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ON FURTHER STRENGTHENED HARDY-HILBERT’S INEQUALITY

LU ZHONGXUE
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We obtain an inequality for the weight coefficient w(g,n) (g >1,1/p+1/q=1,n € N)in
the form w(q,n) =: Som_q (1/(m+n))(n/m)14 < mw/sin(rr/p) - 1/2nYP + (2/a)n~1/4)
where 0 < a < 147/45,asn>3;0<a< (1-C)/(2C-1),as n = 1,2, and C is an Euler
constant. We show a generalization and improvement of Hilbert’s inequalities. The results
of the paper by Yang and Debnath are improved.
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1. Introduction. The following inequalities are well known as Hardy-Hilbert’s in-
equalities:
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In recent years, Gao [1, 2], Xu and Guo [4], Hsu and Wang [3], Yang [6], and Yang
and Gao [7] gave some distinct improvements of (1.1). Yang and Debnath [5] gave a
strengthened version by the following inequality:
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In this paper, we show a new generalization and improvement of (1.1) by improving
(1.3).
First we introduce some lemmas.

LEMMA 1.1 [2]. Let f(x) > 0, f@V(x) <0, f@)(x) 20, x € [1,0), v = 1,2,
[ () =0,7=0,1,2,3,4, and [;” f(x)dx < oo, then

S fom) < [ foodx s 20 -1 ). (1.4)

m=1

LEMMA 1.2 [5]. Letg>1,1/p+1/q=1,n €N, then

T
w(q,n) < sin(r/p) nl/v [fn(P)+gn(p)], (1.5)
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where w(q,n) is defined by (1.3), and
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LEMMA 1.3 [5]. Letp >1,n €N, then
1 1 1
Su(p) +gn(p) > ST Ton (1.7)
LEMMA 1.4. Letg>1,1/p+1/q=1,neN, then
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where 0 <a<147/45asn>3;0<a<(1-C)/(2C—-1) asn = 1,2, and C is an Euler
constant.

PROOE. For n > 3,

(LL_L)(HL),Li(i_i_;_i_;) (1.10)
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where x >0, y >0, xy = a.
We first prove
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Formula (1.11) is equivalent to ¢ (n) = 6n3 —xyn3 -n?-6xyn—6 > 0.

Since ¢’ (x) = 18x%2 -3ax%2—-2x—6a, ¢" (x) = 36x —6ax —2. When 0 < a < 147/45,
Y (x) =36x—-6ax—-2>0, ' (3) =156—-33a > 0, then ¢'(x) > 0 and ¢ (3) = 147 —
45a > 0, hence y(n) > 0 for n = 3. Therefore (1/2—-1/12n—-1/2n3)(x+1/ny) > x/2.
Namely, 1/2-1/12n—-1/2n3>1/(2+2(an) 1), for n = 3. By (1.5) and (1.7), we have
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Since ¢(x) = 1/(2x + 2(xn)~1) is strictly increasing on (0,0) and 0 < a < (1 —
C)/(2C-1),by w(q,n) < 1/sin(1r/p) — (1 - C)/n''?P (see [7]), we have, when n = 1,
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when n = 2,
w(q,2) < —2 1-c T 1 ! (1.14)
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By (1.12), (1.13), and (1.14), (1.8) is valid for any n € N. Interchanging p, q in (1.8), since
1r/sin(1r/p) = 1w/ sin(1r/q), we have (1.9). The lemma is proved. O
2. Main results. Now we introduce main results.

THEOREM 2.1. Letp > 1,1/p+1/qg=1,a,=20,b, 20,0 <35 _ah < o, and
0< > b} < co. Then
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where 0 <a <147/45,0<b < (1-C)/(2C-1).
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In particular, when a = b = e, e is a constant,

00 T 1 » 1/p
2 (sin(rr/p) 2nl/p +(2/e)n1/q>a")

m=1n=1 n=1
00 1/aq
T 1 a
% (gl (sin(rr/p) 2nlla4 (2/e)n1/p)b") ’ (2.3)
0 0 an 14 T p-1 © TT 1 ,
mz=1 (El m+n> < (sin(ﬁ/r))) n% (sin(n/p) S 2nliv + (2/e)n—1/‘1)a"'

PROOF. By Holder’s inequality, we have

i i “mhn Z Z (m+n)1/n(m>1/mb7n)”q(%)”m

m:ln:l m=1n=1 (m+n
© (151 m 14 1/p / o b?L n\/p 1/q
(I ZamC)) (ZEaGE)T) e
m=1n=1 m=1n=1

00 1/p 00 1/q
= ( > w(%ﬂ)ﬂﬁ) ( > w(v,n)b%) :

By (1.8) and (1.9), (2.1) is valid.
By Holder’s inequality and (1.9), we have
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By (1.8), (2.2) is valid. The theorem is proved. O

REMARK 2.2. As a = b = 0, inequalities (2.1) and (2.2) change to (1.1) and (1.2),
respectively, hence inequalities (2.1) and (2.2) are generalization and improvement of
(1.1) and (1.2), respectively.
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REMARK 2.3. As a = b = 2, inequalities (2.1) and (2.2) change to (1.11) and (3.1) in
[5], respectively, hence inequalities (2.1) and (2.2) are generalization and improvement
of (1.11) and (3.1) in [5], respectively.

REMARK 2.4. We give an open question: how to determine the constant a such that
1/(2nY? +(2/a)n=1/9) is best possible.
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