
we call mo,...,m; ) the odd-order components of G. The order components of
non-abelian simple groups having at least three prime graph components are
obtained by Chen [7, Tables 1, 2, 3]. Similarly, the order components of non-
abelian simple groups with two-order components can be obtained by using
the tables in [18, 28].

The following groups are uniquely determined by their order components:
Suzuki-Ree groups [6], Sporadic simple groups [4], PSL2(q) [7], Es(q) [2], G2(q),
where g = 0(mod3) [3], F4(q), where g is even [15], PSL3(gq), where g is an odd
prime power [14], PSL3(q), where g = 2" [13], PSU3(q), where g > 5 [16], and
Ap, where p and p -2 are primes [12].

It was proved by Oyama [20] that a finite group which has the same table of
characters as an alternating group A, is isomorphic to A,. It was also proved
by Koike [17] that a finite group which has the isomorphic subgroup-lattice as
an alternating group A, is isomorphic to A,,.
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Let 11, (G) denote the set of orders of elements in G. Shi and Bi [27] proved
that if m.(G) = m.(A,) and |G| = |A,|, then G = A,. [ranmanesh and Alavi
[12] proved that if p and p —2 are primes and OC(G) = OC(A,), then G = A,.
Praeger and Shi [21] and Shi and Bi [26] proved that Ag, Ag, A11, A13, S7, and
Sg are characterizable by their element orders. Also recently, Kondrat’ev and
Mazurov [19] and Zavarnitsin [29] proved that if 1. (G) = m.(A,), where n =
s,5+1,s+2 and s is a prime number, then G = A,,.

Now we prove the following theorems.

THEOREM 1.1. Let p = 2%38 +1, where x> 1, >0, and p = 7 is a prime
number. Let M = A,, where n = p,p + 1,p + 2. Then OC(G) = OC(M) if and
only if G = M.

THEOREM 1.2. Let p = 2%3f +1, where x =1, =0, and p = 7 is a prime
number. Let M = S,,, where n = p,p + 1. Then OC(G) = OC(M) if and only if
G=M.

In this paper, all groups are finite and by simple groups we mean non-abelian
simple groups. All further unexplained notations are standard and we refer,
for example, to [10]. Also frequently we use the results of Williams [28] and
Kondrat’ev [18] about the prime graph of simple groups.

2. Preliminary results

REMARK 2.1. Let N be a normal subgroup of G and p ~ q inI'(G/N). Then
p ~qinT'(G). In fact if xN € G/N has order pgq, then there is a power of x
which has order pq.

DEFINITION 2.2 (see [11]). A finite group G is called a 2-Frobenius group if
it has a normal series 1 < H < K < G, where K and G/H are Frobenius groups
with kernels H and K/H, respectively.

LEMMA 2.3 (see [28, Theorem Al). If G is a finite group with its prime graph
having more than one component, then G is one of the following groups:
(a) a Frobenius or 2-Frobenius group;
(b) a simple group;
(c) an extension of a 1T, -group by a simple group;
(d) an extension of a simple group by a 1, -solvable group;
(e) an extension of a 1ty -group by a simple group by a 1T, -group.

LEMMA 2.4 (see [28, Lemma 3]). If G is a finite group with more than one
prime graph component and has a normal series 1 < H < K < G such that H
and G /K are 1t1-groups and K /H is a simple group, then H is a nilpotent group.

The next lemma follows from [1, Theorem 2].

LEMMA 2.5. Let G be a Frobenius group of even order and let H, K be Frobe-
nius complement and Frobenius kernel of G, respectively. Then t(I'(G)) = 2,
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and the prime graph components of G are t(H), m(K) and G has one of the
following structures:

(a) 2 € m(K) and all Sylow subgroups of H are cyclic;

(b) 2 € T(H), K is an abelian group, H is a solvable group, the Sylow sub-
groups of odd order of H are cyclic groups, and the 2-Sylow subgroups
of H are cyclic or generalized quaternion groups;

(c) 2 € m(H), K is an abelian group, and there exists Hy < H such that
|H:Hp| <2,Hy=ZxSL(2,5), (1Z],2.3.5) = 1, and the Sylow subgroups
of Z are cyclic.

The next lemma follows from [1, Theorem 2] and Lemma 2.4.

LEMMA 2.6. Let G be a 2-Frobenius group of even order. Then t(T(G)) = 2
and G has a normal series 1 < H < K < G such that
(@ m=nm(G/K)utt(H) and t(K/H) = 113;
(b) G/K andK/H are cyclic, |G /K| divides | Aut(K/H)|, (|G/K|,|K/H|) =1,
and |G/K| < |[K/H|;
(c) H is nilpotent and G is a solvable group.

LEMMA 2.7 (see [8, Lemma 8]). Let G be a finite group with t (T (G)) = 2 and
let N be a normal subgroup of G. If N is a 1ti-group for some prime graph
component of G and m,mo,...,m, are some order components of G but not a
TT;-number, then mymo - - - m,- is a divisor of |N| — 1.

The next lemma follows from [5, Lemma 1.4].

LEMMA 2.8. Suppose that G and M are two finite groups satisfying t ([ (M)) >
2, N(G) = N(M), where N(G) = {n | G has a conjugacy class of size n}, and
Z(G) =1. Then |G| = |M]|.

LEMMA 2.9 (see [5, Lemma 1.5]). Let G, and G, be finite groups satisfy-
ing |G| = |G2| and N(G1) = N(G). Then t(I'(G1)) = t(I'(G2)) and OC(G,) =
OC(G2).

LEMMA 2.10. Let G be a finite group and let M be a non-abelian finite group
with t (M) = 2 satisfying OC(G) = OC(M).
(1) Let |[M| =mimy, OC(M) = {my,my}, and t(m;) = m; fori=1,2. Then
|G| = mymy and one of the following holds:
(@) G is a Frobenius or 2-Frobenius group;
(b) G hasanormalseries1 < H <K < G suchthatG/K is atr,-group, H is
a nilpotent 1ty -group, and K /H is a non-abelian simple group. More-
over, OC(K/H) = {m},m),...,m,,my}, |[K/H| = mim),---m;may,
and mim, - - -mj | my, where n(m}) = TrJ’., l<j<s.
(2) In case (b), |G/K| | |Out(K/H)|.

PROOF. The proof of (1) follows from the above lemmas. Since t(G) > 2, we
have t(G/H) = 2.Otherwise t (G/H) = 1,sothat t(G) = 1. Since H is a 1;-group,
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TABLE 2.1
p Finite simple Cpp groups
As, Ag;
2 L2(q), where g is a Fermat prime, a Mersenne prime, or g = 2", n > 3,
L3(22), Sz(22n+1) n =1
3 As, Ag;
L>(q), where g = 23, 3"*1 or 2.3" + 1 which is a prime, n > 1, L3(22)
As, Ag, A7; M11, M22;
L>(q), where g = 72, 5™, or 2.5" + 1 which is a prime, n > 1, L3(22),
> Sa(@),a=3,7,Us(3);
Sz(q),q=23,2°
Az, Ag, Ag; M22, J1, J2, HS;
L)(q), q = 23, 7" or 2.7" — 1 which is a prime, n > 1, L3(22), S¢(2),
7 05 (2), G2(q), q=3,19;
Us(q), a=3,5,19; Us(3), Us(2), Sz(23)
A13, A14, A1s; Suz, Fio;
Lo(q), q = 33, 52, 13", or 2.13" — 1 which is a prime, n > 1, L3(3),
13 L4(3), 07(3), 54(5),, S6(3), 0 (3), G2(q), g = 23,,3:
F4(2), Us(q), g = 22, 23, S2(23),3D4(2), 2E¢(2), *F4(2)’
Ai7, A1g, A19; J3, He, Fip3, Fioy;
17 Lo(q), g = 24, 17", 2.17" + 1 which is a prime, n > 1, S4(4), Sg(2),
F4(2), 05 (2), 07,(2), %Eg(2)
Arg, A20, A21;
19 J1,J3,0'N, Th,HN; L>(q), q = 19", 2.19" — 1 which is a prime, n > 1,
L3(7), U3(23), R(3%), 2E6(2)
37 A3z, A3g, A39; J4, LY;
Lo(q), q =37", 2.37™ —1 which is a prime, n > 1,
Us(11), R(33), 2F4(23)
A73, A7a, A75;
73 Lo(q), g = 73", 2.73" — 1 which is a prime, n > 1, L3(23), Sg(23),
Ga(aq),q=23,3%
F4(3), E6(2), E7(2), U3(3%), 3D4(3)
109 A109, A110, A1115
Lo(q), g = 109", 2.109™ — 1 which is a prime, n > 1, 2F4(23)
Ap,ApH, Ap+2;
p=2mi1, L>(q), q =2™, pk, 2-p*+1 which is a prime, s > k > 1, S5 (2?),
m=2s a=2%"andb=2%c=21c+d =5, F4(2°, e 2 1, 4e = 25,
O5ms1)(2),522,0,(28),c22,c+d=5s
Other Ap, Aps1, Aps2; L2(a), g = p¥, 2- p*¥ —1 which is a prime, k > 1

we arrive at a contradiction. Moreover, we have Z(G/H) = 1.Forany xH € G/H
and xH ¢ K/H, xH induces an automorphism of K/H and this automorphism
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is trivial if and only if xH € Z(G/H). Therefore, G/K < Out(K/H) and since
Z(G/H) =1, (2) follows. O

DEFINITION 2.11. A group G is called a Cp, group if the centralizers of its
elements of order p in G are p-groups.

LEMMA 2.12 (see [9]). Letp be a prime and p =2*3f +1, x>0 and § = 0.
Then any finite simple C,, group is given by Table 2.1.

3. Characterization of some alternating and symmetric groups. In the se-
quel, we suppose that p = 2%38 + 1, where x> 1, = 0, and p > 7 is a prime
number.

LEMMA 3.1. Let G be a finite group and let M be A,, where n = p,p +1, or
p+2,0rSy,, wheren = p,p+1.IfOC(G) = OC(M), then G is neither a Frobenius
group nor a 2-Frobenius group.

PROOF. If G is a Frobenius group, then by Lemma 2.5, OC(G) = {|H|,|K|},
where K and H are Frobenius kernel and Frobenius complement of G, respec-
tively. Since |H| | |K| — 1, we have |H| < |K|. Therefore, 2 t |H|, and hence
2 | IK|. So, |H| = p,|K| = |G|/p. We claim that there exists a prime p’ such
that 3n/4 < p’. Note that p <n, and hence p’2 t |A,l. Let B(n) be the number
of prime numbers less than or equal to n. In fact, by [22, Theorem 2] we have

n n

logn—-1/2 <‘B(n)<logn—3/2’ (3.
where n > 67. Thus
3n n 3n/4
B(")_B(T) " logn—1/2  log(3n/4)-3/2" (3.2)

When n > 405, we get f(n) — f(3n/4) > 1, and for n < 405, we can imme-
diately obtain the result by checking the table of prime numbers. Now let P’
be the p’-Sylow subgroup of K. Since K is nilpotent, P’ < G. Then p | p’ — 1,
by Lemma 2.7, which is a contradiction since p’ < p. Therefore, G is not a
Frobenius group.

Now let G be a 2-Frobenius group. By Lemma 2.6, there is a normal series 1 <
H <K <G such that |[K/H| =p and |G/K| < p. So, |H| # 1 since |G| = |G/K]| -
|[K/H|-|H|.Since 2 | |[H|, let p’ be as above and let P’ be the p’-Sylow subgroup
of H. Now, p | p’ — 1, which is impossible. Hence, G is not a 2-Frobenius group.

O

LEMMA 3.2. Let G be a finite group and M = A,, where n = p,p + 1, or
p+2,0rSy,, wheren=p,p+1.IfOC(G) = OC(M), then G has a normal series
1 <H <K <G such that H and G/K are 11, -groups and K /H is a simple group.
Moreover, the odd-order component of M is equal to an odd-order component
of K/H. In particular, t(I(K/H)) = 2. Also |G/H| divides | Aut(K/H)|, and in
fact G/H < Aut(K/H).
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PROOF. The first part of the lemma follows from the above lemmas since
the prime graph of M has two prime graph components. For primes p and g,
if K/H has an element of order pq, then G has one. Hence, by the definition of
prime graph component, the odd-order component of G must be an odd-order
component of K/H. Since K/H < G/H and C¢/u(K/H) = 1, we have

_ Ng/u(K/H)

H=
CIH = o (K/H)

=T, T<Aul(K/H). (3.3)
d

THEOREM 3.3. Letp =2%3F +1, where x> 1, >0, and p > 7 is a prime
number. Let M = A,, where n = p,p + 1,p + 2. Then OC(G) = OC(M) if and
only if G = M.

PROOF. By Lemma 3.2, G has a normal series 1 < H < K < G such that
m(H)Jm(G/K) C 11, K/H is a non-abelian simple group, t(I'(K/H)) > 2, and
the odd-order component of M is an odd-order component of K/H. There-
fore, K/H is a finite simple C,, group. Now using Table 2.1, we consider each
possibility of K/H separately.

In the sequel, we frequently use the results of [28, Table I] and [18, Tables
2, 3].

STEP 1. Letp =7,13,17,19,37,73, or 109.

Since the proofs of these cases are similar, we state only one of them, say
p = 13. Using Table 2.1, we have

(1) K/H = Suz or Fiy,. It is a contradiction since 37 | [Suz| and 3° | |Fi2»|
but 37 } |A,|, where n = 13,14,15;

(2) K/H = L»(27), L»(25), L3(3), L4(3), Sz(8), 2F4(2)’, or U3(4). If K/H =
L>(27),then |G|/|K/H|=|H|-|G/K| # 1.ByLemma 2.6, |G/K| | | Out(K/
H)| = 6. So, |[H| # 1. Let P be the 5-Sylow subgroup of H. But since H
is nilpotent, P < G. Hence, 13 | (|P|—1), which is a contradiction. Other
cases are similar;

(3) K/H =1L,(13") or L»(2.13" — 1), where 2.13" —1 is a prime, ¥ > 1. Note
that 132 4 |G|, hence » = 1. So, K/H = L»(13) or L»(25), and we can
proceed similar to (2);

(4) K/H = 07(3). It is a contradiction since 39 | |07(3)| but 39 } |A,|;

(5) K/H = S4(5) or Sg(3).1tis a contradiction since 5% | |S4(5)| but 5* t |A,|.
Also 39 | |S6(3)| but 3° { |Ay;

(6) K/H = Og (3). It is a contradiction since 32 | |04 (3)] but 32 } |A,|;

(7) K/H = G2(3) or G2(8). If K/H = G»(3), then we get a contradiction
since for n = 13,14 we have 36 | |G»(3)| but 36 } |A,|. For n = 15,
since |Out(G:(3))| = 2, we have |H| # 1. Now we proceed similar to
(2). If K/H = G»(8), then we get a contradiction since 218 | |G»(8)| but
218 4 |Anl;

(8) K/H = F4(2).Itis a contradiction since 17 | |F4(2)| but 17 4 |Ayl;

(9) K/H = U3(23). Itis a contradiction since 23 | |U3(23)| but 23 } |A,l;
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(10) K/H = 3D4(2) or 2Eg(2). It is a contradiction since 212 } |A,|. Also 19 }
[Anl;
(11) K/H is an alternating group, namely A;3, A4, Oor Ajs.
First suppose that n = 13. Since |K/H| < |A13|, K/H = Ay3. But |G| =
|A13], and hence H =1 and K = G = A3. If n = 14, then K/H = A3 or
Aqg. Butif v # 6, then Aut(A,) = S,, and hence |Out(A,)| =2.If K/H =
Ay, then |G/K]| | 2, and hence |H| # 1. Now we get a contradiction
similar to (2). Therefore, K/H = A4, and hence G = Aj4. If n = 15, we
do similarly.
STEP 2. Let p =2™ + 1, where m = 2°.
Using Table 2.1, we have
(i) K/H = L,(2™). Note that for every m we have |L,(2™)]| | |G|. Using
Lemma 2.6, |G/K| | |Out(K/H)|. Also | Out(L>(2™))| = m. Hence, |H| #
1. Now let p’ be a prime number less than p such that

| An|

Pl
Let P’ be the p’-Sylow subgroup of H. Since H is nilpotent, P’ < G. Hence,
p | (|P'|—1), which is a contradiction;
(i) K/H = Ly(p*) or L,(2p* + 1), where 2p¥ +1 is a prime and 1 < k < s.
We know that p|||A, |, hence k = 1. Now we proceed similar to (i);
(iii) K/H = S,(2%), where a =21 and b =24, c>1,c+d =s. Let g = 2P
and f = 2¢, Then p = g/ + 1 and we have

15.20) | =a* (¢! —1) (¢! + 1)1 (@' = 1) (g7 + 1). (3.5)

Each factor of the form (g’ +1) is less than or equal to p and therefore
divides |Ay|. Also ¢/° = (2m)f < 2m? < 22™ Hence, S, (2")| | |An|. But
|Out(S.(22))| = b. Then |H| +# 1 and we can proceed similar to (i);
(iv) K/H = F4(2¢), where e > 1, 4e = 2%, or Osim+1y (2), where s > 2, or
O,;(2h), where ¢ > 2, c +d = s. Again this part is similar to (iii);
(v) K/H = Ap,Api1,Aps2.
First suppose that n = p. Since |[K/H| < |Ap|, K/H = Ap. But |G| =
|[Apl, and hence H=1and K =G = A,.If n=p+1, then K/H = A,
or Ap+i. But if » # 6, then Aut(4,) = Sy, and hence |Out(4,)| = 2. If
K/H = A, then |G/K| | 2,and hence |H| # 1. Now we get a contradiction
similar to (i). Therefore, K/H = A, 41, and hence G = Ay 1. If n=p +2,
we do similarly.
STEP 3. For other primes p, we have K/H = Ap,Ap+1,Ap+2; L2(q), where
q = p*,2p* —1 which is a prime, k = 1.
In fact the proof of this step is exactly similar to that of Step 2 and we omit
it for convenience. ]
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THEOREM 3.4. If G is a non-abelian finite group with connected prime graph,
then G is not characterizable with its order component.

PROOF. Clearly, OC(G) = OC(Zg)), but G # Zj¢). |

COROLLARY 3.5. Every simple group with one component (see [28, Table I])
is not characterizable with this method.

THEOREM 3.6. Let n be a positive integer. If there exist at least two non-
isomorphic abelian groups of order n, then abelian groups of order n are not
characterizable with their order component.

PROOF. The proof is obvious. |

REMARK 3.7. It was a conjecture that every finite simple group M, where
I'(M) is not connected, is characterizable with its order components. But the
following example is a counterexample.

EXAMPLE 3.8. If g is an odd-prime power and n = 2% > 4, then OC(S2,,(q)) =
0C(02n+1(q)), but obviously S2,,(q) # O2n+1(q).

THEOREM 3.9. Let p =2%3f +1, where x> 1, =0, and p = 7 is a prime
number. Let M = S, where n = p, p + 1. Then OC(G) = OC(M) if and only if
G=M.

PROOF. Similar to the proof of Theorem 3.3, since G is a Cp;, group, we have
K/H = A,. Now using Lemma 3.2, we have

A, < — <Aut(Ay) = S,. (3.6)

Therefore, G/H = A,, or Aut(A,) =S,.If G/H = A,, then |H| =2 and H < G.
Hence, H < Z(G) = 1, which is a contradiction. Therefore, G/H = S,,, and since
|G| = |Sx|, we have G = S,,. O

4. Some related results

REMARK 4.1. It is a well known conjecture of J. G. Thompson that if G is
a finite group with Z(G) = 1 and M is a non-abelian simple group satisfying
N(G) =N(M), then G = M.

We can generalize this conjecture for the groups under discussion by our
characterization of these groups.

COROLLARY 4.2. Let G be a finite group with Z(G) = 1 and let M be A,
Ap+1, Aps2, Sp, 0r Sp1. IF N(G) = N(M), then G = M.

PROOF. By Lemmas 2.8 and 2.9, if G and M are two finite groups satisfying
the conditions of Corollary 4.2, then OC(G) = OC(M). So, Theorems 3.3 and
3.9 imply this corollary. ]
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REMARK 4.3. Shi and Bi in [26] put forward the following conjecture.

SHI'S CONJECTURE. Let G be a group and M a finite simple group. Then
G = M if and only if
@) 1Gl = M|,
(ii) 1T.(G) = 1M, (M), where 11, (G) denotes the set of orders of elements in G.

This conjecture is valid for sporadic simple groups [24], groups of alternat-
ing type [27], and some simple groups of Lie type [23, 25, 26]. As a consequence
of Theorems 3.3 and 3.9, we prove a generalization of this conjecture for the
groups under discussion.

COROLLARY 4.4. Let G be a finite group and let M be Ay, Api1, Ap+2, Sp, OF
Sp+1-If1G| = M| and 1.(G) = 1. (M), then G = M.

PROOF. By assumption, we must have OC(G) = OC(M). Thus the corollary
follows by Theorems 3.3 and 3.9. O
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