IJMMS 2003:51, 3241-3266
PII. S0161171203303059
http://ijmms.hindawi.com
© Hindawi Publishing Corp.

LAGRANGE GEOMETRY ON TANGENT MANIFOLDS
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Lagrange geometry is the geometry of the tensor field defined by the fiberwise
Hessian of a nondegenerate Lagrangian function on the total space of a tangent
bundle. Finsler geometry is the geometrically most interesting case of Lagrange
geometry. In this paper, we study a generalization which consists of replacing the
tangent bundle by a general tangent manifold, and the Lagrangian by a family of
compatible, local, Lagrangian functions. We give several examples and find the co-
homological obstructions to globalization. Then, we extend the connections used
in Finsler and Lagrange geometry, while giving an index-free presentation of these
connections.

2000 Mathematics Subject Classification: 53C15, 53C60.

1. Preliminaries. Lagrange geometry [3, 6, 7] is the extension of Finsler ge-
ometry (e.g., [1]) to transversal “metrics” (nondegenerate quadratic forms) of
the vertical foliation (the foliation by fibers) of a tangent bundle, which are
defined as the Hessian of a nondegenerate Lagrangian function. In the present
paper, we study the generalization of Lagrange geometry to arbitrary tangent
manifolds [2]. The locally Lagrange-symplectic manifolds [12] are an impor-
tant particular case. In this section, we recall various facts about the geomet-
ric structures that we need for the generalization. Our framework is the C*-
category, and we will use the Einstein summation convention, where conve-
nient.

First, a leafwise locally affine foliation is a foliation such that the leaves have
a given locally affine structure that varies smoothly with the leaf. In a different
formulation [10], if M is a manifold of dimension m = p + g, a p-dimensional
leafwise locally affine foliation % on M is defined by a maximal, differential,
affine atlas {Uy}, with local coordinates (x%,y%) (a =1,...,q; u =1,...,p),
and transition functions of the local form

14
= xEOR), v = D Al (XB) Y+ Bl (xB) ()

v=1

on Ux N Ug. Then, the leaves of F are locally defined by x* = const, and their
local parallelization is defined by the vector fields 0/0y%. Furthermore, if the
atlas that defines a leafwise locally affine foliation has a subatlas such that
BZ‘lxﬁ) = 0 for its transition functions, the foliation, with the structure defined
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by the subatlas, will be called a vector bundle-type foliation. Notice that, if one
such subatlas exists, similar ones are obtained by coordinate changes of the
local form

X =XG(XQ), Vo= VE+Elp (X&) (1.2)

For any foliation %, geometric objects of M that either project to the space
of leaves or, locally, are pullbacks of objects on the latter are said to be pro-
jectable or foliated 8, 9]. In particular, a foliated bundle is a bundle over M
with a locally trivializing atlas with foliated transition functions. The transver-
sal bundle v& = TM/T% is foliated. Formulas (1.1) show that for a leafwise
locally affine foliation % the tangent bundles T% and TM are foliated bundles
as well. For a foliated bundle, we can define foliated cross sections. Notice that,
if & is a leafwise locally affine foliation, a vector field on M which is tangent to
% is foliated as a vector field, since it projects to 0, but it may not be a foliated
cross section of TF!

Furthermore, for a leafwise locally affine foliation, one also has leafwise af-
fine objects which have an affine character with respect to the locally affine
structure of the leaves. For instance, a leafwise locally affine function is a func-
tion f € C*(M) such that Y f is foliated for any local parallel vector field Y
along the leaves of %. With respect to the affine atlas, a leafwise locally affine
function has the local expression

14
Z @)yt B(x?). (1.3)

A leafwise locally affine k-form is a k-form A such that i(Z)A = 0 for all the
tangent vector fields Z of & and the Lie derivative LyA is a foliated k-form for
all the parallel fields Y. Then, A has an expression of the form (1.3) where o,
B are foliated k-forms. A leafwise locally affine vector field is an infinitesimal
automorphism of the foliation and of the leafwise affine structure, and has the
local expression [10]

a
- Y 5 (x5 + z[zm )yt (x )]

Iy (1.4)

Any foliated vector bundle V — M produces a sheaf V of germs of differ-
entiable cross sections, and a sheaf V,, of germs of foliated cross sections.
The corresponding cohomology spaces H kM, V,,) may be computed by a de
Rham type theorem [9]. Namely, let N¥ be a complementary (normal) distri-
bution of T%# in TM. The decomposition TM = N% & T% yields a bigrading
of differential forms and tensor fields, and a decomposition of the exterior
differential as

d=d{ g +d) +0e-1- (1.5)
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The operator d”’ is the exterior differential along the leaves of %, it has square
zero and satisfies the Poincaré lemma. Accordingly,

0—V, —V,, 8000 1V, 6,000 ... (1.6)

where Q denotes spaces of differential forms, Q is the corresponding sheaf of
differentiable germs, and @ is the sheaf of germs of foliated functions, is a fine
resolution of V..

Furthermore, if & is leafwise locally affine, one also has the spaces AX (M, %)
of leafwise locally affine k-forms and the corresponding sheaves of germs
AX(M,F). These sheaves define interesting cohomology spaces, which may be
studied by means of the exact sequences [10]

0— Qk” = Ak(M,F) — Q*0 ©e T*F,, — 0, (1.7)

where, for f defined by (1.3), 7 (f) = xu ® [dy*], [dy"] being the projections
of dy" on T*%.

It is important to recognize the vector bundle-type foliations among the
leafwise locally affine foliations. First, notice that a vector bundle-type foliation
possesses a global vector field which may be seen as the leafwise infinitesimal
homothety, namely,

— L u a
E ly i

u=

(1.8)

called the Euler vector field. In the general leafwise locally affine case, (1.8) only
defines local vector fields E, on each coordinate neighborhood Uy, and the dif-
ferences Eg — E yield a cocycle and a cohomology class [E](%F) € H! (M, TF,,),
called the linearity obstruction [10]. It follows easily that the leafwise locally
affine foliation % has a vector bundle-type structure if and only if [E](%F) =0
[10]. With a normal distribution N%, we may use the foliated version of de
Rham’s theorem, and [E](%) will be represented by the global T%-valued 1-
form obtained by gluing up the local forms {d"E«}. Accordingly, [E](¥) =0
if and only if there exists a global vector field E on M, which is tangent to the
leaves of ¥ and such that for all «,

Ean =EO(+Q0(’ (1-9)

where Q 4 are projectable. E is defined up to the addition of a global, projectable
cross section of T%, and these vector fields E will be called Euler vector fields.
The choice of an Euler vector field E is equivalent with the choice of the vector
bundle-type structure of the foliation.

We also recall the following result [10]: the vector bundle-type foliation &
on M is a vector bundle fibration M — N if and only if the leaves are simply
connected and the flat connections defined by the locally affine structure of
the leaves are complete.
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EXAMPLE 1.1. On the torus TP*4 with the Euclidean coordinates (x4, y")
defined up to translations

%4 =x%+he, PU=yUikd RAk%eZ, (1.10)

the foliation x4 = const is leafwise locally affine and has the normal bundle
dy" = 0. The linearity obstruction [E] is represented by the form ZZZI ay"e
(0/0y"),whichisnot d"”’-exact. Therefore, [E] # 0 and % is not a vector bundle-
type foliation.

EXAMPLE 1.2. Consider the compact nilmanifold M(1,p) =T(1,p)\H(1,p),
where

d, X Z
H(l,p) = 0 1 y»y|IX,ZeRP,yeR (1.11)
0 0 1

is the generalized Heisenberg group, and I'(1,p) is the subgroup of matrices
with integer entries. The manifold M (1, p) has an affine atlas with the transi-
tion functions

xt=xl+al, y=y+b, Z=zl+aly+cl (1.12)

where xi, z' (i = 1,...,p) are the entries of X, Z, respectively, and al, b, ¢! are
integers. Accordingly, the local equations x! = const, y = const define a leaf-
wise locally affine foliation & of M which, in fact, is a fibration by p-dimensional
tori over a (p + 1)-dimensional torus. The manifold M is parallelizable by the
global vector fields

o 0 & .09 0
axi' oy " =X 52 Az (113)
and the global 1-forms
dxi,dz' —xidy,dy, (1.14)
and we see that
I A
—, — 1.1
span{axl,ay +i§x azl} (1.15)

may serve as a normal bundle of %. It follows that the linearity obstruction is
represented by

; ; 0
i A
(dz'-x'dy) ® 350

o

(1.16)

i=1

which is not d'’-exact. Therefore, ¥ is not a vector bundle-type foliation.
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EXAMPLE 1.3. Take the real Hopf manifold H?*49 = SP+a-1 x §1 geen as
(RTxRP\{0})/Ga, where A € (0,1) is constant and G, is the group

xX*=A"x%, Pr=A"y4 nei, (1.17)

where x4, y% are the natural coordinates of R and R”, respectively. Then,
the local equations x? = const define a vector bundle-type foliation, which has
the global Euler field E = Zﬁzl YU (0/0y"). This example shows that compact
manifolds may have vector bundle-type foliations.

EXAMPLE 1.4. Consider the manifold
M?" = [(R™\{0}) X R"] /Ky, (1.18)

where A € (0,1) and K, is the cyclic group generated by the transformation

Z=Ax, P =AY (- s (1.19)
i1 ()
(i=1,...,m). Itis easy to check that the equality
A Xt d
E=>y—-> —— — (1.20)
P \/Z?:l (Xj)z oy

defines a global vector field on M, which has the property of the Euler field for
the foliation x* = const Therefore, the latter is a vector bundle-type foliation.
The change of coordinates

. . i
ri =y‘—% (1.21)
i1 (xd)

provides a vector bundle-type atlas, and (1.19) becomes
Xt=Axt,  yi=2ayl (1.22)

This shows that M is the tangent bundle of the Hopf manifold H" defined in
Example 1.3.

Now, we recall the basics of tangent manifolds [2]. An almost tangent struc-
ture on a manifold M is a tensor field S € TEnd(TM) such that

§2=0, imS=kerS. (1.23)

In particular, the dimension of M must be even, say 2n, and rank S = n. Fur-
thermore, S is a tangent structure if it is integrable, that is, locally S looks
like the vertical twisting homomorphism of a tangent bundle. This means that
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there exists an atlas with local coordinate (x%,y?) (i = 1,...,n) such that

S(aii):aiﬂ’ S( a,)=o. (1.24)

The integrability property is equivalent with the annulation of the Nijenhuis
tensor

Ns(X,Y) =[SX,SY]-S[SX,Y]-S[X,SY]+S?[X,Y]=0. (1.25)

A pair (M,S), where S is a tangent structure, is called a tangent manifold.

On a tangent manifold (M, S), the distribution im S is integrable, and defines
the vertical foliation V' with T = imS. It is easy to see that the transition
functions of the local coordinates of (1.24) are of the local form (1.1) with
q=p=nand

Al o (1.26)
(«B)j = 5T .

Therefore, " is a leafwise locally affine foliation, and the local parallel vector
fields along the leaves are the vector fields of the form SX, where X is a foliated
vector field. In particular, a tangent manifold has local Euler fields E,, and a
linearity obstruction [E] € H' (M IV, ). If [E] = 0, the foliation V" will be a
vector bundle-type foliation, and M has global Euler vector fields F defined
up to the addition of a foliated cross section of T%. Furthermore, if we fix
the vector-bundle type structure by fixing an Euler vector field E, the triple
(M,S,E) will be called a bundle-type tangent manifold.

Using the general result of [10], we see that a tangent manifold is a tan-
gent bundle if and only if it is a bundle-type tangent manifold and the vertical
foliation has simply connected, affinely complete leaves.

EXAMPLE 1.5. The Hopf manifold H?>" of Example 1.3 withg=p =nand S
defined by (1.24) is a compact, bundle-type, tangent manifold.

EXAMPLE 1.6. The torus of Example 1.1 with g = p and S of (1.24) is a
compact, nonbundle-type, tangent manifold.

EXAMPLE 1.7. The manifold M(1,p) x (R/Z), with the coordinates of Ex-
ample 1.2 and a new coordinate t on R, and with S defined by
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is a compact, non bundle-type, tangent manifold. The linearity obstruction [E]
of this manifold is represented by

- 9 9
(dz'—-x'dy)® 50 +dt® 3¢ (1.28)

M=

i=1

and [E] = 0.

Tangent bundles posses second order vector fields (semisprays in [6]), so
called because they may be locally expressed by a system of second order,
ordinary, differential equations. A priori, such vector fields may be defined on
any tangent manifold [13], namely, the vector field X € TTM (I denotes the
space of global cross sections) is of the second order if SX|y, — E« is foliated
for all «. But this condition means that SX is a global Euler vector field, hence,
only the bundle-type tangent manifolds can have global second order vector
fields.

It is important to point out that, just like on tangent bundles (e.g., [3, 6, 11]),
if (M,S,E) is a bundle-type tangent manifold and X is a second order vector
field on M, the Lie derivative F = LxS defines an almost product structure on
M (F? = Id), with the associated projectors

V=%(Id+F), H=%(Id—F), (1.29)

such that imV = T and imH is a normal distribution N of the vertical
foliation .
Finally, we give the following definition.

DEFINITION 1.8. A vector field X on a tangent manifold (M, S) is a tangen-
tial infinitesimal automorphism if LxS = 0 (L denotes the Lie derivative).

Obviously, a tangential infinitesimal automorphism X preserves the foliation
V" and its leafwise affine structure. Therefore, X is a leafwise affine vector field
with respect to V. Furthermore, in the bundle-type case, if E is an Euler vector
field, [ X, E] is a foliated cross section of T

2. Locally Lagrange spaces. Lagrange geometry is motivated by physics
and, essentially, it is the study of geometric objects and constructions that
are transversal to the vertical foliation of a tangent bundle and are associated
with a Lagrangian (a name taken from Lagrangian mechanics), that is, a func-
tion on the total space of the tangent bundle. (See [6] and the d-objects defined
there.) Here, we use the same approach for a general tangent manifold (M, S),
and we refer to functions on M as global Lagrangians and to functions on open
subsets as local Lagrangians.
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If ¥ is a Lagrangian, the derivatives in the vertical directions yield symmetric
tensor fields of M defined by

(Hessu) &) (X1,.., Xi) = (SXKi) - -+ (SX1)Llx, x €M, X; € LM,  (2.1)

where X; (i = 1,...,k) are extensions of X; to local, ¥-foliated, vector fields on
M. (Of course, the result does not depend on the choice of the extensions X;.)
Hess) & is called the k-Hessian of &¥. Notice that definition (2.1) may also be
replaced by the recurrence formula

(Hess(k) ‘=(£)x (X], cee ,Xk) = [LSXk (HQSS(k_l) §£)]X(X1,.. . ;Xk—l), (2.2)

where the arguments are foliated vector fields.
It is worthwhile to notice the following general property.

PROPOSITION 2.1. For any function ¥ € C* (M), any tangential infinitesimal
automorphism X of the tangent manifold (M,S), and any k = 1,2,..., one has

HESS(k) (XLP) =Lx(HESS(k)$). (2.3)

PROOF. Proceed by induction on k, while evaluating the Hessian of X&¥ on
foliated arguments and using the recurrence formula (2.2). |

For k = 1, we get a 1-form, say 0¢, and for k = 2, we get the usual Hessian of
¢ with respect to the affine vertical coordinates y’ (see Section 1), hereafter to
be denoted by either Hess ¥ or g¢. Obviously, g¢ vanishes whenever one of the
arguments is vertical, hence, it yields a well-defined cross section of the sym-
metric tensor product ©2v*¥ (v¥ = TM/TV), which we continue to denote
by gs. If g+ is nondegenerate on the transversal bundle v%, the Lagrangian &£
is said to be regular and gg is called a (local) Lagrangian metric. We note that
if the domain of &£ is connected, the regularity of & also implies that gy is of
a constant signature. With respect to the local coordinates of (1.24), one has

KL
-5

2
L% iodx, (2.4)

Os - 2 0yidyi

dx’, gz

In Lagrangian mechanics, one also defines another geometric object related
to a Lagrangian, namely, the differential 2-form

o dx' ndx’ + + -dy' Adx’. (2.5)

Wy = dOy = oxioyJ 0yioyJ

If £ is a regular Lagrangian, wgy is a symplectic form, called the Lagrangian
symplectic form.

In [12, 13], we studied particular symplectic forms Q on a tangent manifold
(M,S) that are compatible with the tangent structure S in the sense that

QX,SY) =Q(Y,5X). (2.6)
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If this happens, Q is called a locally Lagrangian-symplectic form since the com-
patibility property is equivalent with the existence of an open covering M =
UUy, and of local regular Lagrangian functions £, on U, such that Q|y, = wg,
for all «. On the intersections Uy N Ug, the local Lagrangians satisfy a compat-
ibility relation of the form

Pp—Lo=a(@p)) +bp)» (2.7)

where @ («p) is a closed, foliated 1-form, b(«p) is a foliated function, and a(@) =
@;v! where the local coordinates and components are taken either in U, or
in Ug. Furthermore, if it is possible to find a compatible (in the sense of (2.7))
global Lagrangian ¥, Q is a global Lagrangian symplectic form. Conditions for
the existence of a global Lagrangian were given in [12, 13]. In particular, a
globally Lagrangian-symplectic manifold M2" cannot be compact since it has
the exact volume form w?.
Following the same idea, we give a new definition.

DEFINITION 2.2. Let (M?",S) be a tangent manifold, and g € T ©?v*%¥ anon-
degenerate tensor field. Then g is a locally Lagrangian metric (structure) on M
if there exists an open covering M = UU, with local regular Lagrangian func-
tions £« on Uy such that gly, = g¢, = HessZ« for all «. The triple (M,S,g)
will be called a locally Lagrange space or manifold.

It is easy to see that the local Lagrangians ¥, of a locally Lagrange space
must again satisfy the compatibility relations (2.7), where the 1-forms @ («g)
may not be closed. In particular, we see that a locally Lagrangian-symplectic
manifold is a locally Lagrange space with the metric defined by [12]

g([X1,[Y]) = Q(SX,Y), (2.8)

where X,Y e I'TM and [X], [Y] are the corresponding projections on v%. Fur-
thermore, if there exists a global Lagrangian & that is related by (2.7) with the
local Lagrangians of the structure, (M, S, g,%¥) will be a globally Lagrange space.
A globally Lagrange space also is a globally Lagrangian-symplectic manifold,
hence, it cannot be compact.

We can give a global characterization of the locally Lagrange metrics. First,
we notice that the bundles ®*v*¥ of covariant tensors transversal to the ver-
tical foliation %" of a tangent manifold (M, S) may also be seen as the bundles
of covariant tensors on M that vanish if evaluated on arguments one of which
belongs to imS. (This holds because v*% < T*M). In particular, a transversal
metric g of ¥ may be seen as a symmetric 2-covariant tensor field g on M which
is annihilated by imS. With g, one associates a 3-covariant tensor, called the
derivative or Cartan tensor [1, 6, 7] defined by

Co(X,Y,Z) = (Lszg) (Y, Z), x€M, X,Y,Z € TM, (2.9)
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where X is a foliated extension of X. Obviously, C € I ®3v*¥. Then, we get the
following proposition.

PROPOSITION 2.3. The transversal metric g of the vertical foliation V' of a
tangent manifold (M,S) is a locally Lagrange metric if and only if the tensor
field C is totally symmetric.

PROOF. Since

Cijk =

( o 9 9 )—agﬂ‘ (2.10)

axi’ 9xi’ axk) T ayt”

the symmetry of C is equivalent with the existence of the required local La-
grangians &£. O

We give a number of examples of locally Lagrange manifolds.

EXAMPLE 2.4. Consider the torus of Example 1.6. Then
1 n
"2 Z (2.11)

define compatible local Lagrangians with the corresponding Lagrange metric
>, (dxt)?. (Notice also the existence of the locally Lagrange symplectic form
Q=" ,dxt adyt)

EXAMPLE 2.5. Consider the tangent manifold M (1,p) x (R/Z) of Example
1.7, with the tangent structure defined by (1.27). The “/-transversal metric

M=

(dx")* + (dy)? (2.12)
1

-
l

is the Lagrange metric of the local compatible Lagrangians

1(2 2
5 Z(Zl) +t2 . (2.13)
i-1

(In this example the forms @ p) of (2.7) are not closed.)

Examples 2.4 and 2.5 are interesting because the manifolds involved are
compact manifolds.

EXAMPLE 2.6. The manifold M?" of Example 1.4 is diffeomorphic with the
tangent bundle TH™. With the coordinates (x'!,y'") (see Example 1.4), we see
that the function

_ Z?:l (y,i)z
22?:1 (X'i)z

is a global, regular Lagrangian, and it produces a positive definite Lagrange
metric.

(2.14)
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EXAMPLE 2.7. Consider the Hopf manifold H?" of Example 1.5 with the tan-
gent structure (1.24), and define the local compatible Lagrangians

1 n ) )
¥ = Eh’lp, p:z[(xl)2+(yl)2]. (2.15)
i=1
An easy computation yields

%%
0yioyJ

1 o
= - @'y - psy). (2.16)

The determinant of the Hessian (2.16) can be easily computed as a character-
istic polynomial, and we get

- n iV2 i\2
det(a a:gg 1) - Zl‘l[(i) (,yz) ]M. (2.17)
YY) s )+ ()]}
Now, the local equation
> (x)* =Y (v)? (2.18)
i=1 i=1

defines a global hypersurface X of H?", and (2.16) provides a locally Lagrange
metric structure on H2"\3.

EXAMPLE 2.8. On any tangent manifold (M, S), any nondegenerate, foliated,
transversal metric g of the vertical foliation (if such a metric exists [8]) is locally
Lagrange. Indeed, this kind of metric is characterized by C = 0, and the result
follows from Proposition 2.3.

A natural question implied by Definition 2.2 is: assume that (M, S,g,%«) is
a locally Lagrange space; what are the conditions that ensure the existence of
a global compatible, regular Lagrangian?

The compatibility relations (2.7) endow M with an A°-valued 1-cocycle de-
fined by any of the members of (2.7), hence, with a cohomology class % €
H'(M,A), which we call the total Lagrangian obstruction. It is obvious that
% = 0 if and only if the manifold M with the indicated structure is a globally
Lagrange space.

Furthermore, the total Lagrangian obstruction may be decomposed into two
components determined by the exact sequence (1.7) with k = 0, which in our
case becomes

0— &= A%M,7) " Q0 — 0, (2.19)

where 17’ is the composition of the projection 1 of (1.7) by S.
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It is easy to see that the connecting homomorphism of the exact cohomol-
ogy sequence of (2.19) is zero in dimension 0. Accordingly, we get the exact
sequence

0 — H'(M,®) = H'(M,A%) ™~ o' (M, Q") - H*(M,®) — - -,
(2.20)

where (*, v* are induced by the inclusion and the homomorphism 7t" of (2.19).
Accordingly, we get the cohomology class §; = 0% (4) € H'(M,Q{,”’), and we
call it the first Lagrangian obstruction. The annulation %; = 0 is a necessary
condition for M to be a globally Lagrange space. Furthermore, if 4; = 0, the
exact sequence (2.20) tells us that there exists a unique cohomology class 9, €
H'(M,®) such that 4 = (*(%). We call 4, the second Lagrangian obstruction
of the given structure, and % = 0 if and only if 4; = 0 and %, = 0.
We summarize the previous analysis in the following proposition.

PROPOSITION 2.9. The locally Lagrange space (M,S,g,%«) is a globally La-
grange space if and only if both the first and the second Lagrangian obstructions
exist and are equal to zero.

Assume that a choice of a normal bundle N has been made. Then we can
use the de Rham theorem associated with the relevant resolution (1.6) in order
to get a representation of the Lagrangian obstructions. The definition of %;
shows that the first Lagrangian obstruction is represented by the cocycle { 9,595 -
04, }. Accordingly, 6, may be seen as the d'’-cohomology class of the global
form O of type (1, 1) defined by gluing up the local forms {d"’ 0+, }. If we follow
the notation of [9] and take bases

sl e
Ixi t; 3yi )’ TV = span Yl_ayi s (2.21)

NV = span {Xi =

with the dual cobases

N*V =ann(TV) = span {dx'},

. S ) (2.22)
T*V =ann(NV) = span{9' = dy' +t;dx’},
where t}(x!, %) are local functions, we get
_ O Y adx/ (2.23)
"~ dyidyi ' '

The result may be written as the following proposition.

PROPOSITION 2.10. Let (M,S,g,%«) be alocally Lagrange space. Then, each
choice of a normal bundle NV defines an almost symplectic structure of M, given
by the nondegenerate d'' -closed 2-form ©. The first Lagrangian obstruction 4,
vanishes if and only if the form © is d’’ -exact.
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COROLLARY 2.11. A compact, connected, bundle-type, tangent manifold M,
with the Euler vector field E has no locally Lagrange metric g such thatLgg = sg,
where s is a function such that, Vx € M, s(x) + —1.

PROOF. Essentially, the hypothesis on E means E cannot be a conformal
infinitesimal automorphism of g. From (2.23), we get

v-Llon- (—1)"("“”2det< @ a )
n!

oyioyJ (2.24)
cdx Ao ndX Ay A AdYT,
2% K
LY = (—=1)"n+D/2) —a —a
E (-1) [ det(aya;u)+"d6t(aylay1>] (2.25)

cdx Ao AdX AdY A AdYT,

where the local coordinates belong to an affine atlas such that E = yi(8/0y?).
If M is compact, [, Lg¥ = 0, and the coefficient of the right-hand side of (2.25)
cannot have a fixed sign. But the latter property holds under the hypothesis of
the corollary. |

For instance, the Hopf manifold H" has no locally Lagrange metric with
homogeneous with respect to the coordinates (y!) Lagrangians %,. Indeed,
homogeneity of degree s + —1 is impossible because of Corollary 2.11, and
homogeneity of degree —1 contradicts the transition relations (2.7).

REMARK 2.12. Because of Corollary 2.11, we conjecture that a compact,
bundle-type, tangent manifold cannot have a locally Lagrange metric.

PROPOSITION 2.13. The first Lagrangian obstruction of a locally Lagrange
metric structure of M with the local Lagrangians {<} vanishes if and only if
there exists a subordinated structure {%«} such that the 1-forms 03, glue up
to a global 1-form. This subordinated structure defines a locally Lagrangian-
symplectic structure on the manifold M. Furthermore, in this case the second
Lagrangian obstruction %, is represented by the global d"’ -closed form k of type
(0,1) defined by gluing up the local forms {d” %} .

PROOF. Under the hypothesis, there exists a global form A of type (1,0)
such that ® = d"" 04, = d” A, therefore, 0, = Aly, +E«, wWith some local foliated
1-forms &y = Ex.i(x7)dx!. Accordingly, we get

(L —-&
% = &g~ Euis (2.26)
whence
Lp—La=a(Ep—Ea) +biap), (2.27)

where a has the same meaning as in (2.7) and b«p) are foliated functions.
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Now, if we define
Lo =Lu—a(Ea), (2.28)

we are done. The last assertion follows from the definition of %,. (]

COROLLARY 2.14. The locally Lagrange metric of Proposition 2.13 is defined
by a global Lagrangian if and only if k = d"'k for a function k € C*®(M).

In order to give an application of this result we recall the following lemma.

LEMMA 2.15. For the vertical foliation V' of a tangent bundle TN, one has
H*(TN,®) =0 for any k > 0.

PROOF. Use a normal bundle NV, and let A be a d”-closed form of type
(p,q) on TN. Since the fibers of TN are contractible, if N = UU, is a covering
by small enough, TN-trivializing neighborhoods, we have Al,-1y,) = d"'tu
(p: TN — N) for some local forms py of type (p,q —1). The local forms iy
can be glued up to a global form p by means of the pullback to TN of a partition
of unity on N, that is, by means of foliated functions. Accordingly, we will have
A=d"pu. |

From Corollary 2.14 and Lemma 2.15, we get the following proposition.

PROPOSITION 2.16. Any locally Lagrange metric of a tangent bundle TN is
a globally Lagrange metric.

REMARK 2.17. Propositions 2.3 and 2.16 imply that, in the case of a tangent
bundle M = TN, the symmetry of C is a necessary and sufficient condition for
g to be a global Lagrangian metric. It was well known that this condition is
necessary [6]. On the other hand, the metrics of [6] are usually differentiable
only on the complement of the zero section of TN, where Proposition 2.16
does not hold, hence, the condition is not a sufficient one.

We also mention the inclusion o : Z{5? — Q19 where Z denotes spaces of

closed forms and the obvious following proposition.

PROPOSITION 2.18. The locally Lagrange metric structure defined by {£y} is
reducible to a locally Lagrangian-symplectic structure if and only if 6, € imo *,
where o* is induced by o in cohomology.

Other important notions are defined by the following definition.

DEFINITION 2.19. Let (M,S,g) be alocally Lagrange space, andlet X e T'TM.
Then: (i) X is a Lagrange infinitesimal automorphism if Lyg = 0, where g is
seen as a 2-covariant tensor field on M; (ii) X is a strong Lagrange infinitesimal
automorphism if it is a Lagrange and a tangential infinitesimal automorphism
of (M,S), simultaneously.
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Notice that
(Lxg)(Y,SZ) = -g(Y,[X,SZ]) (X,Y,Z €ITM). (2.29)

From (2.29) and the nondegeneracy of g on v¥, it follows that a Lagrange infini-
tesimal automorphism is necessarily a ¥'-projectable vector field. But it may not
be leafwise locally affine. Indeed, if g is a foliated metric of v (Example 2.8),
every tangent vector field of V" is a Lagrange infinitesimal automorphism even
if it is not leafwise locally affine.

We finish this section by considering a more general structure.

DEFINITION 2.20. Let (M,S) be a tangent manifold. A locally conformal La-
grange structure on M is a maximal open covering M = UU, with local regular
Lagrangians £ such that, over the intersections Uy N Ug, the local Lagrangian
metrics satisfy a relation of the form

Gop =SB G (2.30)

where f(«p) > 0 are foliated functions. A tangent manifold endowed with this
type of structure is a locally conformal Lagrange space or manifold.

Clearly, condition (2.30) is equivalent with the transition relations

Lg = flapLa+al(@p) +Dap)s (2.31)

where the last two terms are like in (2.7). On the other hand, {In f(z)} is a
®-valued 1-cocycle, and may be written as In fi«p) = Yp — Y, Where Yy is a
differentiable function on U, (which may be assumed projectable only if the
cocycle is a coboundary). Accordingly, the formula

9lu, =e ¥ gq, (2.32)

defines a global transversal metric of the vertical foliation which is locally con-
formal with local Lagrange metrics. As a matter of fact, we have the following
proposition.

PROPOSITION 2.21. Let (M?",S) be a tangent manifold, and let n. > 1. Then,
M is locally conformal Lagrange if and only if M has a global transversal metric
g of the vertical foliation which is locally conformal with local Lagrange metrics.

PROOF. We still have to prove that the existence of the metric g that satis-
fies (2.32) implies (2.30), which is clear, except for the fact that the functions
Sfiap) = eV~ are projectable. This follows from the Lagrangian character of
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the metrics gg, . Indeed, with the usual local coordinates (x?,y?), the symme-
try of the derivative tensors C of gg,, e implies

of af
a;‘kﬁ) (gifa)ij = a(;iﬁ) (nga)kj, (2.33)
and a contraction by (gg, )" yields 0 f(«g) /0% = 0. O

The cohomology class n = [In fi«g) ] € HY(M,®) will be called the comple-
mentary class of the metric g, and the locally conformal Lagrange metric g is
a locally Lagrange metric if and only if n = 0. Indeed, if n = 0, we may assume
that the functions  are foliated and the derivative tensor C of g = e"¥«gq,,
is completely symmetric.

Furthermore, using a normal bundle NV and the leafwise version of the de
Rham theorem, the complementary class may be seen as the d’’-cohomology
class of the global, d”-closed complementary form T obtained by gluing up
the local forms {d"” ¢ «}. In particular, Lemma 2.15 and Proposition 2.16 imply
that any locally conformal Lagrange metric g of a tangent bundle must be a
locally, therefore, a globally Lagrange metric.

EXAMPLE 2.22. Consider the Hopf manifold H?" of Example 1.5. The local
functions >, (v)? define a locally conformal Lagrange structure on H?", and

g=— St ")’

(2.34)
Sy [ (i) + (v1)?]

is a corresponding global metric, which, with the previously used notation,
corresponds to

n
wu—ln{Z[(xi)2+(yi)2]]». (2.35)
i=1
The corresponding complementary form is

N i gai
ro 2am)dyt (2.36)

St [ () + (01)°]

PROPOSITION 2.23. Let(M,S) be a tangent manifold and g a global transver-
sal metric of the vertical foliation V" of S. Then, g is locally conformal Lagrange
if and only if there exists a d''-closed form T of type (0,1) such that the ten-
sor C = C—(T0S)®g, where C is the derivative tensor of g, is a completely
symmetric tensor.

PROOF. Define j = e ¥«g, where 7|y, = d”"« for a covering M = UUs,.
Then, e ¥« is the derivative tensor of §, and the result follows from Proposi-
tion 2.3. O
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3. Transversal Riemannian geometry. The aim of this section is to give
an index-free presentation of the connections used in Finsler and Lagrange
geometry[1, 6, 7], while also extending these connections to tangent manifolds.

Let (M,S) be a tangent manifold and g a metric of the transversal bundle of
the vertical foliation V' (T = im S). (The metrics which we consider are nonde-
generate, but may be indefinite.) We do not get many interesting differential-
geometric objects on M, unless we fix a normal bundle N, also called the
horizontal bundle, that is, we decompose

TM =NVeTY. (3.1

We will say that N is a normalization and (M,S,N°) is a normalized tangent
manifold. Where necessary, we will use the local bases (2.21) and (2.22). The
projections on the two terms of (3.1) will be denoted by py, pr, respectively,
and P = py — pr is an almost product structure tensor that has the horizontal
and vertical distribution as +1-eigendistributions, respectively.

For a normalized tangent manifold, the following facts are well known: (i)
S|y is an isomorphism Q : NV — TV, (i) S = Q @0, (iii)) S’ = 08 Q! is an
almost tangent structure, (iv) F = S’ + S is an almost product structure, (v)
J =S8"-Sis an almost complex structure on M.

On a normalized tangent manifold (M,S,N%'), a pseudo-Riemannian metric
y is said to be a compatible metric if the subbundles T, N are orthogonal
with respect to y and

y(§X,8Y)=y(X,Y), VX, YeINY. (3.2)

It is easy to see that these conditions imply the compatibility of y with the
structures J and F, that is,

yUX,JY) =y(X,Y), y(FX,FY)=y(X,Y), VX)YeITM. (3.3)

Furthermore, if (M,S) is a tangent manifold and y is a pseudo-Riemannian
metric on M, we will say that y is compatible with the tangent structure S if
the y-orthogonal bundle N of im S is a normalization, and y is compatible
for the normalized tangent manifold (M,S,N%).

The following result is obvious.

PROPOSITION 3.1. On a normalized, tangent manifold, any transversal met-
ric g of the vertical foliation defines a unique compatible metric y such that

YNy =g.

In what follows, we will refer to the metric y as the canonical extension of the
transversal metric g. On the other hand, a pseudo-Riemannian metric y of a
tangent manifold (M,S) which is the canonical extension of a locally Lagrange
metric g will be called a locally Lagrange-Riemann metric. This means that the
restriction of y to the y-orthogonal subbundle N of the vertical foliation "
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of S is a locally Lagrange metric g = g4, and y is compatible with (M,S,NV).
Then, (M, S, y) will be called a locally Lagrange-Riemann manifold. Notice that,
since the induced metric of N is nondegenerate, N is a normalization of the
vertical foliation and the compatibility condition of the definition makes sense.
Thus, any normalized locally Lagrange space with the canonical extension y of
the Lagrange metric g is a locally Lagrange-Riemann manifold, and conversely.

EXAMPLE 3.2. The Fuclidean metric Y1 ;[(dx?)? + (dy?)?] is the canon-
ical extension of the locally Lagrange metric defined in Example 2.4 on the
torus T2".

EXAMPLE 3.3. The metric

(dx)) + (dy)2 + > (dz' - xidy)’ + (dt)? (3.4)

i=1

M=

,..
I
—

is the canonical extension of the locally Lagrange metric defined in Example 2.5
on M(1,p)x(R/Z).

Now, let (M,S,N¥,g) be a normalized tangent manifold with a transversal
metric of the vertical foliation ¥ and let V be the Levi-Civita connection of the
canonical extension y of g.

We are going to define a general connection that includes the connections
used in Finsler and Lagrange geometry [1, 6, 7] as particular cases determined
by specific normalizations. This will be the so-called second canonical con-
nection D of a foliated, pseudo-Riemannian manifold (M,y), defined by the
following conditions [9]: (i) NV and T are parallel, (ii) the restrictions of the
metric to NV and T are preserved by parallel translations along curves that
are tangent to N, T, respectively, (iii) the V-normal, respectively ¥'-tangent,
component of the torsion Tp (X,Y) vanishes if one of the arguments is normal,
respectively tangent, to . This connection is given by

Dz, Z> =pNnVz 2>, Dy, Y, =prVy, Yo,

(3.5)
DYIZZZPN[YI,ZZ], DZIYZZPT[ZI;YZ];

where Y1,Y, e I'TV and Z,,Z, € INV. We will say that D is the canonical con-
nection, and the connection induced by D in the normal bundle N, or, equiv-
alently, in the transversal bundle vV = TM /T, will be called the canonical
transversal connection. The canonical, transversal connection is a Bott (basic)
connection [8]. The total torsion of the connection D is not zero, namely, one
has

Tp(X,Y) = —pr[pnX,pNY], VX,Y €TTM. (3.6)
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PROPOSITION 3.4. Let (M,S,g) be a locally Lagrange manifold, and y the
canonical extension of g. Then, the derivative tensor field of g has the following
expressions:

C(X,Y,Z) = (Dsxg)(Y,Z) = (Dsxy)(Y,Z)

3.7
(VY (SX),Z) +y (Y, V4(SX)), 3.7)

where X,Y,Z € TNV

PrROOF. Of course, in (3.7), g is seen as a 2-covariant tensor field on M (see
Section 2). First, we refer to the first two equalities in (3.7). These are point-
wise relations, hence, it will be enough to prove these equalities for foliated
cross sections of the normal bundle N. Indeed, a tangent vector at a point
can always be extended to a projectable vector field on a neighborhood of that
point. But in this case, the first and second equalities are straightforward con-
sequences of the definitions of the tensor field C and of the connection D.
Then, since V has no torsion, (3.5) implies

DsxY = VgxY —prVsxY —pnVy(SX), (3.8)

and, also using Vy = 0, we get the required result. |

The first two expressions of C actually hold for any vector fields X,Y,Z €
I'TM.

COROLLARY 3.5. The canonical extension y of a transversal metric g is a lo-
cally Lagrange-Riemann metric if and only if one of the following two equivalent
relations holds:

(Dsxy)(Y,Z) = (Dsyy) (X, Z),
(3.9)
Y(Vy(§X),Z)+y(Y,Vz(SX)) = y(Vx(SY),Z) +y(X,Vz(SY)),

where X,Y,Z €NV

COROLLARY 3.6. On a tangent manifold, if y is a compatible pseudo-
Riemannian metric such that VS = 0, then y is a projectable, locally Lagrange-
Riemann metric.

PROOF. If VS =0, the third equality (3.7) yields C = 0, which is the charac-
terization of this type of metrics. |

Now, we consider the curvature of D. The curvature is a tensor and it suffices
to evaluate it pointwisely. For this reason, whenever we need an evaluation of
the curvature (as well as of any other tensor) that involves vector fields, it will
suffice to make that evaluation on V-projectable vector fields.
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PROPOSITION 3.7. The curvature Rp of the canonical connection has the
following properties:

Rp(SX,SY)Z =0, (3.10)
Rp(SX,Y)Z = pn[SX,Dy Z], (3.11)
Rp(X,Y)(SZ) = -Dsz(prlX,Y]), (3.12)
Rp(SX,Y)Z =Rp(SX,2)Y, (3.13)

for any foliated vector fields X,Y,Z € TNV'. Moreover, formulas (3.10), (3.12),
and (3.13) hold for any arguments X,Y,Z € TNV

PrROOF. Equality (3.10) is in agreement with the fact that D is a Bott connec-
tion [8]. Formulas (3.10), (3.11), and (3.12) follow from (3.5) and (3.6). Formula
(3.13) is a consequence of (3.11). In the computation, one will take into account
the fact that for any foliated vector field X € I'TM and any vector field Y e [TV
one has [X,Y] eI'TV [8]. O

PROPOSITION 3.8. For the canonical connection D, the first Bianchi identity
is equivalent to the following equalities:

> Rp(SX,SY)(SZ) =0, (3.14)
Cycl(X,Y,Z)
Rp(SX,Z)SY =Rp(SY,Z)SX, (3.15)
> Rp(X,Y)Z=0, (3.16)
Cycl(X,Y,Z)

where X,Y,Z €NV

PROOF. Write down the general expression of the Bianchi identity of a linear
connection with torsion (e.g., [4, 5]) for arguments tangent and normal to V.
Then, compute using (3.5), (3.6), and projectable vector fields as arguments.
The fourth relation included in the Bianchi identity reduces to (3.12). |

PROPOSITION 3.9. For the canonical connection D, the second Bianchi iden-
tity is equivalent to the following equalities, where X,Y,Z € TNV,

> (DsxRp)(SY,S2) =0, (3.17)
Cycl(X,Y,Z)
(DsxRp)(SY,Z)— (DsyRp)(SX,Z) = (DzRp)(SX,SY), (3.18)
(DxRp)(Y,SZ) - (DyRp)(X,SZ)+ (DszRp)(X,Y) = Rp(pr[X,Y1,SZ),
(3.19)
> (DxRp)(Y,Z)= > Rp(prlX,Y1,2). (3.20)
Cycl(X,Y,Z) Cycl(X,Y,Z)

PRrROOF. This is just a rewriting of the classical second Bianchi identity [4, 5]
that uses (3.6). O
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Like Riemannian geometry, we also define a covariant curvature tensor
Rp(X,Y,Z,U) =y(Rp(Z,U)Y,X), X,Y,Z,UecTTM. (3.21)
In particular, we have the following proposition.
PROPOSITION 3.10.

Rp(U,Z,SX,Y)=g([SX,DyZ],U)

3.22
= (5X)(g(DyZ,U))-C(X,DyZ,U), (3-22)

where the arguments are foliated vector fields inTNV', and g is seen as a tensor
onM.

Formula (3.16) yields the Bianchi identity

> Rp(U,X,Y,Z)=0, VX,Y,ZecTNYV. (3.23)
Cycl(X,Y,Z)

But the other Riemannian symmetries may not hold. Indeed, we have
PROPOSITION 3.11. For any arguments X,Y,Z,U € TNV,
Rp(X,Y,Z,U)+Rp(Y,X,Z,U) = (Dp,iz,u1y)(X,Y) (3.24)
=C(S'prlZ,UL,X,Y). ’

PROOF. Express the equality
(ZU-UZ-[Z,U])(y(X,Y)) =0 (3.25)

for normal foliated arguments, and use the transversal metric character of the
canonical connection D and Proposition 3.4. O

PROPOSITION 3.12. For any arguments X,Y,Z,U € INV,
RD(X,Y,Z,U)*RD(Z,U,X,Y)

1 (3.26)
= S{C(S'PrIZ,ULX,Y) - C(S'prIX,Y1.2,U)]}.

PROOF. Same proof as for [4, Proposition 1.1, Chapter V]. O

The other first and second Bianchi identities may also be expressed in a
covariant form. From (3.21), we get

(DFRp)(A,B,C,E) = y((DrRp)(C,E)B,A) + (Dry) (Rp(C,E)B,A), (3.27)
where (A,B,C,E,F € TTM). Accordingly, (3.19) yields

(DszRD)(V,U,X,Y) + (DxRD)(V,U, Y,SZ)— (DyRD)(V,U,X,SZ)
= (Dszy)(Rp(X,Y)U,V) - (Dxy) (pn[SZ,DyU],V) (3.28)
+(Dyy)(pn[SZ,DxU],V),
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(3.20) yields

> (DxRp)(V,U,Y,2)
Cycl(X,Y,Z)
(3.29)
= > Rp(V,UprlX,Y],Z)- >  (Dxy)(Rp(Y,2)U,V),
Cycl(X,Y,Z) Cycl(X,Y,Z)

where X,Y,Z,U,V € NV, and so on.

EXAMPLE 3.13. On the torus T2" with the metric of Example 3.2, the usual
flat connection is both the Levi-Civita connection and the canonical connection
D, and it has zero curvature. On the manifold M (1,p) x (R/Z) with the metric
of Example 3.3, the connection that parallelizes the orthonormal basis shown
by the expression of the metric is not the Levi-Civita connection, since it has
torsion, but it follows easily that it has the characteristic properties of the
canonical connection D. Accordingly, we are in the case of a locally Lagrange-
Riemann manifold with a vanishing curvature Rp and a nonvanishing torsion
Tp.

PROPOSITION 3.14. The Ricci curvature tensor pp of the connection D is
given by the equalities

Ly 0

SX,SY) = 94 R - SX)SY ), 3.30

Pp(SX,SY) Zl< D(ay, ) > (3.30)

pp(SX,Y) = > (dx',pn[Dx,Y,SX]), (3.31)
i=1

pp(X,Y) =tr[Z — Rp(Z,X)Y]
(3.32)

(dx',Rp (X;, X)Y),

M=

-
Il
=

where X,Y,Z e TNV, and in (3.31) Y is projectable.

PROOF. The definition of the Ricci tensor of a linear connection (e.g., [4]),
and the use of the bases (2.21) and (2.22) yield

n

pp(X,Y) = > (dx",Rp(X;, X)Y) + > <9i,RD (aiyi,x) Y>. (3.33)

i=1 i=1
Then, the results follow from (3.5) and (3.11). |

REMARK 3.15. Inview of (3.32), we may speak of kp = trpp on N, and call
it the transversal scalar curvature.

In the case of anormalized, bundle-type, and tangent manifold (M, S,E,N¥V),
with a compatible metric y (F is the Euler vector field), the curvature has some
more interesting features, which were studied previously in Finsler geometry
[1]. These features follow from the following lemma.
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LEMMA 3.16. Forany Z e TNV,
Dsz(S'E) = Z. (3.34)

PROOF. The tensor S’ is the tensor defined at the beginning of this section,
and with local bundle-type coordinates (xi,yi)’lLl and bases (2.21), we have

S'E = yiX;. (3.35)

i’

SZ=§"(xf,yf)aa

Now, (3.34) follows from (3.5). O
Using Lemma 3.16 one can prove the following proposition.

PROPOSITION 3.17. The curvature operator Rp(X,Y)|nv (X, Y € INV) is
determined by its action on S'E and by Rp(V,SW)|nv, where V,W € TNV

PROOE. Denote
r(X,Y)=Rp(X,Y)S'E. (3.36)

The covariant derivative of this tensor contains a term, which, in view of (3.34),
is equal to Rp(X,Y)Z, and we get

Rp(X,Y)Z = Dsz(r(X,Y)) —v(DszX,Y) =¥ (X,DszY) — (DszRp) (X,Y)S'E.
(3.37)

Now, if the last term of (3.37) is expressed by means of the Bianchi identity
(3.19), one gets an expression of Rp(X,Y)Z in terms of ¥ and Rp (V,SW)|nv
for various arguments V, W. O

Notice that, by (3.11), the computation of Rp(V,SW)|ny on normal argu-
ments requires only a first order covariant derivative.

From Proposition 3.17, we also see that the curvature values Rp (U, Z,X,Y)
(X,Y,Z,U e TNY) are determined by the values Rp (U,S’E,X,Y) and of Rp (U,
V,W,SK) for convenient normal arguments. Therefore, it should be interesting
to study manifolds, where Rp (U,S'E, X,Y) has a simple expression. If we fix a
direction span{U} and a 2-dimensional plane o = span{X,Y} (U,X,Y € TNV,
the formula

ko () Rp(U,S'E,X,Y)
VT Y(S'E,X)y(U,Y) -y (S'E,Y)y(U,X)

(3.38)

defines an invariant, which we will call the U-sectional curvature of o. The
invariant ky (o) is independent of U if and only if

Rp(X,Y)S'E = k(o) [y(S'E,X)Y —y(S'E,Y)X], (3.39)
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where k(o) is a function of the point of M and the plane o only. Furthermore,
if k(o) = f(x), x € M, that is, k(o) is pointwise constant, (3.39) is a natural
simple expression of the transversal curvature tensor.

On the other hand, we can generalize the notion of flag curvature, which
is an important invariant in Finsler geometry [1]. Namely, a flag ¢ at a point
X € M is a 2-dimensional plane ¢ < T, M which contains the vector E. Such a
flag is ¢p = span{E, Xy}, where X, € N, is defined up to a scalar factor, and
following [1], the flag curvature is defined by

Rp(X,S'E,X,S'E)

(3.40)

If g is not positive definite, the flag curvature may take infinite values.
PROPOSITION 3.18. The flag curvature k is pointwise constant if and only if
Rp(X,S'E,Y,S'E) = f[g(S'E,S'E)g(X,Y)-g(S'E,X)g(S'E,Y)], (3.41)
where f € C*(M). If the U-sectional curvature is independent of U and point-
wise constant, the flag curvature is pointwise constant too.
PROOF. For the first assertion, use k(X +Y) = k(X) = k(Y). The second
follows because, if k(o) = f(x), (3.39) implies
Rp(U,S'E,X,Y) = f(x)[y(S'E,X)y(Y,U)-y(S'E,Y)y(X,U)], (3.42)

which reduces to (3.41) for Y = S'E. O

REMARK 3.19. The curvature Rp has more interesting properties in the case
of a bundle-type, locally Lagrange manifold such that the metric tensor g is
homogeneous of degree zero with respect to the coordinates . The invariant
characterization of this situation is that the derivative tensor C is symmetric,
and such that

i(S'E)C =0. (3.43)

Indeed, in this case, formulas (3.24) and (3.26) yield simpler symmetry proper-
ties if one of the arguments is S"E. The Finsler metrics satisfy the homogeneity
condition (3.43).

REMARK 3.20. On alocally Lagrange-Riemann manifold (M, S, y) there exist
other geometrically interesting connections as well. One such connection is

ViY =pn(Vx(pnY)) +pr(Vx(prY)). (3.44)

The connection V' preserves the vertical and horizontal distributions and the
metric, but has a nonzero torsion. Then, we have the connections €D, €V’,
which can be defined by using formulas (3.5) and (3.44) with the Levi-Civita
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connection V replaced by the Chern connection €V, that is, the y-metric, J-
preserving connection that has a torsion with no component of J-type (1,1)
(J=8-5) 14,5l

We finish by recalling the well-known fact [3, 6, 7] that global Finsler and
Lagrange structures of tangent bundles have an invariant normalization. This
normalization may be defined as follows.

Let & be the global Lagrangian function. Then the energy function

€y =ESL-% (3.45)
has a Hamiltonian vector field X¢ defined by
i(Xg)wg = —d€y, (3.46)

where wg is the Lagrangian symplectic form (2.5), which turns out to be a
second order vector field. Accordingly, Lx,S is an almost product structure
on M (see Section 1), and N¢*' = imH, with H defined by (1.29) is a canonical
normal bundle of V.

Alocally Lagrangian structure {<} on a bundle-type tangent manifold (M, S,
E) defines a global function (second order energy)

€ =F°Py—ELq, (3.47)

but, generally, it has no global Hamiltonian vector field, and, even if such a
field exists, is may not be a second order vector field.
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