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THE ADDITIVE APPROXIMATION ON A FOUR-VARIATE
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We study the Hyers-Ulam stability theory of a four-variate Jensen-type functional
equation by considering the approximate remainder ¢ and obtain the correspond-
ing error formulas. We bring to light the close relation between the f-homogeneity
of the norm on F*-spaces and the approximate remainder ¢, where we allow
p,q,7, and s to be different in their Hyers-Ulam-Rassias stability.

2000 Mathematics Subject Classification: 47A62, 39B72.

1. Introduction. Throughout this paper, we denote by G a linear space and
by E areal or complex Hausdorff topological vector space. By N and R we de-
note the sets of positive integers and of reals, respectively. Let f be a mapping
from G into E. We refer to the equations

2f<x+y
4f(x+yzz+w) 2f<x+y> 2f(x+w> 2f<y+z> 2f(z+w>

—3f(x+y+z> 3f(y+z+w) 3f<z+w+x>_3f(u2+>3€+J’> :(fz)

)-reo-ro=e, (1.1)

as a Jensen equation and a four-variate Jensen-type functional equation, re-
spectively. The approximate remainder ¢ is defined by

(e (557 v (50 r e (57 <2 (55)

_3f<x+y+z> 3f<w>_3f(w>_3f<w+§+y)

=¢p(x,y,z,w)
(1.3)

for all x,v,z,w € G.
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In 1940, the following problem was proposed (see Ulam [11]): let G be a
group and let E be a metric group with the metry d(-,-). Given ¢ > 0, does
there exist a § > 0 such that if a function h : G — E satisfies the inequality
d(h(xy),h(x)h(y)) <6 for all x,y € G, then there exists a homomorphism
H:G— Ewithd(h(x),H(x)) < ¢ for all x € G?

In 1941, Hyers [2] answered this question in the affirmative when G and E are
Banach spaces. In 1978, Rassias [6] generalized the result of Hyers. The result
was further generalized by Rassias [7], Rassias and Semrl [9], and Gavruta [1].

The stability problems of Jensen equations can be found in [3, 4, 5].

The author [12] considered Hyers-Ulam-Rassias stability of several func-
tional equations under the assumption that G and E are a power-associative
groupoid and a sequentially complete topological vector space, respectively.
In the following, we introduce [12, Theorem 4].

THEOREM 1.1. The approximate remainder ¢ : G X G — E of Jensen equation
(1.1) satisfies

lim £3"x,3"y)
Nn—oo 3n
i P (3% 1x,—3k1x) —p(—-3%1x,3kx)
3k

=0 Vx,yega,
(1.4)

=n(x)eE VxeG
k=1

if and only if the limit T (x) = lim,, . f(3"x) /3™ exists for all x € G, and T is

additive, where G is a real linear space and E is a real Hausdorff topological
vector space. In addition,

T(x)-f(x)+f(0) =n(x) VxeQG. (1.5)

Trif [10] investigated the Hyers-Ulam-Rassias stability of the three-variate
Jensen-type functional equation

3L ) p 0 f 00+ f2)
_ xX+y y+z Z+X (1.6)
_Zf( 2 )+2f( 2 >+2f< 2 )

under the assumption that G and E are a real normed linear space and a real
Banach space, respectively.

In this paper, we investigate the Hyers-Ulam stability of (1.2) by considering
the approximate remainders under the assumption that G and E are a real
linear space and a certain kind of F*-space, respectively. First we solve (1.2) in
Section 2. Second, in Section 3, still using the direct method, we obtain some
theorems of the Hyers-Ulam stability of (1.2). Finally, we give an example that
the Hyers-Ulam-Rassias stability of (1.2) does not hold.
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2. Solutions of (1.2). From now we let G be a real linear space and E a real
Hausdorff topological vector space, unless otherwise specified. In this section,
we claim that (1.2) is equivalent to (1.1). It is well known that if G and E are
real linear spaces, then a function f : G — E satisfying f(0) = 0 is a solution
of (1.1) if and only if it is additive.

THEOREM 2.1. A function f : G — E satisfies (1.2) for all x,y,z,w € G if
and only if there exist a constant element C € E and a unique additive mapping
T : G — E such that

fx)=Tx)+C VxegG. (2.1)

PROOF. The proof of the sufficiency is straightforward, so we will show only
the necessity. Set C = f(0) and T (x) = f(x)—C foreach x € G. Then T(0) = 0
and

4T<X7+y+z+w)+2T(x’;y) +2T<X;w) +2T<y—;z>+2T(Z+w)

4 2

_ 3T<x+y+z)+3T(y+z+w) +3T<z+w+x) +3T<w+x+y)
3 3 3 3

(2.2)

for any x,y,z,w € G. We will show that T is additive. Let x € G. Put y = x
and z = w = —x in (2.2) to yield

T(x)+T(—x)=3[T(§>+T(—§)]. (2.3)
Take y = —x and z =w = 0 in (2.2) to get

ORI HCEE)) S

From (2.3) and the last equality, we obtain

T(x)+T(—x):Z[T(§)+T(—%>]. 2.5)

Putting v = x, z = —2x, and w = 0 in (2.2) gives

2[T(x)+T(-x)] +2[T<§) +T<— %)] - 6T<— %) +3T(%x). (2.6)
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From (2.5) and the last equality, we have

T(x) +T(~x) = 2T(— g) +T<2?x>.

Put y =z =x and w = —3x in (2.2) to conclude that

T(x) +4T(~x) =9T(—§>.

Replacing x by —x in the above equality, we have

T(~x) +4T(x) =9T(§).

Adding the last two formulas together produces

5[T(x)+T(~x)] = 9[T(§) +:r(— %)]

Hence, from (2.3) and the last equality, we conclude that

T(x)+T(-x)=0, thatis, T(-x)=-T(x).

It follows from (2.7), (2.9), and (2.11) that

r(5) -t 7(2)-ar(3).

Replacing x /3 by x in the last equality, we obtain

T(2x) = 2T(x), thatis, T(%)z%]‘(x),

and so, T(x/4) = (1/4)T (x). Substituting

2 3 3

into (2.2) supplies

Tx+y+z+w)+T(x+y)+T(x+w)+T(y+2)+T(z+w)

=Tx+y+z2)+T(y+z+w)+T(z+w+x)+T(w+x+y).

1(5)- v 1(5)- S 7(3)-dm

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

Finally, we take z = —x — y and w = 6 in the above equality to get from (2.11)
that T(x+y)=T(x)+T(y), and so, T is additive in terms of the arbitrariness

of x and .

d
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3. Hyers-Ulam-Rassias stability of (1.2). Next we are interested in the
Hyers-Ulam stability of (1.2). For convenience, we set @ (x,y) = ¢(x,y,x,))
for all x,y € G, where ¢ is of (1.3).

THEOREM 3.1. The map @ : G X G — E satisfies

. @(3"x,3"y)
lim 50 =0 Yy €6, (3.1)
o Ky _2ka) _ op(_ k-1 k-1
%ZQDB x,—3%x) q9(3k+3; (5x),31(7x)) Cn(x)€E VYxeG (3.2)
k=1

if and only if the limit T (x) = limy, . f(3"x) /3™ exists for all x € G, and T is
additive. In this case (1.5) holds.

PROOF. We omit the easy proof of sufficiency and, like Theorem 2.1, we will
show the necessity only. Let any x,y € G. Putting z = x and w = y in (1.3), we
get

o (55) A5 o o

Letu,veG,x=2u—-v,and y = —u+2v. Thenu = 2x+7y)/3,v = (x+
2y)/3,and x +y = u+v, and so we have

u+v
2

20 (M5 Y) - @ - @) = o), (3.4)

where @ (1,v) % (1/6)p(2u—v, —u+2v).

On the one hand, clearly,

n n n — n(_
i ®(3"u,3"v) 1 im(p(3 (Qu-1v),3™( u+2v))_ (3.5)
n-o 3n 6 n-o 3n
This yields from assumption (3.1) that
n n
lim 2B3"w,3"Mv) (3.6)
n—oo 3n
On the other hand, using the definition of ®(u,v), we compute
(3% 1,35 1y) = %q)(3k‘1u,—3k‘lu),
(3.7)

(-3 1u,3%u) = écp(—Sk’l(Su),Bk’lﬂu)),
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then we conclude from (3.2) that

i ® (3K 1y, -3k 1y) —d( -3k 1y, 3ku)
3k

k=1

3k+1 =n(u) €E.

N

1 i @ (3ku, —3%u) — @ (- 351 (5u),3x1(7u))
k=1

Thus, by Theorem 1.1, the limit T (1) = lim,, . f(3"u) /3" exists, T is additive,
and the equality T(u) — f(u) + f(0) = n(u) holds for each u € G.
The proof is complete. |

For abbreviation, we set

[

B(x,fx):co<{9}U{(p(3ix,73ix)}i:1) Vx €G, 3.9
3.9

[

B(-5x,7x) = co ({0} U {@(-31(5x),371(7x))}i,) Vx€G.

By Theorem 3.1 and [12, Corollary 6], we conclude the following corollary.

COROLLARY 3.2. Let E be sequentially complete and let (3.1) hold. If B
(x,—x) and B(—5x,7x) are bounded for any x € G, then there exists a unique
additive mapping T : G — E such that

T(x)—f(x)+f(0) e %[FS(X,—X) -B'(-5x,7x)] Vx€G, (3.10)

where co(A) is the convex hull of a set A, and A* denotes the sequential closure
of set A. If E is also locally convex, then the boundedness of {p (3ix, —3ix)}§";1
and {¢(-3"1(5x),3171(7x))}2, ensures the boundedness of B(x,—x) and
B(-5x,7x), respectively.

Next we derive the Hyers-Ulam-Rassias stability of (1.2), which is an applica-
tion of Theorem 3.1. Note that it is close correlative with the f-homogeneity of
the norm on F*-spaces. Simultaneously, we allow p,q,7, and s to be different.

Let X be a linear space. A nonnegative-valued function | - || defined on X is
called an F-norm if it satisfies the following conditions:

(nl) [[x|| =0 if and only if x = 0;
m2) llax|| = ||x|| for all a, |a| =1;
m3) llx+xIl < lxl+1>1;

(n4) |lanx|| — 0 provided a,, — 0;
(n5) |laxyll — 0 provided x, — 0.

A space X with an F-norm is called an F*-space. An F-pseudonorm (||x|| =0
does not necessarily imply that x = 0 in (n1)) is called B-homogeneous (S > 0)
if |ltx| = |t|#]|x|| for all x € X and all t € R. A complete F*-space is said to be
an F-space.
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COROLLARY 3.3. Suppose that G is an F*-space and E a B-homogeneous
F-space (0 < B <1). Given &1,&2,€3,€4,6 >0 and 0 < p,q,v,s < B, if ¢ satisfies

lp(x,>,z,w)| G.11)
<s+alxl?+elylt+salzll"+alwl® Vx,y,z,weGq, ’
then there exists a unique additive mapping T : G — E such that
I|T(x) = f(x)+f(0)|| < Ad + 1By [|x||” + £2Ba [ x |7
, P (3.12)
+&3B3lIx|I" + aBall x|l
for all x € G, where
et 2 B, def (3P +57) def (39 +74)
68(38-1)’ ! 68(38-37)’ 2 68 (3F—34a)’
(3.13)
B, def (3" +57) B, def (35 +7%)
T 6B(3F-3) Tt 6B(3F-3%)

PROOF. Let any x,y € G. Firstly, put z = x and w = y in (3.11) to get
according to the definition of ¢ that

[l e, M| =P x,v,x,)]| < S+eallx|? + ey

(3.14)
+allxl"+ellyll® Vx,y €G.
It follows from p,q,7,s < B that
.| (3"x,3™y) , ) &1 P & a
ylll_r?o T 3m = ylllfrolo [37 + 3n(B-p) ll1l? + 3n(B-aq) gl (3.15)
&3 &4 _ -
3n(B-r) I I1™ + 3n(B-s) ||y||5] =0.

Secondly, in light of the triangle inequality of F-norm and p, q,7,s > 0, we have,
for any i € N,
|l (3Tx,-3x)|| < 6+ €137 ||x[|” + €23 || x |1 + £33™ || x || + €435 || x I,
lo(=371(5x),371(7x))|| < 5+ &13 VP57 || x|V + 307 D979| x| (3.16)

+&330DPST | x |7 + 4,307 D75 | x ||,
As in the proof of [12, Theorem 3], we infer from (3.4) that

n k—
L@ fio = 3 TEEX)

k=1

(3.17)

holds for any n € N, where ¥(x) = ®(x,—x) - ®(—x,3x)—2f(0).
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Consequently, for any n € N,

i/ (37~ () +2

3k—l ’_3k—1 _ _3k—1 ’3k
(3 1x x)3k ( x,3%x) (3.18)

Il
M:

1

2 @ (3kx, —3%x) — @ (—3%1(5x),3% 1(7x))
Z 3k+1

N\»—l ¥

It is easy to see that

1 < @(3%x,-3%x) —@(-3%1(5x),3k1(7x))
5 Z T (3.19)
exists for every x € G. Indeed, from the above, we conclude that
f(B3™x) f(3"x)
3m  3n
1 3m-n(3nyx
SEN GRS
1 m-n \If(3n+k—lx) m \I/(Skflx) (3.20)
T3 & 3k T E

1 k=n+1

k=
Z @(3kx,-3kx) — @ (-3k1(5x),3k1(7x)) < f(0)
Z 3k+1 _2k Z ) k

for any m > n, where m,n € N, and so

Hf(amx) _ f(3"x) H
m 31’1

1 & 25+& (3% +36-DP5P) || x||P + g, (3K + 3K-Daza) | x||a

< —
2B it 3(k+1DB
53 3kr+3(k 1)757)||x||r+€4(3ks+3(k 1)57s)||x||s
2 3(k+1)B
k n+1
< 1
2ol > 5
k=n+1
m —
21785 51 K 57
il B 4 (k=1)(p-B)
> 3k+p t Z [ Sha 3253 g ]”X”p
k=n+1

71
z[ 3k(a-p) | 32B3(k—1><q—ﬁ)]”x”q



THE ADDITIVE APPROXIMATION ON A FOUR-VARIATE ... 3179

kr-p) 4 O 3k-1)(r=p) v
Z 3 + 3253 x|l

7S m 1
Z [ 3k(s B) 3233(k—1)(sn8)]||x”5+2Hf(9)H Z ?
k=n+1
(3.21)

for any m > n, where m,n € N. Since p,q,v,s < B, {f(3"x)/3"} is a Cauchy
sequence of E. By the completeness of E, { f(3"x)/3"} converges to an element
of E.

Thus, by Theorem 3.1, T(x) = lim, . (f(3"x)/3™") and it is additive. In ad-
dition, from (3.18), inequality (3.12) holds for all x € G.

In order to prove the uniqueness of T, suppose that U : G — E is another
additive mapping which satisfies

lU) = f(x)+f(0)]| < AS+&1B1lIx|IP + &2Ba [ x 1|14

3.22
4 e3BylIx I + 4Byl x| (3-22)

for all x € G. On account of the last two inequalities, we conclude that, for all
x € G,

[|U () = T (x)]|
:%HU(nx)—T(nx)H

- %HU(nx) —f(nx) + £(0) = T(nx) + f(nx) - f(0)]|

1 (3.23)
= 7[||U(nx) - f(nx) + f(0)]|+||T(nx) - f (nx) +f(9)||]

2
< —(Ad+&1BiInx||” + &B, [|nx|| + e3B3 Inx||" + £4BsInx|*)

3

Ad &1B; & B &3B3 E4B4
_ 14 _—ee q v s
[ + oy 17+ g el + ol + = il ]

and so, [[U(x) —T(x)|| — 0 as n — o since p,q,¥,s < B. As a consequence,
U(x) =T(x) for all x € G.
Therefore, the result holds. O

In order to show that Corollary 3.3 is valid in the case that p,q,7,s > 1/8,
we need the following theorem, which can be proved in the same manner as
Theorem 1.1.
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THEOREM 3.4. The approximate remainder ¢ : G X G — E of (1.1) satisfies

lim3"¢(3™"x,3"y)=0 Vx,y€GqG,

Nn—oo

(3.24)

M

3 (37 x,-37"x) (-3 x,37Mx)] =n(x) €E Vx€G
k

1

if and only if the limit T (x) = limy, . 3"[f(37"x) — f(0)] exists for all x € G,
and T is additive. In this case (1.5) holds.

PROOF. Note that if set g(x) = f(x) — f(0) for any x € G, then g(0) = 0
and the approximate remainders ¢, and ¢, of (1.1) with respect to g and f,
respectively, are equal. We still write it as ¢. As in the proof of Theorem 1.1,
we can conclude that, for every x in G with x # 0 and every n in N,

g(x)—=3"(3"x) = i [p(37Fx,-37%x) —p(-37Fx,37%1x)]. (3.25)
k=1
|

We may see that it is possible that T (x) = limy, - 3"[f(37"x) — f(0)] exists,
in particular, if f is differentiable at 6 in G.

COROLLARY 3.5. Suppose that G is a B-homogeneous F*-space (0 < f < 1)
and E an F-space with a nondecreasing F-norm. Given &1,&2,&3,&4 € [0, +00)
and p,q,v,s € (1/B,+0), if ¢ satisfies

llp(x,y,z,w)|| < erllx|? +ellyI?

3.26
+&lzl" +eallwl® Vx,y,z,w €G, (3:26)
then there exists a unique additive mapping T : G — E such that
IT(x) = f(x)+f(0)]| < e1B1 | x|I” + &2B2 || x|
(3.27)
+&Bsllx|I" + &4Ballx]® VX €G,
where
def (3PP 4+ 5PB) def (398 4 79F)
1 = 7! 2 = 7!
(310!?_3) (3qﬁ_3)
(3.28)
det (3P +57F) det (3%F +7F)

PTo(3-3) 0 TP (3%6-3)
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PROOF. Let g(x) = f(x)—f(0) for any x € G. Using Theorem 3.4, as in the
proofs of Theorem 3.1 and Corollary 3.3, we can achieve that

> 3k (37 x, -37%1x) — @ (-37K(5x),37%(7x))] (3.29)
k=1

=

exists for every x € G and

g(x)-3"g(3"x)

n (3.30)
= % > 3 e (37 x, -37K 1x) —@(-37%(5x),37%(7x))].
k=1
Finally, we can evaluate the error formula. O
We may also deal with the Hyers-Ulam stability of (1.2) as usual.
THEOREM 3.6. The approximate remainder ¢ satisfies
n n n n
VILLm $(3"x,3 3/7’13 z,3"w) =0 Vx,y,z,w€aG, (3.31)
® k
s ""(gkx) —n(x)€E Vxe€G (3.32)
k=1

if and only if the limit T (x) = lim, . f(3"x) /3™ exists for all x € G, and T is
additive. Moreover, (1.5) holds, where

def

Y(x) = iqb(X,X,—X,—X)Jr%[qb(—x,—x,—xjx)—qb(x,x,x,—3x)].
(3.33)
PROOEF. It is enough to show the necessity. Define g as above.
Letany x € G. Put y =x and z = w = —x in (1.3) to yield
X X 1
g(x)+g(=x) —3[g<§> +g<— 5)] = 50, x,=x,=x). (3.34)

Put y =z =x and w = —3x in (1.3) to give

y(x)+4g(—x)—9g<—§) =p(x,x,x,-3x). (3.35)
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Replacing x by —x in the above equality, we have
g(—X)+4g(x)—9g(§> =¢(—x,—x,—x,3x). (3.36)
Adding the last two formulas together, we conclude that
X X
st sa1-ofo(5)-o(3 ]
lg g=x0)]-91g\5 ) +a| -3 (3.37)
= (x,x,x,-3x) + p(—x,-x,-x,3x).
Hence, from (3.34) and the above equality, we know that
gx)+g(-x) = %[d)(x,x,x,—Sx) +p(—x,-x,-x,3x)]
3 (3.38)
- Zcb(x,xrx,fX).
It follows from (3.36) and (3.38) that
(x)-3 (5) — Lg%, —x,—x)
g g 3 - 4 y ’ y
(3.39)

+ l[qb(—x,—x,—x,Bx) —p(x,x,x,-3x)]
=y (x).

With 3x in place of x in the above equality and dividing by 3, we obtain

1 1
gg(3X) -g(x) = 5([/(3x). (3.40)
We will prove by induction that
u x
—g(3” —g(x) = Z VneN. (3.41)

3n .

For n = 1 this is trivial according to (3.40). Suppose that (3.41) holds for a
certain m — 1. Then (3.40) and the induction hypothesis imply that

%mg(?" ) - g(x>:%[%Q(W‘I(Sx))—g@x)]+%g(3x)—g(x)
m- ‘ Mmook (3.42)
=§Z (33(k3x))+ w(3x) = Zw( x)
k=1

that is, (3.41) holds for n = m.
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We define T(x) = lim,_ g(3"x)/3™". Obviously, T (x) = lim, . f(3"x) /3",
and so, by (3.32) and (3.41), T (x) exists and

T(x)—g(x)=n(x). (3.43)
Substituting the definition of g into the last equality implies that
T(x) - f(x)+f(0) =n(x). (3.44)

Finally, we verify that T is additive. Indeed, the definition of T implies that

T(0) = lim

@ - 0. (3.45)

Because of (3.31), T is a solution of (1.2). Hence T(x) = T*(x)+T(0) = T*(x)
by Theorem 2.1, where T* is additive. It follows that T is additive. O

To show the following corollary, we may use a manner analogous to that
used in Corollary 3.3.

COROLLARY 3.7. Keeping all the hypotheses of Corollary 3.3, there exists a
unique additive mapping T : G — E such that (3.12) holds, where

det 3P +2B+1 def 37 (38 +2P+1) def 34(3F +28+1)

A= Tm@eoty BT as@Eoae) 27 126(3F—3a)"
(3.46)

der 37 (38 +2B+1) der 3° (38 + 26+13¢)
37 12B(36-37)" 4T T12B(38-39)

If there exists at least one of p, q, v, and s such that it is strictly less than 0, it
is supposed that (3.11) holds for all x,y,z,w € G\{0}. Then the domain of T is
G\ {0} instead of G.

As earlier, we consider the case of p,q,v,s > 1/B.

THEOREM 3.8. The approximate remainder ¢ satisfies

}ngo 3"$p(3"x,37"y,37"2,37"w)=0 Vx,y,z,w G,
o (3.47)
>3k ly (3% Vx)=n(x)€eE VxeG
k=1
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if and only if the limit T (x) = lim, .. 3"[f(37"x) — f(0)] exists for all x € G,
and T is additive, where  is as above. Moreover,

T(x)-f(x)+f(0) =n(x) VxeQG. (3.48)

PROOF. Let g(x) = f(x)—f(0). Note that, by virtue of (3.39), we conclude
by induction that

n
g(x)-3"g(37"x) = > 3k 1y (3" *Vx) VxeG, neN. (3.49)
k=1 O

COROLLARY 3.9. Keeping all the hypotheses of Corollary 3.5, then there ex-
ists a unique additive mapping T : G — E such that

[|T(x)=f0O|| < eBillx|IP + &2B2l1x||?

3.50
vesBylxl +esBillx ] Vx €G, (3:50)
where
def 3ph+l B, def 3ap+1
T (3rB-3)” 27 (3aB-3)’
(3.51)
B def 37+l der 3% (1 +2(3F))
3 (37573)1 4 (35373)

We still mention the following immediate consequence of Corollary 3.3.

REMARK 3.10. Let E be a f-homogeneous F-space (0 < < 1).If ¢ satisfies
the property that there exists § € [0+ o) such that |[¢(x,y,z,w)| < & for
any x,Y,z,w € G, then there exists a unique additive mapping T : G — E such
that

||T(x)—f(x)+f(9)||sﬁf_l) Vx eG. (3.52)

As in [13], in the last of this section we give an example by means of Rassias
and Semrl [8] who constructed a function f: R — R (f(x) def xlog,(1+]x])) to
show that (1.2) does not have Hyers-Ulam-Rassias stability property if p, g, 7,
and s satisfy any one condition of (A)) p=gq=r=s=B,(A2)p=q=r=5=
1/B,and (A3) B<p=q=r=5=1=<1/B(0<B<1).Whatif p, q, r,and s
satisfy that B < p,q,7,s <1/B,where p #1,q # 1, v # 1, and s # 1 under the
assumption that G and E are f-homogeneous F-space (0 < < 1)?
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E

THEOREM 3.11. The function f: R — R defined by f(x) = xlog,(1+ [x])
satisfies the inequality

|p(x,v,z,w)| <14(Ix|+ ||+ |zl +|lwl) Vx,y,z,w€R, (3.53)

but

’f(X)—T(X) ‘ :
X

sup{ X € R\{O}} = 0 (3.54)

for each additive mapping T : R — R.

PROOF. For all x,y,z,w € R, it follows from |f(x +y) — f(x) - f(¥)| <
Ix|+ |yl in[8]and |f(x+y +2) - f(x) - f(¥) - f(2) < (5/3)(Ix]+|¥|+]z])
in [10] that

X+y+z+w

b(x,y,z,w) = [4f( n

)ff(x+y+z+w)]

+[fx+y+z+w)—f(x+z)-f(y+w)]

+ f(x+z)—2f(x+z)] [f(y+W)_2f(y+w)]

. 3f(>c+JH—z> f(x+y+z)]

- :f(x+y+2)—f(XJ2ry>_f<y;2)_f(zgx>]

B 3f(w) f(y+z+w)] (3.55)
f;ﬂy+z+uwff(ygz)*f(zzw)ff(w;y)]

_ 3f(z+w+x) f(z+w+x)]

~[rerweo-r (25 - (Y5F) - (557)]

N 3f(w> f(w+x+y)]
__?uu+x+y)—f(w;x)_f<x;y)_f<y;u»}
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Furthermore, we evaluate that

|¢(x,y,z,w)|58‘w +|x+z|+\y+w|+2‘x;Z

y+w 5 ‘x+y+z‘

+2’ > ‘+33 3

5 x+y‘ ’y+z ’z+x”

+3[ > |72 2

15 y+z+w‘ E[ y+z’ ‘z+wHw+yH (3.56)

* 3 |73l 2 |2 2

15 z+w+x‘+§[ z+w.+’w+xHx+z ]
3 3 3 2 2 2

E w+x+y‘ EHw+x‘ ‘x+yHy+wH

"3 3 3T T T2 2

< H4(Ixl+1yl+lzl+wl)

for all x,v,z,w € R. The rest of the proof has been proved in [10]. O
REMARK 3.12. Let f be as in Theorem 3.11.
1) If G = (R,]|-]l1) with the Euclidean metric ||-|l; = |-|,and E = (R, || - ||2)
with the f-homogeneous norm || - ||> = | - |8, then
||(I>(X,y,z,w)|\2
FYIY. 8 8 8 (3.57)
<148 (IIxIf + 1y 1§ +1zf +1wlf)  vx,»,zw eG,
but
-T
up{Hf(X)ﬁ(X)HZ:XEIR\{O}}:oo (3.58)
[l 117
for each additive mapping T :G — E.
(i) If G = (R, || - |l;) with the -homogeneous norm |- ||; = | - |#, and E =
(R, ]| - ll2) with the Euclidean metric || - ||> = | - |, then
||(I)(X,y,Z,W)||2
1/p 1/p 1/p 1/p (3.59)
<14(IxI? + 1y I P + 1z + w iy ?) - vx,y,zw €6,
but
-T
up{M:xelR\{O}}:w (3.60)
I [y
for each additive mapping T : G — E.
(i) If G = E = (R, || - ||) with the f-homogeneous norm || - || = | - |?, then

lp(x,v,z,w)|| < 148 (IIx Il + vl + izl + lwl) Vx,y,z,zweG,  (3.61)
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but
sup{HMH:xeR\{O}}:w (3.62)

for each additive mapping T :G — E.

ACKNOWLEDGMENTS. I would like to express my deep gratitude to Pro-
fessor Themistocles M. Rassias for drawing my attention to these kinds of
problems and the referee for his many valuable suggestions. This work was
supported by the National Science Foundation of China, Grant 10171014, and
the Foundation of Fujian Educational Committee, Grant JA02166. This work
belongs to the Doctoral Programme Foundation of Institution of Higher Educa-
tion, Grant 20010055013, and the Programme of National Science Foundation
of China, Grant 10271060.

REFERENCES

[1]  P. Gavruta, A generalization of the Hyers-Ulam-Rassias stability of approximately
additive mappings, J. Math. Anal. Appl. 184 (1994), no. 3, 431-436.
[2] D. H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad.
Sci. USA 27 (1941), 222-224.
[3] S.-M. Jung, Hyers-Ulam-Rassias stability of Jensen’s equation and its application,
Proc. Amer. Math. Soc. 126 (1998), no. 11, 3137-3143.
[4] Y.-H. Lee and K.-W. Jun, A generalization of the Hyers-Ulam-Rassias stability of
Jensen’s equation, J. Math. Anal. Appl. 238 (1999), no. 1, 305-315.
[5] J. C. Parnami and H. L. Vasudeva, On Jensen’s functional equation, Aequationes
Math. 43 (1992), no. 2-3, 211-218.
[6] Th. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc.
Amer. Math. Soc. 72 (1978), no. 2, 297-300.
[7] |, Onamodified Hyers-Ulam sequence, J. Math. Anal. Appl. 158 (1991), no. 1,
106-113.
[8] Th. M. Rassias and P. Semrl, On the behavior of mappings which do not satisfy
Hyers-Ulam stability, Proc. Amer. Math. Soc. 114 (1992), no. 4, 989-993.
[91 |, On the Hyers-Ulam stability of linear mappings, J. Math. Anal. Appl. 173
(1993), no. 2, 325-338.
[10]  T. Trif, Hyers-Ulam-Rassias stability of a Jensen type functional equation, J. Math.
Anal. Appl. 250 (2000), no. 2, 579-588.
[11]  S.M.Ulam, Problems in Modern Mathematics, Science Editions, John Wiley & Sons,
New York, 1960.
[12] J. Wang, Some further generalizations of the Hyers-Ulam-Rassias stability of func-
tional equations, J. Math. Anal. Appl. 263 (2001), no. 2, 406-423.
[13] ____, Onthe generalizations of the Hyers-Ulam-Rassias stability of Cauchy equa-
tions, Acta Anal. Funct. Appl. 4 (2002), no. 4, 294-300.

Jian Wang: Department of Mathematics, Nanjing University, Nanjing 210093, China

Current address: Department of Mathematics, Fujian Normal University, Fuzhou
350007, China

E-mail address: wjmath@nju.edu.cn


mailto:wjmath@nju.edu.cn

