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ESTIMATES FOR THE NORMS OF SOLUTIONS OF DIFFERENCE
SYSTEMS WITH SEVERAL DELAYS

RIGOBERTO MEDINA

Received 1 August 2003

We derive explicit stability conditions for time-dependent difference equations with several
delays in C" (the set of n complex vectors) and estimates for the size of the solutions. The
growth rates obtained here are not necessarily decay rates.
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1. Introduction. Stability of systems of difference equations with delays has been
discussed by many authors, for example, see Gil’ and Cheng [6], Zhang [11], Elaydi and
Zhang [5], Pituk [10], Agarwal [1], and the references therein.

In the stability literature, one can find two major trends; stability using the first
approximation Lyapunov method and the direct Lyapunov functional method. For this
latter trend, see Zhang and Chen [12], Crisci et al. [4], Lakshmikantham and Trigiante
[7], and Agarwal and Wong [2]. By this method many very strong results are obtained.
But finding Lyapunov functionals is usually a difficult task.

In this note, we consider a class of perturbed difference equations with several delays
and, by means of a Gronwall inequality and the recent estimates for the powers A¥ of a
constant matrix A established in Corduneanu [3], we derive explicit stability conditions.
Further, we suppose that the unperturbed linear difference equations have a bounded
growth. Actually, this work is an extension of Medina [8] to time-dependent difference
equations with several delays.

2. Preliminary facts. Let C" be the set of n complex vectors endowed with a norm
II-].Let A (k=1,2,...) be n X n-complex matrices.
Consider in C" the equation

Uj+1 =Ajuj +fj(uj,gl,...,uj,gp), J =0,1,..., (2.1)
where p > 1, 01,07,...,0, are nonnegative integers such that 0 = 07 < 02 < --- <
op,0i € Z*, and Z"* is the set of nonnegative integers, f;, j = 0,1,2,..., maps C"¥

into C".
We will consider (2.1) subject to the initial conditions

uj=le j=—0'p,—0'p+1,...,0. (22)
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It is assumed that there are nonnegative sequences q; (Il =1,2,3,...,p) such that
L m
Wi (Wjmorsee o) [ < D @D uj-all™ 7=0,1,..., (2.3)
1=1

and m is a fixed positive real number.

Unlike differential equations, discrete equations with the given initial conditions al-
ways have a solution.

In order to establish our main result, we will use the following discrete Gronwall-type
inequality.

THEOREM 2.1 [9]. Assume that

k-1 p
z(k)y<C+ > >aji)z(i-o)™, kez”, (2.4)

i=0 j=1
where m >0, 0=01<02<:--<0p, pz1, C>0, ajk)=0 forj=1,2,...,p and

keZz*,andz(k) <C fork = -0p,—0p +1,...,0.
@ If0<m<1andC <1, then

k-1 14
z(k) <™ [ [1+Zaj(i)}, keZ®. (2.5)
i=0 j=1
(b) If m =1, then
k-1 14
z(k)sCl_[[1+Zaj(i)], keZz*. (2.6)
i=0 j=1
(c) If m > 1, then
z(k) < < T keZt, (2.7)
{1-m-nem1. 350 57 a6}
provided that
k-1 p
I-(m-1)C™ 1> >a;(i)>0, keZz*. (2.8)
i=0 j=1

ASSUMPTION 2.2. Itis assumed that the unperturbed linear difference equation
uj=Ajuj, j=0,1,..., (2.9)

has a bounded growth, that is, there exist real constants y > 1 and « > 0 such that
|0, )|l < yod™!, Vjz=i=0, (2.10)

where ®(k,l) = Hf;ll Aj, k > 1, is the fundamental matrix solution of (2.9).
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3. Main results. Now, we are in a position to establish our main results pertaining
to the bounded growth and the zero convergence properties of the solutions of (2.1)
subject to the conditions (2.2).

THEOREM 3.1. Assume that conditions (2.3) and (2.10) hold. In addition, assume that

oM=L g () < oo, 3.1)

[Me
M=

0

1

~
Il

Then,
(@ if0<m=<1andC=ylToll <1, every solution u; of (2.1), (2.2), such that ||u;| <
Cod for j = —0p,—0p +1,...,0, satisfies

. [eS) 14
llusl| < & (y|[Tol)™ exp (y > Bz(i)>, J=1,2..., (3.2)
i=01=1

where B (i) = am-Di-moi-1g ({),
(b) if m > 1 and

n 1/(m-1) o p )
||To||S{W} , ?\ZEOLZZIB[(U, (3.3)

for some n € (0,1) and C = y||1oll, every solution uj of (2.1), (2.2) such that ||u;ll < Col
for j = —0p,—0p +1,...,0, satisfies

[lujl| < WHTOH, Jj=0,1,2,.... (3.4)
PROOF. By inductive arguments, we can prove that the unique solution {u J}l__ap
of (2.1), subject to given initial values uy = Ty, U1y, Uogy, satisfies
i-1
wj=0(j,00To+ > @, i+ 1) fi(Wi-0p)-- Uii-0p)s JEZT. (3.5)
i=0
Hence, by conditions (2.3) and (2.10),
luill < yod|[oll+y > > o (i) |Jui o ™. (3.6)
i=01=1
This yields
ol < yllwoll+y X > o« ra(@)|luio | (3.7)
i=0 1=1
By setting z(j) = o« /||u;ll and B;(i) = a™m-Vi=mai=lg,(4), it follows that
p j-1
z(j)<C+y ) Z 1(D)z™(i- o), (3.8)
1=1 i=0

where C = y||1oll and z(j) < C for j = —0p,—-0p +1,...,0.
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CASE1l. If 0<m <1 and C < 1, then by Theorem 2.1(a) it follows that
J-1 14 ) p
z(j)y=c™ ] [1+y231<i>] <C™ exp (y Zﬁz(i)>, (3.9
i=0 1=1 i=01=1
and the proof of Case 1 is complete.

CASE 2. If m > 1, proceeding in a similar way to Case 1, we arrive at the inequality
(3.8). Hence, by Theorem 2.1(b), it follows that

. C
z(j) = T/ m-1)° (3.10)

{1-m-Dycm 135 S0 B}

provided that

—

J 4
1-(m-1)yC™ > > Bu(i) > 0. (3.11)
i=0 =1

Let n € (0,1) be an arbitrary number. We will prove that the condition (3.11) holds for
all Ty satisfying

1/(m-1)
n .
HTOHS{(m—l)/\ym} =R, (3.12)

where A = 32 5P| Bi(i) < co.
Indeed, for all such a Ty, we have
71171 4 . o P
(m—=Dy™[||I™ > > Bii) = (m-D)y™||tol|™ " > D Bi(i) = n. (3.13)

iz0 -1 i=01-1

Thus,

—

Jj-1p
1-(m-Dy™||w|" "> S Bii)=1-n>0. (3.14)
=1

i=0

Consequently, for all ¢ such that || To|| < R, we have

j Cod |70
HuJH ) -1 sp 9 1/(m-1)
{1—(m—1)ycm71 Zi:() zlzl Bl(l)} (315)
yo! _
= qopyumnlml jezt.
Hence the proof of Case 2 is complete. .

REMARK 3.2. We want to point out the explicit dependence of the growth constants
of the perturbed equation (2.1) upon the growth constants of the unperturbed equation
(2.9) and the estimate for the perturbation f. Further, the growth rates obtained here
are not necessarily decay rates.



ESTIMATES FOR THE NORMS OF SOLUTIONS OF DIFFERENCE SYSTEMS ... 1451

COROLLARY 3.3. Under the assumptions of Theorem 3.1, with « in the open interval
(0,1), we have

@) if0<m <1andC = yllToll <1, every solution u; with sufficiently small initial data
tends to zero as j — o,

(ii) if m > 1 and ||Toll < R, then the zero solution u; of (2.1), (2.2) is asymptotically
stable.

Indeed, the inequality [lu;l| < yo//(1—m)Y ™= D1 := K/ || Toll, j € Z*, shows that
for any € > 0, we can choose a suitable number 0 < 6 < min{R,¢/K} and a number N > 0
such that for all k > N and [|Toll < 8, we have [lu;ll <e.

REMARK 3.4. If Ay = A is a constant matrix, whose spectral radius is less than 1,
then the zero solution of (2.9) is uniformly asymptotically stable. However, this result
cannot be extended to nonautonomous equations (see [7, Theorem 4.4.1]).

4. Special cases. If the system (2.9),

Ujs1 =Ajuj, (4.1)

has slowly varying coefficients, then the condition (2.10) concerning growth of the
solutions can be avoided in the case

[[Ak—Aj|| <ar-j (ak=aq-x =const>0, qo =0; j, k=1,2,...). (4.2)

On the other hand, Corduneanu [3] established that for any constant matrix A there
exists a constant I' > 1, independent of the integers j =0,1,2,... such that

|A7]| <Tp/(A), j=0,1,..., (4.3)
where p(A) is the spectral radius of A.

In particular, if A = (a;;) is a triangular constant matrix, then I' = 1.
Consider in C" the equation

u‘,'+1=Ajuj+gj, jEZ+, (4.4)
where A; (j =0,1,...) are n X n-complex matrices and g;, u; are vectors in C".
THEOREM 4.1. Under condition (4.2), assume that

po = ISUP (Lip(A))) <1,
—01,..

So(A) = > awpf <1, 45)
k=0 ’

S1(4;9) = X p6llgl] < oo,
k=0
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whereT; and p(A;) have the same meaning as the quantities in (4.3) referring to A. Then
any solution {u;}$., of (4.4) satisfies the inequality

polluol|+S1(4;9)

su ujll < 4.6
sup. || il 1-So(A) (4.6)
PROOF. Rewrite (4.4) as
uj_,.l*Aﬂ/Lj: (Aijl)ujJrgj (4.7)
with a fixed integer [. The variation of parameters formula yields
l L
e =AM ug+ > AT (A - A)uj+ g (4.8)
j=0
It follows from (4.2) and (4.3) that
llurall < p6™ ol + Z AT a1 uill + llg;]1]
spolluol|+j_gnlax ||l ZIIAZH a; +lgi-4l] (4.9)
~0,1,2 =
< poHuoH+ _max | [Juj]- Z 4, sup IIAJII+ Z llg;ll sup. IIAJH
j=0 =01 Jj=0 t=0,
Consequently,
max {|ujl| < pol[uol| +So(A) - Ll $1A;9), (4.10)
j=0,1 +1 J:O,l .....
and we infer that
polluol| +51(A;9)
su ull < , 4.11
sup [lugl] < EEL )
concluding the proof. |
Consider the equation
uj+1:Ajuj+f,-(uj), j:0,1,2,.... 4.12)
Assume that there are constants v, u = 0 such that
lfi| =viul+p, j=0,1,2,.... (4.13)
Denote
0o = L, po= sup (I1p(A})). (4.14)

1-po 1=0,1,...

Now we are in a position to formulate the next result of this paper.
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THEOREM 4.2. Under conditions (4.2) and (4.13), assume that

po<1, WA f) = Z a;+v)pl < 1. (4.15)

Then any solution {uj}‘;.‘;o of (4.12) satisfies the inequality

sup. [Juy|| < £olloll+ O @16

J=1.2,e. L-y(A )

PROOF. It can be proved in a similar way to Theorem 4.1, so we will omit the proof.

|
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