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We derive the expression for a general element of an SO(n) matrix. All elements
are obtained from a single element of the matrix. This has applications in recently
developed methods for computing Lyapunov exponents.
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1. Introduction. Matrix representations of the SO(n) group have played an
important role in mathematical physics [5, 6]. They continue to be used in
many fields to this day [4, 7, 8]. They also play a crucial role in new methods
for computing Lyapunov exponents [2, 3].

In this paper, we obtain the expression for a general element of an SO(n)
matrix Q™ for n > 3. This offers significant advantages in generalizing the
recent Lyapunov spectrum calculation methods [2, 3] to higher dimensions.
We demonstrate that expressions for all elements can be obtained from the
expression of a single matrix element by suitable operations. As an example
of the application of these results, we derive the elements of an SO(3) matrix
in Section 3. The standard expressions are obtained as expected.

2. General element of an SO(n) matrix. In this section, we derive the ex-
pression for a general element of an SO(n) matrix denoted by Q™ (for n = 3).
In all the expressions below, it is implicitly assumed that n > 3.

We start by deriving the expression for the element QY,‘L). Then we prove that
all other elements of Q™ can be obtained from this single element and give
explicit expressions for these elements. This method is based on the represen-
tation of the group SO(n) as a product of n(n—1)/2 nxn matrices, which are
simple rotations in the (i — j)th coordinates [1].

PROPOSITION 2.1. AnSO(n) matrix Q™ can be represented as the following
product of simple rotations (see [1]):

QM =012003) ...00n .. . gn-Ln) (2.1)

where 041 s given as
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1, ifk=1=1,j;
cos 0, ifk=1=1orj,
o) = 1sin0,, ifk=1i,l=j; (2.2)
—sin®@,, ifk=7j, l=1;
0, otherwise,

wherer = (i—1)2n—1)/2+j—1.
Let

7D = 012 0(3) ., O(l,n),
T(Z) — 0(2,3)0(2,4) . O(Z,n)

Tk = okk+D) gkk+2) . glkm) (2:3)

T(n—l) _ O(n—l,n).

We see that the matrix TV depends only on the first (n—1) 6;’s, namely, 01,
0>,...,0n_1, and the matrix T'® depends only on the next (n—2) 6;’s, namely,
01,0n41,...,02,_3, and so on. Finally, the matrix 7" ! depends only on one 6;,
namely, 0,,(,—1),2. Thus, a general matrix T is parameterized by the following

0i’s, namely, O nk), Omnk)+1,---»Opn,k), where m(n, k) and p(n, k) are given
by
m(n,k):(k_l)(z;_k)+2, (2.4)
k(2n-k-1
p(n,k) = % (2.5)
Therefore,
QMW =TT .. Th-1) (2.6)
The matrix T%® (k =1,2,...,n—1) is given by
1 0 0
0 0 0
: R®&) ! (2.7)
0

where R%®) is an (n —k + 1) x (n — k + 1) matrix parameterized by 0k +1,
Omn)+2,---,0pni), where m(n,k) and p(n,k) are given by (2.4) and (2.5),
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respectively. The elements of R®) are given as follows:

p(nk)
RY = [ cosé,, 2.8)
r=m(n,k)
*) _ o

Ry =sin0mmk), (2.9)

and for j = 3,4,...,n—(k—1),

-3
R(k) ( 1_[ €08 O (n, k)+r> SIN O (n k) +j—2- (2.10)

r=0

The second row (j =1,2,...,n—(k—1)) is given by
(2.11)

The rest of the rows (i = 3,4,...,n—(k—-1)and j = 1,2,...,n—(k—1)) are
given by

)
RM - = g (2.12)
Y aQm(n k)+i—2 Y

where 56”() Coefficient of HY 0COS O k)+r IN RU
Puttlng everything together, from (2.6) we have the following lemma.

LEMMA 2.2. Let Q™ be an SO(n) matrix (n > 3). Then the element Q\"" is
given by the expression

3 4
(n) (1 (2) (3)
17:1 = z Z Z Z 1J1R11 112R12 Lj3 " “Rijna-12, (2.13)

where j,1 = 2.

Next, we prove that all other elements of Q™ can be obtained from the
single element QY,‘L) (derived above). To show this, we need some preliminary
results contained in Lemmas 2.3 and 2.4 proved below.

LEMMA 2.3. Consider a general SO(n) matrix Q™ (m = 3). The expressions
for Qi (n) s ,1=1,2,...,n—1, do not involve the term cos0pn,1)(= cos0,_1) in
them.

PROOF. We can write the matrix Q™ as

Q™ =RWT (since TM =R™W), (2.14)
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where T is of the form

0
[=T7@T®...T7"D =, LD . (2.15)

0
Here A~V is a general SO (n— 1) matrix parameterized by 0y, 0351, ..., Onn-1)/2-
Thus, Qiﬁ’ (i=1,2,...,n—1)is given by

n
Q) = DR A (2.16)

k=2
From this equation, we see that Rill)’s (i=1,2,...,n—1) are absent in the ex-
pressions for le” (i=1,2,...,n—1). Also, by (2.9), (2.10), (2.11), and (2.12),
which give the expressions for RE}O’S, we see that the term cos 0,,_; is absent
in all the RE,P’S, where i = 1,2,...,n—1 and k = 2,3,...,n. Finally, A®D is
parameterized by 0y, 0y1,...,0nmn-1),2 and hence does not contain the term
cos 0,,_1. Therefore, QEZ) (i=1,2,...,n—1) does not involve the term cos0,,_.

This proves the lemma. |
LEMMA 2.4. Forn=>3,Q\Y = "1 cos 0pn.k), Where
p(n,k) = 7k(2n_2k_1). (2.17)

This lemma is easily proved by mathematical induction and hence we omit
the proof.

We are now in a position to prove that we can obtain all rows of Q™ given
only the first row.

LEMMA 2.5. Let Q™ be an SO(n) matrix (n = 3). Let QY;), i=1,2,...,n, be
its first row. Then the second row is given by the following equation:
00,7
001’

Qs = 1=1,2,...,n. (2.18)

The other rows are given by the following expression:

oy
QW =""1 i=34,..n1=12,...,n, (2.19)
00i1
where
i-2
B\Y = Coefficient of || cos6, in Q. (2.20)

r=1
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PROOF. A general SO(n) matrix Q™ is given by
QM =T1Wr, (2.21)

where T and I are given by (2.3) and (2.15), respectively. The matrix T
is parameterized by the following (n — 1) 6’s, namely, 64,0>,...,0,,_1 while
T is given by (2.15), where A®-1Y is an SO(n — 1) matrix, parameterized by
(n-1)(n—2)/2 0's, namely, 0,0p:1,...,0nmn-1)/2. Thus, Q\”, i =1,2,...,n
is given by

Q" =R\, (2.22)

Using this equation and (2.11), we obtain

(n)
(n) anl
= (2.23)
Q21 391
Also, from (2.12), we have
a9y’
(1) _ il -
R’ = 30,1 i=3,4,...,n, (2.24)
where (see (2.22) and (2.20))
gy = (2.25)
Thus,
By 390 Ly o
30, 20, =R, =Q;", 1=3,4,...,n (2.26)
Now, for 1 =2,3,...,n, we have
QW = Z Ry A (2.27)
Putting i = 1, we get
o -3 RIA - (2.28)

k=2
Since A,(('f’l,ll),l’s do not involve the first (n—1) 0’s, namely, 01,0>,...,0,_1, we
obtain (for k =2,3,...,n)

0 (1) 4 (n=1) 1) 4(n-1)
20, (le Aknll 1) R2k Aknl -1+ (2.29)
Summing over k (k = 2,3,...,n) and using (2.28) and (2.23), we get

d
E@ =Qy, 1=1,2,...,n. (2.30)
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Thus, the second row of Q ™, namely, Q;yl” (l=1,2,...,n) obeys the hypothesis
(2.18). We will now prove the hypothesis for the rest of its rows.
Let

i-2
94 = Coefficient of []cos6, in R}, i=3,4,...,n, (2.31)
r=1
i-2
%ix = Coefficient of H cos 0, in R(I)A,(("’l}lll, i=3,4,....,.m; k=2,3,...,n.
r=1
(2.32)
Therefore, (see (2.28) and (2.20))
Z%lk =R, (2.33)
k=2
Since A,(:ffl),l’s do not involve 04, 0-,...,0,_1, we have from (2.32)
G = AL IR (2.34)
a _ . i-2 . p(1)
where $;,’ = Coefficient of [[,_7 cos 6, in R}/
Thus, (see (2.12))
0Cik 1 ik (n-1) p(1)
aeiil _Aknll laei< _Aknll lR (235)
Summing both sides over k (k =2,3,...,1), we obtain
n
06 _
Z 0. 0%k Z R(l) ;(nl,l[)fl _ QS” (236)
k=2 i-1
But, from (2.33),
& 6 _ A(ZioGa) _ 0B (2.37)
= 00i1 00i1 00; 1" ’
Thus,
6%5?) (n)
30, Qi (2.38)
where %(") Coefficient of []-24 cos 0, in Q(") forl=2,3,...,n
Combining the above equatlon with (2.26), we obtain the following:
oy
QW =" i=3,4,..,m1=12,..,n, (2.39)
00; 1

where %il") = Coefficient of [[-25 cos 0, in QY[). Thus, (2.30) and (2.39) prove
the lemma. O
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We next prove a result analogous to Lemma 2.5, but for columns instead of
rows. Combining Lemmas 2.5 and 2.6 will give us the desired result of obtaining
all elements of Q™ from a single element.

LEMMA 2.6. Forn = 3, given the nth column of Q™, the (n—1)th column
is given by the following expression:

Q .
i=1,2,...,n. (2.40)
an 1= aep(nn 1)
The other columns are given by
o\
QP =2, i=1,2,...,m1=1,2,...,n-2, (2.41)
aev(n,l)

where QD(") Coefficient of ]_[m 141 COS Op(n,m) In Q(").

The proof of this lemma is by induction and is straightforward (though la-
borious). So we omit the proof.

Lemma 2.6 implies that given the last column of Q™ , we can derive the
other columns. In particular, given Q(lﬁ) (Lemma 2.2), we can obtain the first
row. Once the first row is known, using Lemma 2.5, all other rows can be de-
rived. Therefore, we see that from one element of Q ™, namely, Q" we can
generate the whole SO(») matrix by performing suitable operations. Thus we
have proved the following theorem.

THEOREM 2.7. Consider ann xn SO(n) matrix Q™ (m = 3). The expression
for Q") is given by

n-1 n

(n) R R@ 3)

Z Z Z Z Ry RiZ1 Ry =1y Rjna-1,2, (2.42)
Jn-2=2 jn-3=2 j2=2 j1=2

where j,_1 = 2 and the matrices R® are given by (2.9), (2.10), (2.11), and (2.12).
All other elements of Q™ can be derived from this single element. Elements of
the first row are given by

QM
(n) in
= 2.43
Ql,n 1 aep(nn D ( )
(o a(@(n)) 1=1,2 2 2.44
1 - aep(nl) =1,4...,n—2, ( - )
where 3\’ = Coefficient of T1}51,1 €08 0pnm) in Q\'Y. Elements of the second
row are given by
a (n)
Q) = Qu ) _ 1,2,...,n. (2.45)

00, ’
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Elements of the remaining rows are given by

(n)
(n) _ a%il
il 391'71 ’

Q i=3,4,....n;1=1,2,...,n,

where B\ = Coefficient of T]. 5 cos 0, in Q\}".

(2.46)

3. Example: SO(3). We will now derive the SO(3) matrix using Theorem 2.7.

We will first get the expression for Q(133) (see (2.42)):
% - RIVRE +RIVRE.
From (2.9) and (2.10), we have
sz) =sin0;, R%) = c0s 0;sin0,.
From (2.9) and (2.11), we get
Ri‘? = sin 03, R%) = C0s 03.
Therefore, we obtain
Qg) = sin 07 sin 03 + cos 04 sin 0, cos O3.
From (2.43), Qg) is given as

3) _ Q1Y
12 803

= sin 07 cos 03 — cos 01 sin O, sin O3,

and from (2.44), Q(lal) is given as

094}
20,

3)
Qi =
3) _ - 2 )
where %7 = Coefficient of [];,—, c0s0p3,m) in Q3. Thus,
3)

11 = €0s 01 cos0s.

The second row of Q¥ is given by (2.45):

aQ<3)
3) _ 1l _
Qy = 30, " 1=1,2,3.
Therefore,

Qé_‘? = —sin6; cos 0y,

Qg) = cos 07 cos 03 + sin 0; sin 0, sin O3,

§33) = c0s 0 sin 03 — sin 0, sin 0, cos O3.

(3.1)

(3.2)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)
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The last row is given by (2.46):

_ 0%y
30,

1=1,2,3, (3.10)

where %g) = Coefficient of []}_, cos 6, in Qﬁ). Therefore, we have

Q§31) = —sinfy,
Qé? = —co0s 0, sin O3, (3.11)

Q§33> = cos 0, cos 03.

The Q® matrix that we have derived agrees with the standard representation
as expected.
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