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ON UNSTEADY TWO-PHASE FLUID FLOW DUE TO
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We examine the unsteady flow of a two-phase fluid generated by the nontorsional
oscillations of a disk when the disk and the fluid at infinity rotate noncoaxially
with the same angular velocity. The solutions are obtained for both the fluid and
the particle velocities in closed form. It is found that the solutions remain valid
for all values of the frequency of oscillations of the disk including the resonant
frequency, which is equal to the angular velocity of rotation. But, in absence of
particles, only in the case of resonance no oscillatory solution is possible, which is
similar to that of solid-body rotation as pointed out by Thornley (1968). It is also
shown that, unlike the case of single-disk configuration, no unique solution exists
in a double-disk configuration, a result which is the reverse to that of solid-body
rotation. Finally, the results are presented graphically to determine the quantita-
tive response of the particle on the flow.

2000 Mathematics Subject Classification: 76B10.

1. Introduction. The dynamics of rotating fluids is particularly important
in the analysis of flow phenomena associated with the atmospheric, oceanic,
geophysical, and astrophysical problems. Thornley [3] investigated the flow
generated in a semi-infinite expanse of viscous fluid bounded by the infinite
rigid disk in the presence of the particles in the fluid. However, if the fluid is
clean, no physically meaningful resonant solutions are possible in the existing
flow configuration, which is an event similar to that of Thornley [3]. Moreover,
itis found that, contrary to the case of single-disk geometry, infinite number of
solutions exist for the flow confined between two noncoaxially rotating parallel
disks. Finally, the results are evaluated quantitatively with a view to examine
the effect of particles on the flow.

2. Formulation of the problem. We consider the flow of a two-phase fluid
due to an oscillating disk in the x7y-plane rotating about the z-axis normal
to the disk with an angular velocity Q in Cartesian coordinate system. The
particulate fluid at z = o rotates, with the same angular velocity, about an
axis parallel to the z-axis passing through the point (x, ;). For this type of
motion the velocity fields for the fluid and the particles may be taken in the
form
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u; = -Q[y-gi(z,t)], uz = Q[x - fi(z,t)], uz =0,

(2.1)
v =-Q[y-g2(z,0)], v =Qx - falz, )], v3 =0,

where 1 = (u1,u»,u3), and v = (v1,v2,v3) represent, respectively, the fluid
and the particle velocities.

Following Saffman [2], the unsteady motion of a two-phase fluid with uni-
formly distributed particles, occupying the semi-infinite space z > 0, is gov-
erned by the equations

w  ow Ow _ Lop (O Qwy Dt Kk
ot 1ox 29y~ pox ox2  0y2  0z2 Tt
oug  Ouz . Oup _10p  (0%up 0wz Ouz) K
ot "M Ty T Tpay Tk Ty Tz )T (Ve
op
0z 0,
avl a'Ul av1 -~ l _
ot vt ox e oy T(ul v,
a'Uz a'Uz avz _ l _
ot e ox e oy T(u2 v2),
(2.2)

where k and T are, respectively, the concentration and the relaxation time of
the particles in the fluid.
Substituting (2.1) in (2.2), we get

Q{Vaazil _aa%—@f1+ k (92—91)} ) Z—Z—sz, (2.3)
Q{v% ofi +Qg1+ = (fZ_fl)} Eg—f/+(22y, (2.4)
6£2+Qf2—0x+_}_(g1_g2), (2.5)

an;z Qg2 = QJ’+%(f1—f2)- (2.6)

‘ZZ 0- (2.7)

From (2.7), it follows that p is independent of z. Hence, on eliminating p from
(2.3) and (2.4), we get

BPw, 0w, . 0wy  k(0w, dwp)
Vo st 1050 1 (G - Ge) = 28
with wy = f1 +ig) and ws = f> +1igo>.
Similarly, from (2.5) and (2.6), we get
33W2 . aW2 _ 6w1 aW2
azor % T ( oz oz ) (2.9)
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On eliminating w, from (2.8) with the help of (2.9), we have

v 64w1 B ( _l)iﬁwl _ B3w1 B 1+k82w1 —QSLQ‘F l(l—k)}awl -0
otoz3 T/) 0z3 0zot? T 0tdz oz
(2.10)
Equation (2.10) is to be solved with the boundary conditions
wy =ae™+be ™ atz =0, (2.11a)
wy =X1+1y1 atz = (2.11b)

along with the assumption that the solutions are bounded at infinity.

3. Solution of the problem. In view of the boundary condition (2.11a), we
suggest the solution of (2.10) as

Wi = Fo(z) +aF)(z)e™ + bF, (t)e ™, (3.1)

Substituting (3.1) in (2.10) and utilizing the boundary conditions, the fluid
velocity for the case o (=n/Q) <1 can be obtained as

wi(z,t) = (x1 +iy1) (1 —e M0%) 4 geNt="MZ 4 po~int-m2z (3.2)
where
m;z =&j(A;+iBj),
1/2 1/2
Aj={P2+1)"P4pt T, B ={(PEe1) Py
§i=Ci§, j=0,1,2,
1/2 _ 2.2\ 1/2
§:<£> . Co- 1-k+Q°" ,
2v 1+0272
o (1ro-k1-0)+ @1 +0)(1-0)*\ " (3.3)
e 1+Q272(1-0)2 ’
o _ (1m0 -k1+0) + @1 (1-0)(1+0)?\ "
e 1+Q272(1+0)2 ’
P - QkT P — QkT(1-0)2
0T 1 —k+Q2t2’ T lto-k(l-o)+Q2T2(1+0)(1-0)?’
2
P, Qkt(1+0)

Tl-o-k(l+o)+22(1-0)(1+0)2°
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Equating the real and imaginary parts of (3.2) by taking a = a; + ia; and b =
b1 +1ib,, we get

J1=x1(1-e "% cosBy&) — y1e 0% sin By &y
+e 18 {q, cos (B1E —nt) +aysin (B & —nt)}
+e2820p, cos (B, &> + nt) + bysin (B.E» +nt)},
g1 = x1e~ 0% sinBoEy + 1 (1 — e 0% cos By&) G4

+ e*Algl {a2 cos (3151 7nt) —ai sin (3151 7nt)}

+e 2820p, cos (B, &> + nt) — by sin (Bo&» +nt)}.
In particular, where k = 0, the fluid velocity corresponding to clean fluid mo-
tion for o < 1 is given by
fi=x1(1—e%cosE) —y,eEsinE
+ e’gm{al cos (E\/m— nt) +assin <§\/m— nt) }
+ e’gv’m{b] cos (§m+ nt) + b>sin (§m+ nt) },
g1 =x1e ¢sinE+y(1—eEcos¥)
+ e*ﬁ"m{ag cos (Em— nt) —a, sin (gm— nt) }
+ efgm{bz cos (Eer nt) — by sin (gﬂ+ nt) }

(3.5)

The distinctive feature of the solutions (3.4) is that the flow essentially con-
sists of three distinct boundary layers on the disk. The thickness of these layers
are of orders

1/2
5,:(%’) (CA) r=01,2, (3.6)

with 61 < 8¢ < 5. Clearly, the thickness of the layers is modified by the pres-
ence of particles in the fluid. In fact, it decreases with increase in particle
concentration (k). On the other hand, in the absence of particles (k = 0), the
above three layers modify themselves to an Ekman layer of thickness of the
order (2v/Q)!/2 surrounded by two more Stokes-Ekman layers of thickness of
the orders (2v/(Q —mn))'? and (2v/(Q +mn))'/?. These three layers combine
into a single Ekman layer of thickness of the order (2v/Q)!/2 when n = 0.
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The fluid velocity for the case o = (n/Q) > 1 is given by

fi = x1(1—e "% cos ByEo) — y1e % sin fo&o
+e 8 1q, cos (B & —nt) +aysin(B1E —nt)}
+e %282 1p, cos (B2&r +nt) + by sin (B2& +nt)},

g1 =y1(1—e % cos &) +x1e %% sin By 47
+e % {ay cos (B1&1 —nt) —aysin (B1E1 —nt)}

+e 282 (b, cos (B2 + nt) — by sin (B2 +nt)},

where o, B; = {(a5 +1) £q;}'/?, & = D&, § = (Q/2v)!/?2, j=0,1,2,

oo (ke (1hoiko-)+ @8 @+ 1)@ -D?) "
07 1+q212 ’ ' 1+0272(0 —1)2 ’

b _ (o-1+ko+ )+ @10 - 1)(0+ 1)
27 1+0272(0 +1)2 ’

B QTk 3 Qtk(o-1)2
=T "kv0rr2r M i o+k(o-D+Q212(0+1)(0—1)2
Qtk(o+1)?
qaz

T o-l+k(c+D)+Q2T2(0-1) (o +1)2°
(3.8)

When the natural frequency of rotation is equal to the forced frequency n,
that is, for o = 1, the system resonates and in this case the solution is given by
f1=x1(1—e 4% cosByEy) — yie 0% sin By &y
+e V2 q, cos (V2E—nt) +ay sin (V2E —nt)}

+e A8 (b cos (BFEF +nt) +bosin (BFEF +nt)},

(3.9)
g1 = x1e- 0% sin ByE + 1 (1 — e 0% cos By &)
+e V2 a, cos (V2E—nt) —a; sin (V2E—nt)}
+e A8 by cos (BFEF +nt) —by sin (BFEF +nt)},
where
2k 1z
* — * * —
8 =C% ¢ <1+4Q2T2) ’ (3.10)

- 1/2
Af,BY = {(1+4021%)"* 2071}

It is worth noting that, when k # 0, the results (3.9) provide a meaningful
resonant solution satisfying all boundary conditions. But when k = 0, the last
terms of (3.9) do not satisfy the boundary condition at infinity. Accordingly,
in the case of clean viscous fluids, no oscillatory solution exists at a resonant
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frequency n = Q. This phenomenon is similar to that pointed out by Thornley
[3] in the case of solid-body rotation.
To determine the particle velocity satisfying (2.9), we assume that
W (z,t) = Go(2) +aG1(2)e™ + bGy(z)e M, (3.11)
with

Ws(z,t) = ae™ +be ™ atz=0. (3.12)

Substituting (3.1) and (3.11) in (2.9) and utilizing the boundary conditions,
the particle velocity is given by

Fo {Fl—i(QT—nT)} : {Fz—l'(QT-i-nT)} .
W, = + int ple 22 T/ 1nt’ <
2T 1-i0T a 1-i(QT—nT1) 1-i(QT+nT) € n<o
_ Fo int —int _
—l_iQT+aF1e +be™, n=0o
Fy {F1+i(1’lT—QT)} int {Fz—l'(’}’LT-i-QT)} .
— b lnt' .
1-iQT1 1+i(nt—-QT1) * 1-i(nt+QT1) € n-o

(3.13)

It follows that the particles at infinity are unable to follow the fluid motion
due to the presence of Q and »n. But when Q and n equal zero, the particle and
the fluid move in unison and we have W; = Wo.

We next turn our attention to the case of another disk introduced at z =d
which rotates with the angular velocity Q about an axis parallel to the z-axis
and passing through the point (x1,y;) so that the boundary condition of
Fo(z) = o is replaced by W = x; +iy; at z = d. We focus our attention on
the solution of Fy(z) only because the essential nature of F; (z) and F»(z), for
the unsteady case in (3.1), is similar to Fy(z). The solution for Fy(z) satisfying
(2.10), (2.11a), and the boundary condition at z = d is given by

_ B sinhmg(d —z) +sinhmoz) . sinhmgz
Fo(z) = C(l sinhmod +(x1+iy) sinhmod’ (3.19)
where
S1 1/2
mo = ((9)M> . (3.15)
v 1-iQT1

The result (3.14) contains an arbitrary constant C which remains undeter-
mined under the stated boundary conditions, giving a possibility of infinite
number of solutions. Similarly, the solutions of F; and F» also contain arbitrary
constants each is undetermined. Thus, instead of getting a unique solution as
in the case of single-disk configuration, the double-disk configuration provides
an infinite number of solutions.
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Finally, the fluid velocity near z = 0, corresponding to the case o < 1, is
obtained from (3.4) as

J1~x1408 —»1Bo&o
+{a1(1-A181) +b1(1-Ax8&) +a2B1&1 +b2B2&2} cosnt
+1{b2(1-A2&) —ax(1-A1&) +a1B1& — b1 B. &y} sinnt,
g1 ~x1A080 —¥1B0&o
+{az2(1-A181) +b2(1-A28) —a1B1&1 —b1B2&2} cosnt
+{a1(1-A181) —b1(1-Ax8&) +a2B1§1 — b2B2&2} sinnt.

(3.16)

The above results (3.16) indicate that the velocity vector near the disk is
inclined at an angle tan~!' (—f/g) to the disk. For a special case in which a; =
a=by=b,=vy; =1, x1 =0, and nt = /2, we have

S1~—=Bo&+ (A1 +B1)& — (A2 + By) &y,

(3.17)
g1 ~Bo&o— (A1 -B1)&1+ (A2 —B2) &
which, when k — 0, gives
f1~2(& -&) &,
(3.18)
g1~ &o
so that the velocity vector is inclined at an angle tan~!(1 —2N), where
N=0+o)?-1-0o)l2 (3.19)

Thus, the angle of inclination of the velocity vector near the disk not only
depends on the particles but also on o = n/Q. However, when both k — 0 and
n — 0, the velocity vector is inclined at an angle 45° to the disk.

4. Conclusion. The analysis given above clearly indicates that in a noncoax-
ial system of rotation the resonance occurs at a frequency equal to angular
velocity of rotation of the disk which is not the case in a coaxial system of
solid-body rotation where the resonance occurs at a frequency equal to twice
the angular velocity of rotation of the disk as pointed out by Thornley [3].

Secondly, the difficulty in obtaining the resonant solution in the case of clean
fluid is resolved automatically in presence of the particles in the fluid.

Finally, the infinite number of solutions existing for the flow in the geometry
of two parallel disks given by Berker [1] reduce to a single unique solution for
the case of a single disk.

The quantitative evaluation of the results for f; and g; for various values
of flow parameters is presented in Figures 4.1, 4.2, and 4.3.
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FIGURE 4.1. Variations of f1 and g; for different values of particle
concentration k and for fixed values of nt and Q1 when o < 1.
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FIGURE 4.2. Variations of f1 and g; for different values of particle
concentration k in the resonant case and for fixed values of nt and
Q1 when o =1.
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FIGURE 4.3. Variations of f1 and g; for different values of particle
concentration k and for fixed values of nt and Q1 when o > 1.
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