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PERIODIC SOLUTION FOR A DELAYED THREE-SPECIES
FOOD-CHAIN SYSTEM WITH HOLLING TYPE-II
FUNCTIONAL RESPONSE
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A delayed three-species periodic food-chain system with Holling type-II functional
response is investigated. By using Gaines and Mawhin’s continuation theorem of
coincidence degree theory, a set of easily verifiable sufficient conditions is derived
for the existence of positive periodic solutions to the system.
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1. Introduction. A rather characteristic behavior of population dynamics is
the often-observed oscillatory phenomenon of the population densities. There
are three typical approaches for modelling such a behavior: (i) introducing
more species into the model and considering the higher-dimensional systems
(like predator-prey interactions, see May [8]); (ii) assuming that the per capita
growth function is time dependent and periodic in time; (iii) taking into account
the time-delay effect on the population dynamics (Smith and Kuang [9], Zhao
et al. [12]). In most of the models considered so far, it has been assumed that
all biological and environmental parameters are constants in time. However,
any biological or environmental parameters are naturally subject to fluctua-
tion in time. The effects of a periodically varying environment are important
for evolutionary theory as the selective forces on systems in a fluctuating en-
vironment differ from those in a stable environment. Thus, the assumptions
of periodicity of the parameters are a way of incorporating the periodicity of
the environment (such as seasonal effects of weather, food supplies, mating
habits, etc.); on the other hand, it is generally recognized that some kinds of
time delays are inevitable in population interactions (see [1, 2] and the refer-
ences cited therein). Time delay due to gestation is a common example because,
generally, the consumption of prey by the predator throughout its past history
governs the present birth rate of the predator. The effect of time delays on the
asymptotic behavior of populations has been studied by a number of authors
(see, e.g., [3, 11]). Therefore, more realistic models of population interactions
should take into account the seasonality of the changing environment and the
effect of time delays.
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Recently, Wang and Fan [10] discussed a two-species periodic predator-prey
system with infinite delay. Sufficient conditions are derived in [10] for the ex-
istence of a positive periodic solution to the system. Motivated by the work
of Wang and Fan in [10], in the present paper, we are devoted to the study
of the following three-species periodic food-chain predator-prey system with
time delays:

21(8) = %1 (D) [n (t) —an (%1 (E -1, (1)) — - 222X () ]

T+my () (1)
N
-] i ST

with initial conditions
xi(s) = ¢i(s), se[-T1,0], $;(0)>0,1=1,2,3, (1.2)

where x;(t), x»(t), and x3(t) denote the densities of prey, predator, and
top predator population, respectively. The parameter ¥ (t) is the intrinsic
growth rate of the prey and a;;(t) is the density-dependent coefficient of
the prey species. The parameters a»(t) and a3 (t) are the capturing rates of
the predator and the top predator, respectively. The ratios a,; (t) /a2 (t) and
as»(t)/ap3(t) are the conversion rates of the predator and the top predator,
respectively. The parameters 7> (t) and 73 (t) are the death rates of the predator
and the top predator, respectively. The parameters m; (t) and m.(t) are the
half capturing saturation rates of the predator and the top predator, respec-
tively. The parameter 71, (t) > 0 denotes the delay due to negative feedback of
the prey species x;. The parameters T (t) and T32(t) are the time delays due
to gestation, that is, mature adult predators (top predators) can only contribute
to the production of predator (top predator) biomass. The parameters 71 (t),
To1(t), and T32(f) are assumed to be nonnegative periodic continuous func-
tions with common period w > 0, T = maX;e(o,w]1T11 (), T21 (), T32(1) }; @ (t)
(i,j =1,2,3) and m;(t) (i =1,2) are positively periodic continuous functions
with period w > 0.

It is well known that by the fundamental theory of functional differential
equations [6], system (1.1) has a unique solution x(t) = (x1(t),x2(t),x3(t))
satisfying initial conditions (1.2). It is easy to verify that solutions of system
(1.1) corresponding to initial conditions (1.2) are defined on [0, + ) and remain
positive for all £ > 0. In this paper, the solution of system (1.1) satisfying initial
conditions (1.2) is said to be positive.

2. Existence of periodic solutions. In this section, by using Gaines and
Mawhin’s continuation theorem of coincidence degree theory, we show the
existence of positive w-periodic solutions of (1.1) and (1.2). To this end, we



PERIODIC SOLUTION FOR A DELAYED THREE-SPECIES ... 4059

first introduce the following notations. Let X, Y be real Banach spaces, let
L :DomL C X — Y be a linear mapping, and let N : X — Y be a continu-
ous mapping. The mapping L is called a Fredholm mapping of index zero if
dimKerL = codimImL < +oco and ImL is closed in Y. If L is a Fredholm mapping
of index zero and there exist continuous projectors P: X - Xand Q:Y - Y
such thatImP = KerL and KerQ =ImL = Im(I —Q), then the restriction Lp of L
to DomLnNKerP: (I -P)X — ImL is invertible. Denote the inverse of Lp by Kp.
If Q is an open bounded subset of X, the mapping N will be called L-compact
on Q if QN(Q) is bounded and Kp(I — Q)N : Q — X is compact. Since ImQ is
isomorphic to KerL, there exists isomorphism J:ImQ — KerL.

For convenience of use, we introduce the continuation theorem of coinci-
dence degree theory (see [5, page 40]) as follows.

LEMMA 2.1. LetQ C X be an open bounded set. Let L be a Fredholm mapping
of index zero and let N be L-compact on Q. Assume
(a) foreach A € (0,1), x € 0QnDomlL, Lx # ANXx;
(b) for each x € 0QnKerL, QNx + 0;
(c) deg{JON,QnKerL,0} = 0.
Then Lx = Nx has at least one solution in Q nDomL.

In what follows, we will use the notations

Feo| rwar gt min po,  Memaxpo, @D
w Jo [0,w]

te[0,w]

where f is a continuous w-periodic function.
LEMMA 2.2. Assume the following hold:
(H1) azz -73md’ >0,
(H2) 71(a21 —m)'72) —anrz > 0.
Then the system of algebraic equations

r—anu; =0,

1 (% an(®u 1 (“ axs(t)us
P e s A2 L= R}
Nt o 1+mi(Huy wJo 1+ma(t)us (2.2)
w - -
_173+i as (t)u At =0,

wJo 1+mo(t)uy

has a unique solution (uf,us,u3) andu} >0,i=1,2,3.
PROOF. Let
1 (% ant)u

f(uz) = _1"—3+5 0 mdt (23)
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A direct calculation shows that

aszp (t) —
dt 0, 0 — 0,
(uz) T w J (1 +m2(t)u2) g FO) =73 < 2.4)

. _ fa _a
lim f(uz):—7’3+<1/ri§>>—(1’3—31\24>>0.

up—+oo m,

Obviously, there exists a unique zero point u3 > 0 such that f(u3) =0
The first equation of system (2.2) has a unique zero point u; =77/a; > 0.
Furthermore, from the second equation of (2.2), we obtain

uj (¢ aos(t) d 1 [ axn®uf
=S = dt=— | ———— L dt-7
w Jo 1+my(t)us wJo 1+m(t)uy
1 (@ ant)ri/a
s 1 Mdt 2.5)
wJo 1+mifrjan
_ 8| (am;ml wa);aurz S 0’
an+mpn
which yields u3 > 0. The proof is complete. |

We are now in a position to state our main result on the existence of a pos-
itive periodic solution to system (1.1).

THEOREM 2.3. In addition to (H1) and (H2), further assume that
(H3) 71 > o a1/ (@z1 —am)) e + i a; [ (@ — mh7y) ez /mow,
Then system (1.1), with initial conditions (1.2), has at least one strictly positive
w-periodic solution.

PROOF. Since solutions of (1.1) and (1.2) remain positive for all t > 0, we let
yit)=In[xi(t)], »2(t) =In[x2(8)],  »3(t) =In[x3(t)]. (2.6)

On substituting (2.6) into system (1.1), we derive

az(t)e2®
1+my(t)en®’

ary (t)ey1t-Ta®) a23(t)eY3(”
1+my (H)e1t-m210) 14 my(t)er2®’

aso (t)er2(t-T32()
1+mp(t)erz(t-Ts2(t)"

Vi (t) =711 () —ay; (t)er1 =Tl

(2.7)

V2 () = =12 (t) +

y3(t) = —r3(t) +

It is easy to see that if system (2.7) has one w-periodic solution (] (t), ¥ (t),
¥ ()T, then

X*(8) = (x5 (), x5 (), x5 (1) = (exp[yf(®)],exp[vF ()] exp[y5 (D))"
(2.8)
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is a positive w-periodic solution of system (1.1). Therefore, to complete the
proof, it suffices to show that system (2.7) has one w-periodic solution.

Take

X =Y ={(0n(0),2(0),35(0)" € C(R,R?) : yit +w) = y4(1), i =1,2,3},

3
|01, 220,35 0)[| = X max [y,
=15

(2.9)
where | - | denotes the Euclidean norm. It is easy to verify that X and Y are
Banach spaces with the norm || - ||. Set

Ly (1), »2(8),73(0)"
dyi(t) dya(t) dys()\T (2.10)
- (0, 42l DD (3, (1), 2 (0,050 € X,
and N: X - X,
(t)
_ Y-ty G2()eX2
. ¥ (t) —aq (t)ertt—m 1+ m, (e ®
1
3 aZI(t)eJ’L(t—Tn(t)) azg(t)e”“)
N yzx; =| o+ 1+my(£)e1 t=t210) 11 my(t)er2® @11
>3 agz(t)eyz(t*ﬁz(f))
—r3(0)+ 1+mo (t)ey2(t=T32()
Define two projectors P and Q as
1 w
5,[ yi(t)dt
N 1 1 Ow 1
Ply2|=Q|>2|= 6.[0 yat)dt |, || eX. (2.12)
Y3 Y3 1 (w Y3
5]0 y3(t)dt
It is clear that
KerL={x|xeX, x=h, he R3},
w
ImL = {y |y ey, J y(t)dt = 0} is closedin Y, (2.13)
0

dimKerL = codimImL = 3.

Therefore, L is a Fredholm mapping of index zero. It is easy to show that P
and Q are continuous projectors such that

ImP =KerlL, KerQ =ImL =Im({ —-Q). (2.14)
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Furthermore, the inverse Kp of Lp exists, that is, Kp : ImL — DomL NnKerP,
which is given by

t w rt
Kp(y) = Joy(s)ds— % J;) JO y(s)dsdt. (2.15)

Then QN : X — Y and Kp(I-Q)N : X — X read

aiz(t)er2® ]dt
1+my(t)en®
Aoy (t)eXy1t-Ta1 () s (t)ers®
1+my(t)ey1t-Taat) ] +m2(t)gy2(t)]

asy (t)er2(t-Ts2(t) ] .
1+mo (t)ey2(t-T32(1)

_ 1 o
_J [Tl(t)—all(t)eyl(t—'rn(t))_
w Jo

QNx = %Lw [—Tg(t) +

i “ |:71’3(t)+
w Jo

Kp(I—Q)Nx = J(:Nx(s)ds - % Iow Lt Nx(s)dsdt - (% - %) Lw Nx(s)ds.
(2.16)

Clearly, QN and Kp (I — Q)N are continuous.

In order to apply Lemma 2.1, we need to search for an appropriate open
bounded subset Q.

Corresponding to the operator equation Lx = ANx, A € (0,1), we obtain

. [ _ (t)er2®
=AM @)=a; (t)e¥r1t-mn) _ a2 ’
yi(t) i 1(t) 11 (1) 1+ my (Hen®
. N an (t)ex1(t=T21(0) ans (t)e¥s®
y2(t) =24 7_72(” 1 Fmy (Det 210 1+ my(t)er2® |’ (2.17)
. B [ asy (t)er2(t-Ts2(t)
y3(t) =A| =73(0) + 1+ mo(t)ey2(t-t3200) |

Suppose that (y;(t),y2(t),v3(t))T € X is a solution of system (2.17) for some
A € (0,1). Integrating system (2.17) over [0, w], we have

w t)er2) @
HeX1t-Tu®) g¢ 4+ Ldt:[ ri(t)dt 2.1
Jo an(t) o 1+m,(t)en® 0 1(t)dt, (2.18)
Jw ()t W gog(t)e¥3t) gt @ g, (t)eXrt-Taa) At (2.19)
g + . = ) -
0 2 0o 1+my(t)er2® 0o l+my(t)er1t=Ta®)

w w t—T32(t))
B a32(t)ey2( 32
[, mode= |t (2.20)
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It follows from (2.18), (2.19), and (2.20) that

[NEAGIET
0

w
:;\J
0

w
SJ [Tl(t)+a11(t)e3’l(t—T11(t))+
0

ap(t)er2®
1+m(t)en®

aip(t)er2)
1+my(t)en®

(1) —a (t)eJ’l(t*Tll(t)) _

:2171wéd1,

w
[EAGIEE
az (t)en(t-ma1(t) a3 (t)ers™

w
- ;\J -
0 1+my(t)ennt-121() 1 +my(t)er2(®)
w

o (t)ey1t=T21(1) ara (t)er3®
J () + 21(t) : N 23(t)
1+my (H)ex1t=121() 1 +m,(t)er2V)

-1 (t) +

<

< 2(@)(,0 é dz,
my

Jow |3 (t) | dt
A,

a32(t)ey2(t—'r32(t)) A
< J;) |:T3(t) + 1+ mo (D) ez (=32 () at =2r;w = ds.

a32(t)ey2(t*'r32(f))

1+mo (t)ey2(t=32() dt

-13(t) +

Since (y1(t),y2(t),y3(t))T € X, there exists t;, T; such that

yi(t;)) = min y;(t), »;i(T;) = max y;(t), i=1,2,3.
tel0,w] te[0,w]

It follows from (2.20) that

w w a t gyz(tz) a_weyZ(fZ)
J r3(t)dt > 32(134 dt = =2 :
0 0 1+m5er2t2) 1+m5 er2(t2)
which yields
73 A
V2 (t2) <In—— = p».
asp —mg47’3

This, together with (2.22), leads to

y2(t) §y2(t2)+J |92 (t) |dt <In— +2(@)w.

0 as; —mir3 m

4063

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)
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By (2.20) we derive

Jwr (t)dt - w a32(t)ey2(T2) B @weyZ(TZ)
0 > T Jo 1+mber2 ™7 T 1+ mbera(T2)’
which yields
3 A
yz(TZ) >In —— = .
asp —mérg

This, together with (2.22), leads to

¥a(t) ZyZ(TZ)—J [y (t) | dt zln_L_2<@)w_

0 as; —mhrs ny

It follows from (2.18) that
w w
J ap (£)e T gp < J r (t)dt,
0 0

which implies

,},-_
yi(t) <In—- = P1-
arn

This, together with (2.21), leads to
w . T_l o
yl(t) < yl(tl) +J |y1(t) |dt <In—+2nw.
0 ai
It follows from (2.18) and (2.27) that
77 < arre™) 4 gyze M7/ @sz-mym)]+2(az /mw}
which yields

71— (1273 / (@32 — mb'7s) ) elaz/mie

yl(Tl)zln — 261.

an

This, together with (2.21), leads to

7= 3(1) - [ 30t

7 (A (Fee — Mo 2(az1/mp)w

4 apnr a my v e

>1 1 ( 12 3/( 32 2 3)) 21‘100-
ann

By (2.19) and (2.27), we derive

a_238y3(t3> _ (a21 )
1+ (my'73/ (@52 - my'ry))e2laa/mow =

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)
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which yields

(@21 /my) (1+ (MYl 75/ (@5 — mbi7g)) e mie)

y3(t3) <In = 205 (2.38)

It follows from (2.23) and (2.38) that

7s(0) < ya(ea) + [ 1300 |ae
0 S 2.39)
(@21 /my) (1+ (73 (@5 — mbi7g) )2 ) @

<In — +2730.
a3

By (2.19) and (2.36) it follows that

2w +azwe”s T3

w aZI(t)eyl(t—TZ](t))
“Jo 1+my(t)ert-T21(t)

dat

dt (2.40)

>

Jw ax (O [71 - @273/ (@55 - myi7s))e2 @ /me |-2rie

M —— (o (o M\ J2(a T | 2
0 aj;+my [1’1—a12 (73/ (az2 —m; 7’3))‘32(“21/"“)“’]6 2w

@ |7 — (@ 7s/ (@5 - mb7s))ed@anme]

b
arre?nio + my! [V_l— (an7s/ (as —mb7s) )eZ(“Zl/W‘l)w]

which implies
v3(T3)

e
>In| ( (@2 —m)'72) (7 @ —rml) e

r3aix ) 2(a21/m1>w)>
—(— — e
( (az— m%’S) (2.41)
S 1
x (| ammermo e mdt (7 - (TS Yeremmie ) ) ) |
(a3 —mi5'73)
2 5s.
It follows from (2.20) and (2.41) that
w
202 ¥5(T) - | 1330 |dt = 85 - 27500, (2.42)

From what has been discussed in (2.27), (2.30), (2.33), (2.36), (2.39), and (2.42),
we have

max |yi(t)| <max{|pi| +di |5:| +di} 2B;, i=1,2,3. (2.43)
te[0,w]
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Clearly, B; (i =1,2,3) are independent of A. Denote B = By + B> + B3 + By; here
By is taken sufficiently large so that each solution (v, v, v§)T of the system
of algebraic equations

1 (* ap(t)er?

A eVl
i-dane w Jo 1+my(t)ev ’
1 (Y apx(t)enr 1 (® ap3(t)eVs
T — | T g — | B _gr—o, 2.44
2T w o 1+my(t)evr wJo 1+my(t)ev2 ( )
1 w v2
et [ ae® g
w Jo 1+my(t)er2
satisfies || (v, v, v T = |vf| + [vy| + |v§| < B (if system (2.44) has solu-

tions). Now, we take Q = {(y1,%2,73)" € X : [[(¥1,¥2,¥3)T || < B}. Thus, con-
dition (a) of Lemma 2.1 is satisfied. When (y1,y2,y3) € 0Q nKerL = 0Q N R3,
(v1,¥2,v3)T is a constant vector in R3 with |y |+ |y2| + |y3| = B. If system
(2.42) has solutions, then

1 (Y ap(t)e>:

n-apet+— | ———t—
! 1 wJo 1+my(t)en

Y1 0
1 (? apx(t)en 1 (© apz(t)e”s
N = -71+— — e dt—— —_— 0
Q y'Z & wJo 1+my(t)en w Jo 1+mo(t)er2 0
7 L [© _an(e
3T w o 1+mo(t)er2
(2.45)
If system (2.44) does not have a solution, then we can directly derive
» 0
QN |y | #]0]. (2.46)
V3 0

Thus, condition (b) in Lemma 2.1 is satisfied.
In the following, we will prove that condition (c) in Lemma 2.1 is satisfied.
To this end, we define ¢ : DomL x [0,1] — X by

1 —a e’
1 (* ax(t)en 1 (“ apz(t)e”s
T+ — ——dt—— —_—
(i, 2, 3,1) = wJo 1+my(t)en w Jo 1+mo(t)er:

1 (? asz(t)er
w Jo 1+my(t)er:

1Y an(t)e?

w Jo 1+my(t)en
+Uu 0 ,

0
(2.47)
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where p is a parameter. When (y1,v2,¥3)T € 00N R3, (y1,y2,y3)" is a con-
stant vector in R3 with |y |+ [y2] + |v3| = B. We will show that when (y1, y»,
v3)T e 0QnKerL, ¢p(y1,y2,y3, 1) # 0. If the conclusion is not true, then there
is a constant vector (y1,y2,y3)T € R3 with |y;| + [v2| + |y3] = M satisfying
b1, >2,3,1) =0, that is,

1 (® ap(t)e>

n—-ane’t —u— —————dt =0,

! 1 “w o 1+my(t)en
1 (* ax(t)en 1 (Y apz(t)e”s
T — | T g — | SET -0 2.48
& w Jo 1+my(t)en w Jo 14+mo(t)er2 ’ ( )

1 (© asp(t)er

3T w o 1+my(t)er

A similar argument in (2.27), (2.30), (2.33), (2.36), (2.39), and (2.42) shows that
|vi| <max{|&;],|pi|}, i=1,2,3. (2.49)

Thus

3
[yl + 2| +]ys| < > max{|p:],|8i|} <B, (2.50)

i=1

which is a contradiction. Using the property of topological degree and taking
J=1:ImQ —KerL, (¥1,¥2,¥3)" = (¥1,¥2,¥3)", we have

deg (JQN(¥1,72,73)", QnKerL,(0,0,0)7)

=deg (¢ (y1,y2,v3,1), QnKerL,(0,0,0)7)
=deg (¢ (1,52,3,0), QnKerL,(0,0,0)T)
o 1 (? apx(t)en 1 (© apz(t)e”s
— _ Y1 - e I
deg((rl ane T2+w o 1+my(t)en w Jo 1+my(t)eyz

1 (Y ag(t)er: )T T)
L)y Trme e QnKerL _
& w Jo 1+my(t)er? dat| , QnKerlL,(0,0,0)

(2.51)

Under the assumptions (H1)-(H3), by Lemma 2.2 we see that system (2.2) has
a unique solution (uy,us,u3)T and uf >0, i = 1,2,3. Thus, a direct and stan-
dard calculation shows that

deg (JQN (¥1,52,73)",2nKerL,(0,0,0)7) = -1. (2.52)

Finally, it is easy to show that the set {Kp(I - Q)Nu | u € Q} is equicontin-
uous and uniformly bounded. By using the Arzela-Ascoli theorem, we see that
Kp(I-Q)N:Q — X is compact. Moreover, QN () is bounded. Consequently,
N is L-compact.
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By now we have proved that Q satisfies all the requirements in Lemma 2.1.
Hence, system (2.7) has at least one w-periodic solution. Accordingly, system
(1.1) has at least one positive w-periodic solution. This completes the proof.

O

3. Discussion. If all the biological and environmental parameters of system
(1.1) are constants, then system (1.1) reduces to the following autonomous
differential system:

Xl(t)=X1(t)[7’1—6lllx1(t—‘r11)—%].
: _ _ anxi(t—7a1)  axsxs(t)
fal) =) —rpe A T ABB @

x3(t) :xs(t)[—1’3+ as2 X2 (t —T32) )]’

1+moxo (t —T32

where a;j, r;, and m; are positive constants, T11, T21, and T3 are nonnegative
constants.
Corresponding to Theorem 2.3, we have the following conclusion.

THEOREM 3.1. System (3.1) admits at least one positive equilibrium provided
that
(H1)" aszz —mor3 >0,
H2) 7mi(a —mir2)—anr: >0,
(H3)" 11 > rean/(ax —r2my) +r3ai2/(az: —mors).

PROOF. Consider the following system of algebraic equations:

* * %k
apx a1 x az3x
r—anxy-——=2-=0, -1+ L =0,
1+mix] 1+mixy 1+mox; (3.2)
" .
aspXs;
—73 + T % O
1+mox;

The third equation of system (3.2) has a unique zero point x5 = r3/(as» —
Mo73) 2 A.On substituting xJ° = A into the first equation of (3.2), we obtain

apA
1 *aHXik - ﬁ = 0, (33)

that is
aumlez+(a11—m1ﬁ)xf‘—(ﬁ—a12A) =0. (3.4)
Let A = (a1 —m11)? +4am (r —apA). It follows from (H3) that v, —

a12A > 0. Thus we see that (3.4) has a unique positive solution x7". It follows
from the first equation of system (3.2) that x{* > (v — a12A)/a11. Therefore,
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from the third equation of system (3.4), we obtain

az3xy _ axxy _r
T+moxy  1+myxy 2
ar ((r1—anA)/an)
1+m1((1’1—a12A)/a11)

_ (a1 —mum) (n —rean/(az —romi) —r3aiz/ (as. —mors))

-7

> 0.
ay +my (r—anrs/(as: —mors))
(3.5)
Hence it follows that x5 > 0. This completes the proof. ]

In this paper, we have combined the effects of periodicity of the environment
and time delays on the dynamics of a food-chain model with Holling type-II
functional response. By using Gaines and Mawhin’s continuation theorem of
coincidence degree theory, we have discussed the existence of positive periodic
solutions of the model.

We note that assumptions (H1), (H2), and (H3) in Theorem 2.3 are equivalent
to the following:

(i) @z >7mmy,

(i) @z >7rmy,

(iii) 71— (P an /(@ -7my)e? 1 > (F3ar/ (@z; - my'73))e? @ /miw,

By Theorem 2.3, we see that system (1.1), with initial conditions (1.2), will
have at least one periodic solution if the intrinsic growth rate of the prey
species and the conversion rates of the predator and the top predator are
high, and the density-dependent coefficient of the prey, the death rate of the
predator and the top predator are low enough. By Theorem 2.3, we see that
the time delays are harmless to the existence of positive periodic solutions.

An alternative method in proving the existence of positive periodic solu-
tions of system (1.1) may be the application of Horn’s asymptotic fixed-point
theorem (see, e.g., [4, 7]), while this method allows the investigator to address
the stability issue of the periodic solutions. This may be our future work.

We would like to mention here that it is interesting but challenging to discuss
the global attractiveness of positive periodic solutions of system (1.1) when all
its coefficients are periodic functions with a common period. We leave this for
our future work.
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