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1. Introduction. Let H be a separable infinite-dimensional complex Hilbert
space and let B(H) denote the algebra of all bounded operators on H into itself.
Given A,B € B(H), we define the generalized derivation 645 : B(H) — B(H) by
04,8(X) = AX — XB and the elementary operator derivation Ay p : B(H) — B(H)
by AA,B(X) = AXB - X. Denote 6A,A =04 and Apa = Aj.

In [1, Theorem 1.7], Anderson shows that if A is normal and commutes with
T, then, for all X € B(H),

[|T+8A(X)|| =TIl (1.1)

It is shown in [10] that if the pair (A,B) has the Fuglede-Putnam property
(in particular, if A and B are normal operators) and AT = TB, then, for all
X € B(H),

T +6a5X)| =TIl (1.2)

Duggal [4] showed that the above inequality (1.2) is also true when 643 is
replaced by A4 . The related inequality (1.1) was obtained by the author [11]
showing that if the pair (A, B) has the Fuglede-Putnam property (FP)c,, then

T+ 648X, = T, (1.3)

for all X € B(H), where Cp, is the von Neumann-Schatten class, 1 < p < 0, and
Il - [l is its norm for all X € B(H) and for all T € C, nkerd . In all of the
above results, A was not arbitrary. In fact, certain normality-like assumptions
have been imposed on A. A characterization of T € C, for 1 < p < o, which
is orthogonal to R(54|C,) (the range of 641C,) for a general operator A, has
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been carried out by Kittaneh [7], showing that if T has the polar decomposition
T =U|T|, then

T +54(X)], = Tl (1.4)

forall X € C, (1 < p < o) if and only if |[T|?~1U* € kerd4. By a simple mod-
ification in the proof of the above inequality, we can prove that this inequal-
ity is also true in the general case, that is, if T has the polar decomposition
T =U|T|, then [T+ 648(X)lp = IT]l, for all X € C,, (1 < p < o) if and only
if |T|P~1U* € ker&p 4. In Sections 1, 2, 3, and 4, we prove these results in the
case where we consider E4 p instead of 64,5, which leads us to prove that if
T € Cp and kerEx p € kerE} 5, then

T +Eas(XOll, = IT1l, (1.5)

forall X € C, (1 < p < o) if and only if T € kerE, 3. In Sections 5 and 6, we
minimize the map ||S + Eag(X)Il, and we classify its critical points.

2. Preliminaries. Let T € B(H) be compact and let 5;(X) > s2(X) >--->0
denote the singular values of T, that is, the eigenvalues of |T| = (T*T)2
arranged in their decreasing order. The operator T is said to belong to the
Schatten p-class Cp if

ww={zxﬂV] =[], 1<p<o, (2.1)

i=1

where tr denotes the trace functional. Hence, C; is the trace class, C» is the
Hilbert-Schmidt class, and Cs is the class of compact operators with

[Tlleo = 51(T) = sup [ Tf] (2.2)
IflI=1

denoting the usual operator norm. For the general theory of the Schatten p-
classes, the reader is referred to [8, 13].

Recall that the norm || - || of the B-space V is said to be Gateaux differentiable
at nonzero elements x € V if

+tyl -
lim lx+ ey —Ilx|

t—0,teR t =RDx(y) (2.3)

for all y € V. Here R denotes the set of reals, & denotes the real part, and D,
is the unique support functional (in the dual space V*) such that ||[Dy || = 1 and
D, (x) = ||x|l. The Gateaux differentiability of the norm at x implies that x is
a smooth point of the sphere of radius [/x].
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It is well known (see [8] and the references therein) that, for 1 < p < o, Cp is
auniformly convex Banach space. Therefore, every nonzero T € Cp, is a smooth
point and, in this case, the support functional of T is given by

(2.4)

-1 *
Dr(X) = tr [M}

g
for all X € Cp, where T = U|T]| is the polar decomposition of T.

DEFINITION 2.1. Let E be a complex Banach space. We define the orthogo-
nality in E. We say that b € E is orthogonal to a € E if, for all complex A, there
holds

lla+Abll = [lall. (2.5)

This definition has a natural geometric interpretation, namely, b La if and
only if the complex line {a+Ab | A € C} is disjoint with the open ball K (0, ||al|),
that is, if and only if this complex line is a tangent one. Note that if b is or-
thogonal to a, then a needs not be orthogonal to b. If E is a Hilbert space, then
from (2.5), it follows that (a, b) = 0, that is, orthogonality in the usual sense.

3. Mainresults. In this section, we characterize T € C, for 1 < p < oo, which
is orthogonal to R(A4g|Cp) (the range of Ay |Cp) for a general pair of opera-
tors A, B.

LEMMA 3.1 [7]. Letu and v be two elements of a Banach space V with norm
Il - 1I. If u is a smooth point, then D, (v) = 0 if and only if

lu+zvll = lull (3.1)

for all z € C (the complex numbers).
THEOREM 3.2. Let A,B€B(H) andT € C, (1 <p < ). Then
T +A45X)], = Tl (3.2)

for all X € B(H) with Ay 5(X) € Cp if and only iftr(IT1P~1U*Ax5(X)) =0 for
all such X.

PROOF. The theorem is an immediate consequence of equality (2.4) and
Lemma 3.1. |

THEOREM 3.3. Let A, B€B(H) andT € C, (1 <p < ). Then

T +AaX), =TI, (3.3)

for all X € C, if and only if T = |T|P~'U* € ker A 4.
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PROOF. By virtue of Theorem 3.2, itis sufficient to show that tr(TA AB(X)) =

0 for all X € Cp, if and only if Te kerAg 4.
Choose X to be the rank-one operator f ®g for some arbitrary elements f

and g in H; then tr(T(AXB X)) = tr((BTA T)X) 0 implies that (ABA(T)f
g)=0< T 1S kerABA Conversely, assume that T € kerAg 4, that is, BTA T
Since TX and TAB,A are trace classes for all X € Cp,, we get
tr (T(AXB-X)) = tr (TAXB—TX)
— tr (XBTA—-XT) (3.4)
=1tr (XApa(T)) =0. O

LEMMA 3.4. Let A,Be B(H) and S € B(H) such thatkerA,p < ker A= p=. If
AU|S|P7IB=U|S|P~!, where p > 1 and S = U|S| is the polar decomposition of
S, then AU|S|B =U|S]|.

PROOE. If T =[S|P~1, then
AUTB=UT. (3.5)
We prove that
AUT"B=UT™". (3.6)

If ATB=T = A*TB*, then BT*T = BT*ATB = T*TB, and thus B|T| = |T|B
and BT? = T2B. Since B commutes with the positive operator T2, then B com-
mutes with its square roots, that is,

BT =TB. (3.7)

By (3.5) and (3.7) we obtain (3.6). Let f(t) be the map defined on o (T) C R*
by

ft)y=tP Y 1<p<oo. (3.8)

Since f is the uniform limit of a sequence (P;) of polynomials without constant
term (since f(0) = 0), it follows from (3.3) that AUP;(T)B = UP;(T). Therefore,
AUTYP-VB =yT!/(P-1), O

THEOREM 3.5. Let A and B be operators in B(H) such that kerAsp <
ker A« px. Then T € ker Ay g N Cp if and only if

IS+ A48, = IS, (3.9)

forall X € Cp.
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PROOEF. If § € kerAy g, then, by applying [11, Theorem 3.4], it follows that
IS+ A48 X[, = 1S, (3.10)

for all X € Cp,. Conversely, if
IS+ 245X, = ISl (3.11)
for all X € Cp, then, from Theorem 3.3, A|S|P~'U*B = |S|P~'U*. Since ker A4 p

c kerAax g+, A*|S|P-1U*B* = |S|P~1U*. By taking adjoints, we get AU|S|P~'B
= U|S|P~'. From Lemma 3.4, it follows that AU|S|B = U|S|. Thatis, S €ker A p.

O
THEOREM 3.6. Let A,B € B(H). If
(1) A,Be€ £(H) such that ||Ax|| = ||x|| = ||Bx|| for all x € ¥,
(2) A is invertible and B is such that ||A~1||||B]| < 1,
(3) A =B is a cyclic subnormal operator,
then, T € kerAs g N Cp if and only if
IS+ 24X, = IS, (3.12)

forall X € Cp.

PROOF. The result of Tong [14, Lemma 1] guarantees that the above condi-
tion implies that for all T € ker(84 3|5 (%)), R(T) reduces A, ker(T)* reduces
B, and Alz7y and Blyer(r)+ are unitary operators. Take ¢, = % = ranSerans
and ¥, = # = kerS @ kerS+. According to the decomposition of # and for
Aq ¥ — Hy, Ar i Ho — Hop, and S 1 Ho — 1, we can write

A1 0 » Bf 0 S 0
A=<O Az)' B =<0 Bz*)’ S=<0 0). (3.13)
From ASB = S, it follows that A;SB; = S, and since A; and B; are unitary
operators, we obtain AfSB; = S, and the result holds by the above theorem.
The above inequality holds in particular if A = B is isometric; in other words,
|Ax] = ||x]| for all x € ¥.
(2) In this case, it suffices to take A; = |B||"'A and B; = ||B||"!B, then
JAi x| = ||x]|| = |B1x]|, and the result holds by (1) for all x € *.
(3) Since T commutes with A, it follows that T is subnormal [15]. But any
compact subnormal operator is normal; hence, T is normal. By applying
Fuglede-Putnam theorem, we get that ATA = T implies A*TA* =T. O

4. The case where n > 1. Let A= (A,Ay,...,A,) and B = (B1,B>,...,By,) be
n-tuples of operators in B(H). In this section, we characterize T € Cp, for 1 <
p < oo, which is orthogonal to R(Eag|Cp) (the range of E4g|Cp) for a general
pair of operators A and B.
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By the same argument used in the proofs of Theorems 3.2 and 3.3, we prove
the following theorems.

THEOREM 4.1. Let A = (A1,Ay,...,Ay) and B = (By,B>,...,By) be n-tuples of
operators in B(H) and T € Cp, (1 <p < o). Then

T +Eas(Xl, = 1T, 4.1)

for all X € B(H) with Exg(X) € Cp if and only if tt(|T|P-'U*E4 (X)) = 0 for
all such X.

THEOREM 4.2. Let A = (A1,A»,...,Ay,) and B = (By,Bo,...,By) be n-tuples of
operatorsin B(H) and T € Cp, (1 <p < ). Then

IT+EasX)|l, = Tl (4.2)

for all X € C, if and only if7~" = |T|P~1U* € kerE4 p.
LEMMA 4.3. LetC = (C1,Co,...,Cy) be n-tuple of operators in B(H) such that
S GiCr <1, CFCi <1, and kerEc < kerEc+. If
n
> GUISIPTICi = UISIP, 4.3)
i-1
where p > 1 and S = U|S| is the polar decomposition of S, then
n
> GUISIC; =UIS]|. (4.4)
i=1

PROOF. If T =S|~ then

n
> GUTC; =UT. (4.5)
i=1
We prove that
n
> CUT"C; =UT". (4.6)

i=1

It is known that if >} | C;CF < 1, X' C*C; < 1, and kerE, < kerE}, then
the eigenspaces corresponding to distinct nonzero eigenvalues of the compact
positive operator |S|? reduce each C; (see [3, Theorem 8], [14, Lemma 2.3]).
In particular, |S| commutes with C; for all 1 < i < n. This implies also that
|S|P-! = T commutes with each C; for all 1 <1i < n. Hence C;|T| = |T|C; and
CiT? =T?C;.
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Since C; commutes with the positive operator T2, then C; commutes with
its square roots, that is,

GT=TC;. (4.7)

By the same arguments used in the proof of Lemma 3.4, the proof of this lemma
can be completed. |

THEOREM 4.4. Let C = (C1,(o,...,Cy) be n-tuple of operators in B(H) such
that Y. C;CF <1, XL, CFC; < 1, and kerEc < kerEc«. Then S € kerEc N C,
(1 < p <o) ifand only if

IS +Ec(X)|, = ISy (4.8)

forall X € C,.

PROOF. If S € kerEc, then, from [14, Theorem 2.4], it follows that ||S +
Ec(X)ll, = IISll, for all X € C,. Conversely, if [|S + Ec(X)ll, = [IS]l, for all
X € Cp, then, from Theorem 4.2, > | C;|S|P~'U*C; = |S|P~'U*. Since kerEc <
kerEc«, Y. CFIS|P-1U*CF = |S|P~'U*. Taking adjoints, we get >, C;U
x |S|P-1C; = U|S|P~!, and from Lemma 4.3, it follows that >, C;U|S|C; =
U|S|, that is, S € kerEc. O

THEOREM 4.5. Let A = (A1,A»,...,Ay) and B = (B1,Bo,...,By) be n-tuples
of operators in B(H) such that ;" A;AF <1, X' AFA; <1, XL BiBf <1,
z?:lekBi <1,andkerEsp < kerE« px.

Then T € kerEs g N Cp if and only if

1S +Eap (X, = ISl (4.9)

forall X € Cp.

PRrROOF. It suffices to take the Hilbert space H @ H and the operators

Ai 0 Jo T o x
R EI S S

and apply Theorem 4.4. O

5. Remarks. (1) It is known (see [8] and the references therein) that the
smooth points of K(H) are those compact operators that attain their norm
at a unique (up to multiplication by a constant of modulus one) unit vector.
It has been shown in [8] that a nonzero T € B(H) is a smooth point if and
only if T attains its norm at a unique (up to multiplication by a constant of
modulus one) unit vector e € H and ||T||, < ||T||, where || T||. is the essential
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norm of T, that is, the norm of w(T), where 1 is the quotient map of B(H)
onto B(H)/K(H). In this case,

_ | (e®Te) | Te
DT(X)“[ Il X} <Xe’ HTII> (1)

for all X € B(H), where (-, -) denotes the inner product on H and e® Te is the
rank-one operators defined by (e® Te) f = (f,Te)e for all f € H.

Hence, for the usual operator norm, Theorems 3.2, 3.3, 4.1, and 4.2 can be
combined in the following formulation. Let A,B € B(H) and T € B(H) be a
smooth point. If T = e® Te, then the following statements are equivalent:

@) I T+EagX)|l =T for all X € B(H),
(ii) tr(T~Exp(X)) =0 for all X € B(H),

(ifi) T € kerEx p.

(2) It is still possible to give a characterization similar to this given in the
usual operator norm for the norm | - || . However, in this case, we have to as-
sume that T is a smooth point, that is, the given norm is Gateaux differentiable
atTand T = e® Te, where e is the unique (up to multiplication by a constant
of modulus one) unit vector at which T attains its norm.

(3) It is well known that the Hilbert-Schmidt class C> is a Hilbert space under
the inner product (Y,Z) =trZ*Y.

We remark here that, for the Hilbert Schmidt norm || - ||, the orthogonality
results in Theorems 3.3, 3.5, 4.1, andN 4.2 are to be understood in the usual
Hilbert-space sense. Note in the case T = |T|U* = T* that

T +Eap (X5 = ||Ean(X)]|5+ITI3 (5.2)

for all X € C; if and only if T* € kerE p.

(4) Theorem 4.4 does not hold in the case 0 < p < 1 because the functional
calculus argument involving the function t — t'/~1 where 0 < t < o, is only
valid for 1 < p < co. We ask if there is another proof where this theorem still
holds in the case 0 < p < 1. For the case p = 1, this theorem still holds see [12,
Theorem 2.3].

6. On minimizing ||T - (AXB - X)||,. Maher [9, Theorem 3.2] showed that,
if Aisnormal, AT =TA,1<p <, and S € kerdazn Cp; then the map F,
defined by F,(X) = ||S — (AX — XA)||; has a global minimizer at V if, and for
1 <p < o only if, AV -V A = 0. In other words, we have

IS —(AX = xA)|[ = ITIIH (6.1)
if, and for 1 < p < o onlyif, AV -V A = 0.In [10] we generalized Maher’s result,

showing that if the pair (A, B) has the property (FP)c,, thatis, (AT = T B, where
T € Cp implies A*T = TB*),1 <p <o and S € kerd 3 N Cp, then the map F,
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defined by F, (X) = ||S — (AX — XB) |I§ has a global minimizer at V if, and for
1 <p < o only if, AV —VB = 0. In other words, we have

IIS—(AX-XB)||L = IITIIh (6.2)

if, and for 1 < p < o0 only if, AV — VB = 0. In this paper, we obtain an inequal-
ity similar to (6.1), where the operator AX — XB is replaced by the operator
App(X) = AXB— X (in the case n = 1). We prove that if kerA, p < ker A g+
and T € kerAy g N Cp, then the map F, defined by F, (X) = [T - (AXB - X) IIQ’
has a global minimizer at V if, and for 1 < p < o only if, AVB—V = 0. In other
words, we have

|IT—(AXB-X)||" = IITIl, (6.3)

if, and for 1 < p < o only if, AVB —V = 0. Additionally, we show that if
kerAap € kerAy+p+« and T € kerAypnCp, 1 < p < oo, then the map F, has
a critical point at W if and only if AWB—-W = 0, that is, if 9y F, is the Frechet
derivative at W of F, the set

(W € B(H) : 9y F, = 0} (6.4)

coincides with ker A4 g (the kernel of Ay p).

THEOREM 6.1 [2]. If1 < p < oo, then the map
Fp:Cp— R* (6.5)

defined by X — || X|} is differentiable at every X € C, with derivative %xF,
given by

DxF,(T) = pRetr (IX|P71U*T), (6.6)

where tr denotes trace, Re z is the real part of a complex number z, and X = U| X |
is the polar decomposition of X. If dim¥ < oo, then the same result holds for
0 <p =<1 atevery invertible X.

THEOREM 6.2 [6]. IfU is a convex set of C, with 1 < p < o, then the map
X — HXIIZ, where X € AU, has at most a global minimizer.

DEFINITION 6.3. Let W(A,B) = {X € B(H):AXB-X € Cp} and let F, : U ~—
R* be the map defined by F,(X) = [T — (AXB - X)|l}, where T € kerA 5N Cp
(1 <p < o).

By a simple modification in the proof of Lemma 4.3, we can proof the fol-
lowing lemma.

LEMMA 6.4. Let A,Be B(H) and S € B(H) such thatker A, p < ker A« p=. If
A|S|P-IU*B = |S|P-1U*, where p > 1 and S = U|S| is the polar decomposition
of S, then A|S|U*B = |S|U*.
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THEOREM 6.5. Let A,B € B(H). If kerAxp < kerAuxpx and T € kerAypn
Cp, then, for 1 < p < oo, the map F, has a global minimizer at W if, and for
1<p <o onlyif, AWB—-W =0.

PROOF. If kerA,p < kerAax p«, then it follows from Theorem 3.5 that || T —
(AXB—-X)IIp = IT|l,, thatis, F,(X) = F,(W). Conversely, if F, has a minimum,
then

IT— (AWB-WB)|[} = IISII}. (6.7)

Since U is convex, then the set ¥ = {T — (AXB - X); X € U} is also convex.
Thus Theorem 6.2 implies that S— (AWB—-W) = S. O

THEOREM 6.6. Let A,B € B(H). If kerAap € kerAyxpx and S € kerAapn
Cp, then, for 1 < p < o, the map F, has a critical point at W if and only if
AWB—-W =0.

PROOF. Let W,S €9 and let ¢p and @ be two maps defined, respectively, by
¢:X—S—(AXB-X)and @: X — || X]}.
Since the Frechet derivative of F, is given by

Fyp(W +hT) —F,(W)
h ’

Wy Fy(T) = lim 6.8)
h—-0

it follows that DwF, (T) = [Ds—awp-w)](ATB—T). If W is a critical point of
Fp,, then 9w F, (T) = 0 for all T € U. By applying Theorem 6.1, we get

Gy Fp(T) = pRetr[[S— (AWB—W) "' W*(ATB-T)]|

(6.9)
= pRetr[Y(ATB-T)] =0,

where S — (AWB—-W) = W|S - (AWB —W)| is the polar decomposition of the
operator S — (AWB—-W),and Y = |S— (AWB—-W)|P~1W*,
An easy calculation shows that AYB—Y = 0, that is,

A|S—(AWB-W)|" '"W*B = |S— (AWB-W)|"'w*. (6.10)
It follows from Lemma 6.4 that
A|S—(AWB—W)|W*B=|S—(AWB—W)|W*. (6.11)
By taking adjoints and since kerAjp < kerAux px, we get A(T — (AWB —
W))B=(T—-(AWB—-W)). Then A(AWB—-W)B = (AWB-W).

Hence AWB—-W € R(Aap) nkerA,p. It is easy to see that (arguing as in the
proof of Theorem 3.5) if A,B € B(H), kerAap < kerAax g+, and T € kerAy g,
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where T € B (H), then
IT - (AXB-X)|| = IIT|| (6.12)

holds for all X € B(H) and for all T € kerA, . Hence AWB—-W = 0.
Conversely, if AWB = W, then W is a minimum, and since F,, is differentiable,
then W is a critical point. O

THEOREM 6.7. Let A,B € B(H) such that kerAasp < kerAuxp+, S €
kerAapnCy, (0 <p <1),dim¥ < o, and S — (AWB — W) is invertible. Then
F, has a critical point at W if AWB—-W = 0.

PROOF. Suppose that dim# < co. If AWB —W = 0, then S is invertible by
hypothesis. Also |S| is invertible, hence |S|P~! exists for 0 < p < 1. If we take

Y = |S|PlU* (6.13)

with § = U|S| the polar decomposition and since ASB = S implies BS*A = §*,
then AS*S = AS*BSA = S*SA, and this implies that |S|2A = A|S|? and |S|A =
AlS].

Since BS*A = S*, that is, A|S|U*B = |S|U*, |S|(AU*B-U*) = 0, and since
A|S|P~1 = |S|P~1A, then

AYB-Y = A|S|P'U*B—|S|P1U* = |S|P"Y(AU*B-U*) (6.14)

so that AYB—-Y =0 and tr[(AYB-Y)T] =0 for all T € B(H). Since S = S —
(AWB—-W), then

0=tr[YATB-YAT] =tr[Y(ATB-T)]
=pRetr[Y(ATB-AT)] = pRetr[|S|P 'U*(ATB-T)] (6.15)

= (91¢)(ATB-T) = (BwF,)(T). 0

REMARK 6.8. (1) In Theorem 6.6, the implication “W is a critical point =
AWB —WB = 0” does not hold in the case 0 < p < 1 because the functional
calculus argument involving the function t — t'/%?~1 where 0 < t < o, is only
valid for 1 < p < oo.

(2) Theorems 3.5, 6.5, 6.6, and 6.7 hold in particular if A and B are contrac-
tions. Indeed, it is known [4] that if A and B are contractions and A4 3(S) =0,
where S € Cp, then Ay g+ (S) = 0ax 5(S) = 04,5+ (S) = 0.

(3) The set

¥ ={X:AXB-X €Cp} (6.16)

contains C, for if X € Cp, then X € ¢ and, for example, I € ¥ but I ¢ C,. If
A € Cp, the conclusions of Theorems 6.5, 6.6, and 6.7 hold for all X € B(H).
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7. On minimizing |T — (3", A;XB; — X)||lb. Let A = (A1,As,...,A,) and
B = (By,By,...,B,) be n-tuples of operators in B(H). We define the elemen-
tary operator E4 3 :B(H) — B(H) by Eop(X) = >, A;XB; — X.

Denote Ea 4 = E4. In this section, we prove thatif >.i" | A;AF <1, X1 AFA;
<1, BiBf <1,>" | BfB; <1, kerEap < kerEa« g+, and T € kerAa g N Cp,
then the map F, defined by F,,(X) = |T —E45(X) ||, has a global minimizer at
V if, and for 1 < p < « only if, > ", A;VB; —V = 0. In other words, we have

IT=Eap (O, = Tl (7.1)

if, and for 1 < p < o only if, 31" ; A;VB; — V =. Additionally, we show that if
KerEap € Ea+px and T € kerExpnCp (1 < p < o), then the map F, has a
critical point at W if and only if > ; A;WB; — W = 0, that is, if DwF, is the
Frechet derivative of F, at W, the set

(W € L(H) : Dy F, = 0} (7.2)

coincides with kerE4 p (the kernel of E4 p).

DEFINITION 7.1. Let U(A,B) = {X € B(H) : (3["; CiXC; — X) € Cp} and let
Fp : U — R* be the map defined by F,(X) = |IT - (>, CiXC —X)II?, where
TekerEcnCy (1 <p < o).

LEMMA 7.2. Let C = (C1,Cy,...,Cy) be n-tuple of operators in B(H) such
that Y7, CiCF <1, >, CFCi < 1, and kerEc < kerEF. If X1, Ci|SIP-1U*C; =
|S|P-1U*, where p > 1 and S = U|S| is the polar decomposition of S, then
S GISIU*C = |S|U*.

PROOF. By the same arguments as in the proof of Lemma 4.3, the proof can
be completed. O

THEOREM 7.3. Let C = (C1,Cy,...,Cy) be n-tuple of operators in B(H). If
SELCGCF <1, X1, CFCi <1, kerEc ckerEc+, and T € ker Ay 5N Cp, then, for
1 < p < o, the map F, has a global minimizer at W if, and for 1 < p < « only
if, >, CiWC;i—W =0.

PROOF. If Y1, CiCF <1,>1,C/Ci <1, and kerE. < ker E}, it follows from
Theorem 4.4 that

14
> || T|p, (7.3)
14

T- (icixci—x)

i=1

that is, F, (X) = F, (W). Conversely, if F, has a minimum, then

14
=|TI5. (7.4)

T- (iciwci—w)

i=1

p
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Since AU is convex, then the set
n
V={T-| > CGXCi-X|; XeU (7.5)
i=1
is also convex. Thus Theorem 6.2 implies that T— (3L, C;WC;—-W) =T. O

THEOREM 7.4. Let C = (C1,C»,...,Cy) be n-tuple of operators in B(H). If
S GCF <1, X1, CFCi < 1, kerEe < kerE¥, and T € kerEc n Cp, then, for
1 <p < o, the map F, has a critical point at W if, and for 1 < p < « only if,

n
> CGWCi-W =0. (7.6)
i=1

PROOF. Let W,S € U and let ¢ and @ be two maps defined, respectively, by

n
qbzx_»S—(ZCiXCi—X), @:X— XI5 (7.7)
i=1

Since the Frechet derivative of F, is given by

Fp(W+hT)—F,(W)

7 (7.8)

Gy Fy(T) = lim
h—-0

it follows that

n
Dy Fp(T) = [Ds_sn cower-w) | (ZCJQT). (7.9)

i=1

If W is a critical point of Fj, then @y F,(T) = 0 for all T € U. By applying

Theorem 6.1, we get
p-1 n
& (Z CiTCi—Tﬂ

DwF,(T) = pRetr {
i=1

n
S— (quq—w)
i=1
n
= pRetr {Y(Z CiTCi—T)} =0,

i=1

(7.10)

where

n
S- (Zciwci—w) =W

i=1

S- (Zciwci—w)’ (7.11)

i=1
is the polar decomposition of the operator S — (X~ C;WC; — W), and

p-1

Y = wW*. (7.12)

S—(iCiWCi—W>

i=1
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An easy calculation shows that
n
> CYCi—-Y | =0,
i=1

that is,

p-1

n
>.Ci
i=1

S—(iCiWCi—W)

i=1

It follows from Lemma 7.2 that

n
5—(Zciwci—w)‘w*q=

i=1

(@

LMV=

i=1

By taking adjoints, and since ker E¢ < ker Ec+, we get

n n n
ZCi(T— (ZC,—WCi—W>)Ci = (T— (ZQWQ—W)),
i=1 i=1 i=1
and then
n n n
ZC{(ZQWQ—W)]Q = (ZQWC,——W).
i=1 i=1 i=1
Hence

n
Z CiWC;—W € R(Ec) nker Ecx.
i=1

W*Ci = |S—(AWB-W)|"'w*.

n
S—(Zciwci—w)‘w*.

(7.13)

(7.14)

(7.15)

(7.16)

(7.17)

(7.18)

It is easy to see that (arguing as in the proof of [14, Proposition 4.3]) if

C = (Cy1,(C,...,Cy) is n-tuple of operator in B(H) such that

n n
> CiCr=1, > CrCi=1,
i=1 i=1

kerE. c kerEf, and T € kerAc, where T € B(H), then

IT-AcX]| = IT|

holds for all X € B(H) and for all T € kerE.. Hence 2?:1 CiWCi—W =0.

(7.19)

(7.20)

Conversely, if Z’f: 1CiWC; = W, then W is minimum, and since F, is differ-

entiable, W is a critical point.

d

THEOREM 7.5. Let C = (C1,C,...,Cn) be n-tuple of operators in B(H). If

n n
> Cicl<1, D CrCi<1,
i=1

i=1

(7.21)
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such that kerE. < kerE*, Se€kerEcnCy, (0 <p < 1), dimH < o, and S -
(3111 CiWCi—W) is invertible, then F,, has a critical point at W if >, C;WC; —
W =0.

PROOF. Suppose that dimH < oo, If Z?:l CiWC;—W =0, then S is invertible
by hypothesis. Also |S| is invertible, hence |S|P~! exists for 0 < p < 1 taking
Y =|S|P~1U*, where S = U|S] is the polar decomposition of S.

It is known that if

n n
> CCF<1, > CfCi=<1, kerE.ckerE}, (7.22)
i=1

i=1

the eigenspaces corresponding to distinct nonzero eigenvalues of the compact
positive operator |S|? reduce each C; (see [5, Theorem 8] and [14, Lemma 2.3]).
In particular, |S| commutes with C; for all 1 < i < n. Hence

CilS1=ISICi. (7.23)

Since >, C;S*C; = S*, that is,

n
> CiS|IU*Ci = |S|U*, (7.24)
i=1
then
n
ISI(ZCiU*CiU*) =0, (7.25)
i=1
and since
AlS|PT = |S|P71A, (7.26)
then

n n n
S CGYCi—Y =D GiISIPIU*Ci - S|P Ut = |S|P! ( > CiU*Ci—U*)
i=1 i=1 i=1

(7.27)

so that X' G;YC;—Y =0 and tr[(31, C;YC; = Y)T] = 0 for all T € B(H).
Since

S=S- (zciwci—w), (7.28)
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then

O=tr{YiCiTCiYT} :tr{Y<iCiTCiT)]

i=1 i=1

= pRetr [Y(Z CiTCi—T>} = pRetr [ISI”IU* (Z CiTC;— Tﬂ (7.29)

i=1 i=1

= (Dre) (iCiTCi—T) = (DwFp)(T).

i=1 O

THEOREM 7.6. Let A = (Ay,A>,...,A,) and B = (By,Bo,...,By) be n-tuples of
operators in B(H) such that

n n n n
D AAF <1, D> AfA;<1, > BBf<1, > BfBi<l. (7.30)
i=1 i=1 i=1 i=1

If
kerEA,B < kerEA*,B* (731)

and T e kerEygNCy, then for 1 < p < o,
(i) the map F, has a global minimizer at W if, and for 1 < p < o only if,

n
> AWB;—W =0; (7.32)
i=1

(i) the map F, has a critical point at W if, and for 1 < p < oo only if,

n
> AWBi—W =0; (7.33)
i=1
(iii) forO<p <1,dimH < o0, and S — (Z{‘:l CiWC;—W) invertible, F, has a
critical point at W if

n
> AWB;-W =0. (7.34)

i=1
PROOF. It suffices to take the Hilbert space H @ H and operators (4.10) and
apply Theorems 7.3, 7.4, and 7.5. O

REMARK 7.7. (1) In Theorem 7.4, the implication “W is a critical point =
>, A;WB;—W = 0" does not hold in the case 0 < p < 1 because the functional
calculus argument involving the function t — t1/?=1 where 0 <t < o, is only
valid for 1 < p < co.

(2) The set S = {X: AXB—-X € Cp} contains Cp. If X € Cp, then X € § and,
for example, I € S but I ¢ C,. If A € Cp, the conclusion of Theorem 7.6 holds
for all X € B(H).
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