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ON LONG EXACT (77,Exts)-SEQUENCES
IN MODULE THEORY
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In (2003), we proved the injective homotopy exact sequence of modules by a method that
does not refer to any elements of the sets in the argument, so that the duality applies au-
tomatically in the projective homotopy theory (of modules) without further derivation. We
inherit this fashion in this paper during our process of expanding the homotopy exact se-
quence. We name the resulting doubly infinite sequence the long exact (1t,Exty )-sequence
in the second variable—it links the (injective) homotopy exact sequence with the long exact
Exta-sequence in the second variable through a connecting term which has a structure con-
taining traces of both a 7m-homotopy group and an Exta-group. We then demonstrate the
nontriviality of the injective/projective relative homotopy groups (of modules) based on the
results of Su (2001). Finally, by inserting three (77,Exts)-sequences into a one-of-a-kind di-
agram, we establish the long exact (77,Exty)-sequence of a triple, which is an extension of
the homotopy sequence of a triple in module theory.

2000 Mathematics Subject Classification: 18G55, 55U30, 55U35.

1. Introduction. Itis well known that, in topology, for a path-connected space Y and
a closed, path-connected subspace Yy, there exists a homotopy exact sequence

T (Yo) —— 11 (V) —— 1 (Y, Yy) ——= 11y 1 (Yo) —— -~ -
1.1
— 1 (Yo) —= m(Y) ——m (Y,Yy) — 0.

Analogously, in module theory, let A be a unitary ring, and A, B;, B> right A-modules.
Suppose that given a A-module homomorphism S : By — B», then, for each A, there
exists an (injective) homotopy exact sequence

e 1y (AB)) 2 710 (A By) —L (A B) —L T (ALB) -

(1.2)

2 7 (ABY) 2 11 (A, By) —= 11 (A B) —2= TT(A,By) = 11(A,By)

(see [1]). As stated in [1, 4], in the relative homotopy theory of modules, for a given A-
module homomorphism 8 : By — B, and a given A-module A, one considers the diagram
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0——mM— anlA(L csn-lp #»_ SHA

T -

ker B B, B, coker B,

where (g is the inclusion map which embeds A into an injective container CA, €; is
the quotient map with XA, called the suspension of A, as the quotient, and so on. We
then say that the map (p,0) : t,_1 — B is i-null-homotopic, denoted (p,o) ~; 0, if it
can be extended to an injective container of t,,_, and define the nth (injective) relative
homotopy group,n > 1, as 1, (A, ) = Hom(t,,-1, 8) /Homg(ty, -1, 8), where Hom(t,,—1, )
is the abelian group of maps of t,,_; to , and Homg(t, -1, B) is the subgroup consisting
of i-null-homotopic maps.

In addition, by duality, suppose that given a A-module homomorphism «: A; — A»
(here, the modules are left A-modules), then, for each B, there exists a (projective)
homotopy exact sequence

2 o* J ? ok
' H'En(AZsB) - En(AlyB) — 10, (,B) — En—l(AZ,B) -
(1.4)
$' m (AZvB) L m (AllB) L’ 1 (6, B) $' E(AZaB) L E(AI:B)

(see [4]).

In this paper, by putting together a projective resolution and an injective resolution
of the randomly given right A-module A and adopting the method introduced in [4], we
extend the injective homotopy exact sequence, (1.2), by linking it with the long exact
Extp-sequence in the second variable in a somewhat unusual yet expectable way. We
name the resulting doubly infinite sequence the long exact (1t,Ext,)-sequence in the
second variable (see Theorem 2.2).

Since our argument involves no reference to the elements of the sets, by duality, the
existence of the long exact (1r,Exty)-sequence in the first variable, (2.23), which is an
extension of (1.4) and the dual of (2.2), follows automatically.

2. The long exact (77,Ext,)-sequence in the second variable. In [4], we proved the
injective homotopy exact sequence, (1.2), by a method which does not refer to any
elements of the sets in the argument, so that the existence of the projective homotopy
exact sequence, (1.4), is automatic by duality. We inherit this fashion in our process of
expanding (1.2) to (2.2).

We first state a lemma which is easily checked.

LEMMA 2.1. In a commutative diagram of short exact sequences

A/ H A € A//

4 s
s s
la 0 lﬁ "o Ly (2.1)
i—/ ’ L/ ’
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(i) the map « = 0 if and only if B factors through €; that is, B = ne for some (unique)
n:A"” - B;

(ii) the mapy = 0 if and only if B factors through u’; that is, B = u’ 0 for some (unique)
0:A-B.

THEOREM 2.2. Suppose that given a map 3 : By — Bo, then there exists, for each A, a
doubly infinite long exact sequence

e (A BL) e T (A, Ba) L in (A, B) — Ttn 1 (A, Br)

J B J Homp (A,B]z)
A p) -2 L
(A, B) (4, B1) 7 (A,B2) (& k. Homy (CA,CB, & B,)

B

o
—> Ext, (A,B1) L Exty (A,By) — > Exty (A, B12) — Ext2 (A,B;) —> - -
O B (A, B1) - EXUY (A,By) —> EXt (A, Biz) — > ExUi (A,B)) >
(2.2)

where 1y : A — CA is the inclusion of A into an injective container CA, t: By — CB; is the
inclusion of By into an injective container CBy, K is the quotient map in the short exact
sequence By wh CBy ® B> & By2, and By» = coker{t, B}. This sequence is independent of
the choices of CA, CBy, o, and t and is named the long exact (11,Ext,)-sequence in the
second variable.

PROOF. We first prove the special case when f is monomorphic, then the general
case, (2.2), by exploiting the mapping cylinder of f.
Suppose that given a right A-module A, one constructs an injective resolution of A,

Xn+1

CA—>CZA—>"'D($1CZ"*1A csnA s

ANANT T e

S"A

by first embedding A into an injective container CA, naming the quotient of the inclu-
sion t( the suspension, A, of A, embedding the suspension into an injective container
CXA, and so forth. Similarly, we construct a projective resolution of A,

Bn Bn
P pang P pona B P poa P s

N /\/\

QrA Q%A
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by first choosing a projective ancestor PA of A, naming the kernel of the epimorphism
no the loop space, QA, of A, choosing a projective ancestor PQA of the loop space, and
so forth.

Putting together (2.3) and (2.4) yields a doubly infinite long exact sequence,

B %) o o2

c:--- 2 paa C3SA

L \/\/\/\ e

When applying the functor Homx (C,—) to B : By — By, whereas we assume that S is
monomorphic, this leads to a short exact sequence of complexes,

Homy (C,B1)

|

HOl’l’lA (Q,Bz (2-6)

=
*

i quotient map

Homy (C, By)/image B..

To say that the homology/cohomology sequence induced from (2.6) coincides with the
long exact (7T, Exty)-sequence in the second variable when B is monomorphic,

Y (A BY) s T (A, Ba) — Tin (A, B) — tn 1 (A, Br)

J B J Homp (A,B]z)
— A %- —
(A, B) (A, B) (4, By) 1§ Ky Homy (CA, By)

B

5
o Exty (A, B1) — Exty (A, By) > Exty (4, B12) — o Ext3 (A,By) —> -+
O B (A, B1) - EXtY (A,By) —> Ext (A, Biz) — > Exti (A,B)) >
(2.7)

where k is the quotient map in the short exact sequence By £ B> & By, and By» = coker B,
one should show that, in the third complex of (2.6),

ker B, /image B} = Ext} (A,B12), m>1, (2.8)
ker BF /image o = Homy, (A, B12) /1§ k« Homy (CA,By), naturally, (2.9)
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--—>Homp (CZA,B1) —>HomA (CA,By) %—HomA (PA,By) —>HomA (PQA,By)—> - -

NINAINS

Homy (SA,By) Hompy (A,By) Homy (QA,By)

Bx Bx B*

* * *

o 24 B
-+—>Homp (CSA, B2) —t>Homy (CA, By) —>Homy (PA, By) —{—> Homp (PQA,By)—> - - -

Homy (ZA, Bp) Homy (A, Bo) Hompy (QA, Bp)

* * * *
__ Homy (CZA,Bp)oi|  Homa (CA,B2)o8| Homa (PA,Bp) BT|  Homya (PQA,Bs) #3

image B« image B« image S« image S«
\ A \ A \ Vi
\ / \ / \
N R AN AL T AN /
Y/ Y/ N
Hompy (ZA,B?) Hompy (A, B2) Homp, (QA,B>)
image B« image B« imageBx

(2.10)

Regarding (2.8), it suffices to show that ker 85 /image B = Exty (A, By2): first we pick
¢ : PQA — B whose equivalence class [] € ker 5. Since ker 85 = keruy and B is
monomorphic, there is a unique | : QA — By such that yu» = Boy|. Therefore, the
map  yields a commutative diagram

H2 m

Q2AC PQA QA
wl lw lw' (2.11)
B K
B, B> Bj2 = coker 3,

where ¢’ is the induced map of ¢ and represents an element in Exts (A, By2). We thus
define T : ker 85 /image B — Exta (A, B12) by Cly]=[y'].

To prove that € is monomorphic, suppose that given [/] € ker T, then the induced
map ' factors through the projective PA by a map v’. Moreover, since K : Bo - By is
epimorphic, v’ factors through B, by a map x’, so that ¢’ = v'u; = kx’ ;. Hence, one
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has a commutative diagram

2A— > poa — > QA
o 7 .
P w-X"mm 0 (2.12)
z - B
B] BZ £ BIZ!

where the induced map of ¢ — x'u1n; is 0 because k(@ — X 'uin1) = KY — KX 'U1N =
Y'ny —yY'ny = 0. By Lemma 2.1(3i), ¢ — x'u1n:1 factors through g by a map 6, so ¢ =
BO +x'tiny =BO +x'B1 =B« (0")+B5(x"). Thus, [#] =0 and T is monomorphic.

The map C is epimorphic because, for any ¢’ : QA — By, the map ¢'n; always factors
through B, since PQA is projective. This completes the proof of (2.8).

The proof of (2.9) proceeds analogously: we define w : ker 5 /image g — Homy (A,
B12) /15 kx Homp (CA,Bz) by w[T] = [T'], where T : PA — By, and 7' : A — By is the
induced map of .

To show that w is monomorphic, suppose that given [T] € ker w, then 7" = (§ kx (X"")
= kX" 1o for some x"" : CA — By. Since k(T —X""toNo) = KT —KkX oo =T'No—T'no =0,
we have a commutative diagram

A o pa— " oy
Ve
l 9: - lTx”tono lo (2.13)
/—/
B, F By K Bi».

By Lemma 2.1(ii), T — x""tono factors through B by a map 0”, so T = B0 + X" tono =
BO" +x" o =B« (0")+ i (x"”). Thus, [T] =0 and w is monomorphic.

The map w is epimorphic because, for arbitrary ' : A — B2, the map 1'no always
factors through B, since PA is projective. This completes the proof of (2.9).

Hence, we assure the existence and the exactness of (2.7), a special case of the long
exact (71, Exty)-sequence in the second variable when f is monomorphic. We then show
its uniqueness, namely, the sequence (2.7) is independent of the choices of the injective
container CA and the inclusion ty: A — CA.

Let CA and C’A be two injective containers of A with inclusions ¢y : A = CA and
o A = C'A, respectively. We show that ¢ Homa (CA, B,) = (;* Homy (C' A, Bz): for one
direction, let y : CA — B, be a map such that yi, = (§(y) € (§ Homa(CA,B,). Since
ylo =; 0,itfactors through C’ A (see [1, Proposition 13.2]). Thus, y (o € (;* Homa (C’' A, B>)
and this proves (§ Homa (CA, By) < ;" Homa (C' A, B). The other implication follows by
symmetry.

The proof of this special case of Theorem 2.2 when the map S : B; — B> is monomor-
phic is now complete. One more remark on the special case, before we move on to the
general case when f is arbitrary, is that the maps in (2.7) are exactly those one expects.

Now that §: By — B> is arbitrary, we apply the mapping cylinder (see [1, 4]) of B,
thus {(,8} : B = CB; ® B2, where CB; is an injective container of B; and t: B; — CB;
the inclusion, so that the resulting monomorphism {¢, 8} : B » CB; ® B, induces a long



ON LONG EXACT (7t,Exta)-SEQUENCES IN MODULE THEORY 1353

exact (11,Exty)-sequence

0 {LBx _

* —> T (A,B)) —= T1n(A,CB; ®B>) # 1 (A, {t, B}) o Trn1 (A, By) 22 {lB}* o

0 {LB}*

o 71 (A,By) 5 11, (A, CBy @ By) —> 71 (A, {1, B})

(Bl Homp (A, B12)

1§k« Homy (CA,CB; @ By)

7t (A,By) % 7 (A,CBy @ By) —>

{LB}
%- Exta (A Bl) %- Exta (A CB @Bz) %- Exta (A Blz) %' EXtA (A Bl) T

LB} LB}
O Ext?(A,Br) L Ext? (A, CB, ® By) —S- Ext2 (A, Brz) —2= ExtI (A, By) 22k -

(2.14)

where k is the quotient map in the short exact sequence B; Wl C81 ® B> & By and
By> = coker{(,B}. The task is to show that the two exact sequences (2.14) and (2.2)
are naturally isomorphic. The proof that the first halves of the sequences, namely, the
homotopy exact sequences of the maps {¢,8} and B, respectively, are isomorphic is
stated in [4]. As to the second halves of the sequences, namely, the Exty-sequences in
the second variable, since Ext} (A,CB; @ By) = Ext}(A,B2), n > 1, it remains to derive
that the sequence (2.2) is unique regardless the choices of the injective container CB;
and the inclusion ¢ : By — CBj. That is, let CB; and C’B; be injective containers of By,

By = CBy, U 31 — (C’B; the inclusions, and B; L CB; ® B, & By = coker{y, B},

“ 2B C'Bi®B, 5 B, = coker{(, B} the induced short exact sequences. One ought to
show that

HOInA (AyB12) ~ Hom/\ (AlBiZ) (2 15)
t§ ks« Homp (CA,CB1®By) — (fkixHomy (CA,C'By ®B2)’ ’
Ext} (A,Bi2) = Ext} (A,By,), n=>1. (2.16)

Regarding (2.15), since CB; and C’B; are injective, we have the commutative diagrams

BC——' > CB B> (B
-7 - (2.17)
, - - .
¢ _ = ' ~ 73y
£ 4
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which yield the diagram

{,B} K
By>— CBy®B, —— Bp»

{,B} ’
B B e — =B, (2.18)

LB}
B—" . CBi@B, — = By,

where & = {(v,0),(0,13,)}, T = {{v',0),(0,15,)}, and &', T’ are the induced maps of §
and C, respectively.

Next, we define x : Homy (A, Bi2)/({ kx Homp (CA,CBy @ By) — Homa (A, B1,) /(3 K,
Homa (CA,C'By®B>) by x[¢p] = [E'¢p], where ¢ : A — By». To prove that x is an isomor-
phism, we first show that [T'E'¢] = [¢] in Homy (A, Bi2) /(§ k« Homp (CA,CB;  B):
diagram (2.18) leads to

{,B}
B— " CBeB, — X =B,

-
OL EElL 7 lg’g’l (2.19)
_ 7
{18} £

Bi——" > CBi®B, —— By»,

where €& -1 = nk for some n: By — CB; By, due to Lemma 2.1(i). Let tcp, : CB; <
CB1 @B and pcg, : CB1 @ B, -~ CB; be, respectively, the inclusion and the projection of
the first factor. Since k is epimorphic and £&—1 = t¢p, opcp, © (CE-1),CT'E -1 =kn =
Ko lcp, ©peg, ©N- In addition, since CB is injective, the composite pcg, o n o ¢ extends
to CAby amap y:

A(A) CA
P Ve
pcey ono¢h B /;y (220)
A
CB;.

Thus, C'E'p—p =(C'E —1)p =Kotcp opcp oNoP = Kolcp, oy oLy, which means that
C'EP—degkHomy(CA,CB @B),s0 [C'E P] =[]

Note that, for ¢ : A — By,, [E'C'@] = [@] in Homx (A, B,) /t§ ki, Homa (CA,C'B; © B2)
follows by symmetry.

We now show that x is an isomorphism: if [¢] € ker x, where ¢p: A — B>, then §'¢p =
k' 0ty for some 0 : CA — C'B; @By so that [¢p] = [C'E'P] = [Tk O1p] = [kCO] = 0.
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Hence, x is monomorphic. To assure that x is epimorphic, suppose that given ¢ : A —
Bi,, we have T' : A — Byp so that x[C' @] =[E'C'y] = [@]. This completes the proof
of (2.15).

For (2.16), one compares the long exact Exty-sequences in the second variable in-

duced from the short exact sequences B; 1w CBy®B, & Byp = coker{t,} and

B B C'By @ B LY B}, = coker{(, B}, respectively. Since CB; and C’B; are injective,

Ext} (A,CB; @ By) = Ext} (A, B2) = Ext}(A,C'By ®By), n > 1, and the isomorphism (2.16)
follows from the five lemma. This completes the proof of Theorem 2.2. O

We remark that the term Homy (A, B12) /(§ k« Homp (CA, CBy @ Bz) in (2.2), which links
together the homotopy exact sequence of the map : B; — B> and the long exact Extx-
sequence in the second variable, has a structure of both an (injective) homotopy group
and an Exty-group. Moreover, there is a close connection, shown in the next commu-
tative diagram (2.21), between the long exact Extj-sequence in the second variable (in-
duced from the short exact sequence B; W) CB, ® B, > B, = coker{t, 8}) and the long
exact (77,Extp)-sequence in the second variable:

Homp (A, B1) >>Homx (A, B2) ———Homa (A, B12) ——>Ext (4,B1) > -

L .

Homy (A, B12)
LE?K* Homyp (CA,CB1®By) "

c> T (A, B)—> Tt (A,B1) ——> T1(A,By) —>

(2.21)

Note that there is a much analogous connection between the long exact Extp-sequence
in the first variable and the long exact (77, Ext,)-sequence induced from a short exact
sequence A" — A - A" (we call it the long exact (7T, Exta)-sequence in the first variable),

Homp (A", B)>—= Homp (A,B) — Homp (A’,B) — Exty (A" ,B) — - - -

S .

- =1 (A",B) —= 7t(A”,B) ——1(A,B) ——=7t(A4',B),

(2.22)

in the study of (absolute) homotopy theory of modules (see [1]).

One final remark of Theorem 2.2 is that our argument does not involve reference to
the elements of the sets, so that one can pursue, by duality, the results in the projective
relative homotopy theory without further derivation. As an example, the dual statement
of Theorem 2.2 is presented as follows.

THEOREM 2.3. Suppose that, given a map « : A} — A», there exists, for each B, a
doubly infinite long exact sequence
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0 o* J 0 o*
) H‘En(AZ,B) HEn(‘4lyB) H'En(o‘aB) HEVL—I(lAZuB) —

J 0 ok J Homp (A]z,B)
I B) -~ o L
10 (06 B) —=10(A, B) == m(A1, B) — o o (A1 @ P Ay, PB)

*

* * * i
L— Exta (Az,B) L Exta (Al,B) — Exta (A12yB) $. EXt/Z\ (Az,B) S

0(*

* *
% Extl (A2, B) = Extl (A, B) ——= Ext! (A12,B) —= Exti"! (As,B) =+
(2.23)

where no : PB -~ B is the projection of a projective ancestor PB onto B, n: PA, » A, is
the projection of a projective ancestor PA;, onto A,  is the inclusion in the short exact
sequence Ai; & A ®PA> teom) A, and A1, = ker{x,n). This sequence is independent of
the choices of PB, PA3, no, and n and is called the long exact (1t,Exty)-sequence in the
first variable.

As expected, the diagram dual to (2.21),

Homp (A2,B) >> Homp (A1,B) — Homy (A12,B) — Extp (A2,B) > - -~

e

Homp (A]z,B)
no, t* Homp (A;®PA>,PB)’

© > 1 (&, B) —= 1 (A2,B) —= 1 (A1,B) —

(2.24)

shows the connection between the long exact Exta-sequence in the first variable and
the long exact (1T, Exty)-sequence in the first variable.

3. Some examples of nontrivial relative homotopy groups of modules. We now
construct a few nontrivial injective/projective relative homotopy groups (of modules)
based on the study in [3]. That is, we will concentrate our attention on the case that A
is the integral group ring of the finite cyclic group Ci, and all the modules are regarded
as trivial Cx-modules.

First, it is obvious that the injective/projective relative homotopy groups of identity
maps are trivial. Also, from [3, Theorem 2.2 and Corollary 2.3], we learn that, under the
assumption that the abelian groups D, By, B, are regarded as trivial Cx-modules, if D is
torsion-free and divisible, then, for arbitrary g :B; — By, 11, (D, ) = 0 for all n > 1. For
instance, for arbitrary 8 : By — By, 11, (Q,B) = 0 for all n > 1, if Q is treated as a trivial
Cx-module. Next, since 1,(Q/Z,Q/Z), 11, (Z,Q/Z), and 1,,(Z,Z) are our examples of
nontrivial homotopy groups (of modules) [3], it is natural to consider the short exact
sequence 7 < Q L Q/Z in the search.

THEOREM 3.1. Let 7 & Q & Q/Z be a short exact sequence, where ( is the inclusion,
K is the quotient map, and Z, Q, Q/Z are regarded as trivial Cy-modules. Then,
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®

_ _ Z/k forn even,
T (Q/Z,k) =T, (Q/2,Q/Z) = (3.1)
0 for n odd,

(i)

T (Z.K) = 71.(2.0/7) 0 for n even, (3.2)
Trn !K = Tr‘l’l ’ = .
Z/k formn odd,

(iii)

{Z/k for n even,
w,(,2) =21, (2,7) = (3.3)
0 for n odd.

PROOF. The proofs follow from the results in [3] with suitable homotopy exact
sequence (1.2): for (i), we use the homotopy exact sequence of the map «,

Y 0 (QUZ,Q) - 10 (Q/Z,Q/T) —L 70 (Q/Z, K) = Trn1 (Q/Z,Q) —2 - - -
(3.4)

Since Hom(Q/7Z,Q) =0, 1,(Q/Z,Q) =0 forall n = 0, so ,(Q/Z,Q/Z) 2L T (Q/Z,K)
is an isomorphism and the rest is presented in [3, Theorem 2.6].

To prove (ii), we first show that 717, (Z,Q) = 0 for all n > 0: consider the short exact
sequence Z & Q £ Q/7 and its inducing long exact (77,Ext,)-sequence

e 7 (QIZ,Q) “> 70(Q,Q) ~ > 70 (Z,Q) = Frn1(Q/Z,Q) > -+ -

(3.5)

Since 7, (Q/Z,Q) = 0 and 7, (Q,Q) = 0 for all n = 0 [3, Corollary 2.4], 71, (Z,Q) = 0 for
all n = 0.
Next, apply the homotopy exact sequence of the map «,

e 0 (2,Q) = 7 (2,Q/2) —L= Fn (2, 6) = Frp (2,Q) 2= - (3.6)

Since 77,(Z,Q) = 0 for all n > 0, 77,(Z,Q/Z) L 7T, (Z,K) is an isomorphism and the
rest is presented in [3, Theorem 2.8].
The proof of (iii) is similar; we leave it to the reader. O
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4. The long exact (77,Ext, )-sequence of a triple and its interaction with three long
exact (77,Exty)-sequences in the second variable. In topology, let X be a path-
connected space, and Y, Z closed path-connected subspaces such that
A y 2% s x, @.1)

\—/

i3=ipoi]

i

where i1, i», i3 are inclusions. Then, there exists an exact sequence of relative homotopy
groups,

C Ty (1)) — My (i3) —— My (i2) —— T 1 (i) — "
(4.2)
— 1y (i1) —= m (i3) — m(i2),

where 11, (1) = T (Y, Z), 1, (i2) = (X, Y), and 11, (i3) = (X, Z), n > 1. In the case
that the maps in

/-
X; nx, Xy (4.3)
\—/
f3=f2001

are not necessarily injective, where X;, X,, and X3 are topological spaces with base-
points, one applies the character of mapping cylinders, and (4.2) is then

C T (f1) —— T (f3) —— T (f2) ——= 1 (1) —— -

(4.4)

— 7T1(f1) - 7T1(f3) - 7T1(f2)-

It is called the homotopy sequence of a triple.
Analogously, in module theory, suppose that given

B B2

Bl — B ~—— Bs, (4.5)
\—/
Bz=B2°B1

where the maps B1, B2, B3 are not necessarily monomorphic, there arises, for each A, a
sequence, which we will prove to be exact, of (injective) relative homotopy groups,

©—— T (A, B1) — Ttn (A, B3) — T (A, B2) —= TTn1(4,B1) —> - £6)
—— 11 (A, B1) —= 711 (A, B3) —> 711 (A, Ba). '

To show the exactness of (4.6), we use the following theorem, which not only grants
us the exactness and thus the existence of the homotopy sequence of a triple in module
theory, (4.6), but also allows us to expand it to a doubly infinite sequence named the
long exact (11,Exty)-sequence of a triple, (4.11).
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THEOREM 4.1 [2]. Suppose that given four sequences

4.7)
of which three are long exact, forming a commutative diagram
\/ /\/\ \/ /\/
/\/ NAYAYAVAY i
o:>0777>-0 .:>.777>...,
(4.8)

then the fourth is also long exact provided it is differential; that is, 00 = 0 at its crossing
points p.

Note that one derives Theorem 4.1 through diagram chasing, yet, unexpectedly, the
assumption that the fourth sequence is differential at its crossing points is necessary
when showing the exactness.

On inserting the (injective) homotopy exact sequence (1.2), of the maps B, B2, and
B3, respectively, into (4.8), one produces a commutative diagram

— 1 (A,B]) =——> 10 (A,B3) ———= 10 (A,B2) — — — — >Ttp-1(A,B1) = -
\ / \ /1 \ / \A...
ﬁ'n(AyBZ) ﬁn(Av 3) ﬁn—l(A:BZ)
7
N / // \ / \
= Ttne1(AB2) = — = =Tt (AB1) ———> Ttn-1(A,B1) =———=T-1(4,B3) = ">

(4.9



1360 C. JOANNA SU

which settles the exactness of (4.6), due to Theorem 4.1 (it is evident that the composite
map

By ——= B ——= B

J/th lﬁz lﬂs (4.10)

B, —— B3 —— B3

from B, to B3 factors through 15, and is thus null-homotopic). We thus call (4.6) the ho-
motopy sequence of a triple in module theory. Furthermore, from Theorem 2.2, we learn
that the homotopy exact sequence (1.2) extends to the long exact (7T,Ext,)-sequence
in the second variable, (2.2). By Theorem 4.1, the homotopy sequence of a triple also
expands and links with an Ext,-sequence.

THEOREM 4.2. Suppose that given maps 1 : B — Bo, B> : Bo — B3, and B3 = B20 B :
B — B3, there exists, for each A, a doubly infinite long exact sequence

©—> T (A, B1) —= T (A, B3) —= T (A, B2) —= TTn_1(A,B1) —= "
— 11 (A, B1) — 1 (A, B3) —= (A, B2)
— Homp (A,Blz)/lékKl*HomA (CA,CB1 @Bz)

—> Homy (A, B13) /(§ k3« Homp (CA,CB; @ Bs)
(4.11)
— Homp (A,Bz?,)/LE)kKZ* Homp (CA, CBZ GBB3)

— Ext (A, B12) — Exta (A, B13) — Exta (A, Bz3)
e EXIX (A,Blz) — Eth (A,Bl3) — EXtX (A,Bzg)

H_Extf\u—l (A,Blz) e,

where 1y : A — CA is the inclusion of A into an injective container CA, (' : By — CB;
is the inclusion of B into an injective container CBy, U’ : B, — CBy is the inclusion of
B, into an injective container CB;, ki is the quotient map in the short exact sequence
B {t’),fl} {L”)fz} CB» & Bs K2
B3 = coker{t", B>}, and k3 is the quotient map in B, B3 CB, ®B3 S Bi3 = coker{(,B3}.
This sequence is independent of the choices of CA, CBy, CBo, 1o, U, and (" . It is called the
long exact (11,Exty ) -sequence of a triple.

CB; @ By at Bi> = coker{l', B}, ko is the quotient map in B,

We abbreviate the terms Homy (A, B12)/(§ k1« Homa (CA,CB; @ By), Homy (A, B13)/
(5 K3« Homy (CA,CB; @ B3), and Homy (A, Bo3) /(§ k2« Homa (CA,CB, @ Bs), which put
together the homotopy sequence of a triple (4.6) and a sequence of Exty-groups, as
(A, B1), (A, B3), and 1T (A, B2), respectively. Then, there is diagram (4.12) which not
only is an extension of (4.9), but also indicates the interaction between the long exact
(17,Extp)-sequence of a triple and three long exact (77,Ext,)-sequences in the second
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variable:
71 (A, B1) (A,B1) T(AB3) T(AB2) Ext} (A,B12) Ext% (A,B1)
’IT1 A B3) ABZ A 33 EXtA ABZ EXtA A313
71 (A, B3) (A, B2) T(A,B1) Ext) (A,By) Ext} (A, B3) Ext} (A,B23)

(4.12)

A final note is that, as in Section 2, the dual statements, especially those for Theorem
4.2 and diagram (4.12), in the projective relative homotopy theory arise automatically
without further derivation. In addition, as in [4], since our argument does not refer
to elements of the sets, one can define the necessary homotopy concepts in arbitrary
abelian categories with enough injectives and projectives and proceed accordingly.
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