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ON THE DENSENESS OF JACOBI POLYNOMIALS
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Let X represent either a space C[—1,1] or LZﬁ(w), 1 < p < o, of functions on [—1,1]. It
is well known that X are Banach spaces under the sup and the p-norms, respectively. We
prove that there exist the best possible normalized Banach subspaces Xk B of X such that the
system of Jacobi polynomials is densely spread on these, or, in other words, each f € X B
can be represented by a linear combination of Jacobi polynomials to any degree of accuracy.
Explicit representation for f € X’&’ P has been given.

2000 Mathematics Subject Classification: 41A10, 42C10, 46B25.

1. Introduction. Let1 <p < oo, w(x) = (1 -x)*(1+x)#, «,> -1, x €[-1,1], and
let Lf(‘B(w) denote the Banach space of functions f:[—1,1] — R with fofw||n < 00,
j =0,1,2,.... If p = 0, assume f is continuous. Let x’; g be the linear manifolds of

wp (W) w1th parameters «, 8, and k such that for all f € Xa B the following endpoint,
called “the pole” condition, is satisfied:

t
Jo | fcosp) —A|p?**lde = o(£2%+2). (1.1)

Also, for some k, the following additional condition, called “the antipole” condition, is
assumed to be satisfied:

h
JO | f(—cos@) | @F**dp =0(1). (1.2)

It may be noted that the first condition would have been satisfied by A = f(1), where
f is continuous at x = 1. Also, “the antipole” condition (1.2) is weaker than that in
[15, Theorem 9.1.4]. Let {g,n} be a c-sequence in Xi,ﬁ and let its limit be g. Then g
will satisfy (1.1) and (1.2), proving that g € Xk‘B. Thus, the spaces X’&,B are normalized
Banach subspaces of X =L” B(w) with norm

IIfIIXI;ﬁ =calflx (c1=1). (1.3)

In all, we are going to prove that XX wp fOr 1 < p < oo with given «, B, and k are
Banach spaces on which the set of Jacobi polynomials is densely spread for each p.
In other words, every element of X* p 18 expressible as a linear combination of Jacobi
polynomials to any degree of accuracy. Our settings show that the subspaces X np are
the best possible in th,B (w). Our proof constructed for j = 0 works for all j =0,1,2,....
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We associate a Fourier-Jacobi expansion for all f € X’; g as

Fx) ~ S Fm P REP (x), (1.4)

n=0

where
-1

WP — (fl {R;“'ﬁ)(x)}zw(x)dx)

 Cn+oa+p+DIn+ax+B+DI(n+a+1)
T 2e+BH T+ B+ DI(n+ DI+ DI+ 1)

(1.5)

= n?**1L(n) (L(n)51+0( ))

1
n
f (n) is the nth Fourier-Jacobi transform of f given by

R 1
Fo= | FEORED cowxdx, (1.6)

Rif“ﬁ ) (x) is the normalized Jacobi polynomial such that

P (x)

(o, B)
R (x) = —F=—%—,
' PP (1)

(1.7)

where P,(q‘x’ﬁ) (x) is the nth Jacobi polynomial of degree n and order («, ) (see [15]).

2. Preliminaries. We choose a linear combination oX of Jacobi polynomials as
ok (f,cos 9'X§<,B) =cp +cn,1Ri“‘5) (cos ) +cn,2R§“‘5) (cos )
oo+ coREP (cos 9) 2.1)

n
= > cn v RV (cos9),
v=0

where coefficients c; are given by

—— (A"(‘,;V)ﬂv)w&“'ﬁ), (2.2)
An

v=0,1,....nand n=0,1,2,.... A’i< (i=0,1,2,...) are binomial coefficients of x' in the

expansion of (1-x)7%1, Thus, oX(f,cos S’X]&,B) is the nth Cesaro mean of order k of

the Fourier-Jacobi expansion given in (1.4) (see [15, page 244]). Recently in [22], we have

proved the following result:

|loy (f,cos 9, X, ) —f(c059)||xt1w — 0 asn — oo, (2.3)

for the case k = 1 under only the saturation-type condition (1.1) at the pole x =1 for
x>f=-1/2and x> B > —1/2 with «x+ <0. The case x> > —1/2 with x+ >0
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has also been solved in [18]. The best possible cases of general order k have not been
handled so far. We settle the problem by proving

||o-,’f(f,c039,X’;,5)ff(cos9)||xll;ﬁ —0 (2.4)

as n — oo, by deciding the best possible span of k for «x > § > —1/2. We settle the
complete problem in four steps given as Theorems 3.1, 3.2, 3.3, and 3.4. The subject
approximation of functions in terms of polynomials which indicate its denseness is an
important part of analysis with many notable contributions, such as Riesz [14], Pollard
[11, 12, 13], Newman and Rudin [10], Askey [1, 2], Badkov [3], Nevai [9], Maté et al. [7],
Xu [16, 17], Lasser and Obermaier [5], Li [6], Mhaskar [8], Yadav [18, 19, 20, 21, 22]. The
central ideas used in our proofs are the convolution structure for Jacobi series [2], and
endpoint convergence of Fourier-Jacobi expansions [15].

3. Main results. We prove the following with prior assumption that x> > —1/2.

THEOREM 3.1. Statement (2.4) holds true for k > «x+ B+ 1 only if the pole condition
(1.1) is satisfied.

THEOREM 3.2. For B> —1/2, x+1/2 <k < &+ B+ 1, statement (2.4) is true if “the
pole” condition (1.1) and “the antipole” condition (1.2) are satisfied.

THEOREM 3.3. Fork < x+1/2, statement (2.4) is not true, that is, there exist functions
fe X’;‘ﬁ so that the norm in (2.4) tends to infinity.

THEOREM 3.4. For x+1/2 <k < &+ B+1, but without “the antipole” condition (1.2),
statement (2.4) is not true. That is, there exist functions not satisfying (1.2), having their
kth Cesaro transform divergent.

4. Results to be used. The following formulae and lemmas have been used to com-
plete the proofs of our theorems:

PP (1) = ("HX) 4.1)
n

(see [15, (4.1.1)]);
PP (=x) = (=1)" P () (4.2)

(see [15, (4.1.3)]). For «, B arbitrary reals, ¢ a fixed positive number, and n — oo,

0-*-120(n"1/?) €.
(e,B) _ n 2’
Py (cos0) = c 4.3)
0 (n%), 0<0<—
n
(cf. [15, (7.32.5)]), and
PP (cos 0) = o(n?) 4.4)

forO0<0<m/2, x<-1/2(cf.[15,(7.32.7)]).
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Forax>-1,8>-1,andc/n<0 <m—c/n,
PP (cos0) = n’”zK(Q){cos(NQer) +O(nsin9)71} 4.5)
(see [15, Theorem 8.21.13]) and
PP (cos0) = n 12K (0) cos(NO+y) + 0 (n3/2) (4.6)
for «, B arbitrary and 0 < 6 < 1t (see [15, Theorem 8.21.8]), where

; —a-1/2 -B-1/2
311219) (cozse) ’ N:n+(x+B+1, 4.7)

_ —-1/2
K(0) =1t ( !

and y = —(x+1/2)1r/2. The error term in (4.6) holds uniformly in the interval [€, T — €],
for € > 0. These formulae have been indirectly used with division by

[P,i“"”m - (”;“)] (4.8)
(&,B)

to substitute the value of Ry, "’ (cos ) in the following lemmas which are crucial in the
proofs of Theorems 3.1, 3.2, 3.3, and 3.4.

LEMMA 4.1. Let f € X¥ 4. Then, asn — o,

o(n=2%72), fork>o<+%,
™
J F(@)RXP (cosp)de = {o(n-**3121ogn), fork=o+ %, (4.9)
0
o(n-xk=3/2), for k < &+ %
where
sin 20+1 cos 2B+1
F(p) = {f(coscp)—A}< 2(’9) ( 2<p) : (4.10)

provided that, for B > —1/2 and x+1/2 < k < &+ B+ 1, the antipole condition (1.2) is
satisfied. For -1 < 3 < —1/2 (or B> —1/2 but k > «x+ B + 1), no antipole condition is
necessary.

PROOF OF LEMMA 4.1. Let n be large enough and

w5 m—Cc/n

T il c/n 5 -6 T—c/n T 5
J F(@)RYHP (cosp)dp =I +J +J +J +J =>T;, (411
0 0 c/n S5 i-1

where ¢, §, and § are small but fixed positive reals. Now, the proof of the lemma follows
upon estimating (4.11) on the lines of [22, Lemma 1] using orders of R 1P (cos ),
the pole condition (1.1), and the antipole condition (1.2). Thus, the proof of Lemma 4.1

is complete.
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We denote the nth Cesaro mean of order k of the series (1.4) by oX(f,cos%,Xk wp)
defined by (2.1). Lemma 4.2, which is basic in the proofs of Theorems 3.1, 3.2, 3.3, and
3.4, provides new convergence criteria for Jacobi series at the endpoints of the interval
[—1,1] (see [21]). O

LEMMA 4.2. If f € X B (x> -1, B> —1), then the series (1.4) is (C, k)-summable to
Aatx =1, fork>x+1/2, or

}L@Qoﬁ(f,coss‘,x’;,ﬁ)—;x:o (4.12)
at 3 =0, for k > x+1/2, provided that in the case

[3>—§, (x+%<k<o<+ﬁ+1, (4.13)

the antipole condition (1.2) is satisfied. (For —1 < B < —1/2 or for k = «x+ B+ 1, no

antipole condition is necessary.) For k < «+ 1/2 or for k > &+ 1/2, but without the
antipole condition (1.2), statement (4.12) is not true.

PROOF OF LEMMA 4.2. We have
ok(x) = Z Ak L F )P RYP (x).

If A is any constant, then

UJLC(X)—A z k- |:Z (V)w(aB)R((XB)(X) :|

Using (1.5), we get, at x =1,

ok()—A=(ak)™" S ak [zﬂv)wi“ﬁ)lzi‘*ﬁ)(l)—fx}
v=0 =0

n

I {f(cosp) —A}(AK)~ Z

x+1 (4.14)
2v+o<+B+1

ARy PR (cosqo)p“’"B) (@)de,

where

: 20+1 2B+1
p(u,ﬁ)((p) = (7811’;(19) (CO;(P) (4.15)

by the use of the summation formula of Szego [15, page 71] and the orthogonality of
Jacobi polynomials. But the right-hand side of (4.14) tends to zero under the conditions
of Lemma 4.2 as detailed in [21, 22]. Thus, the proof of Lemma 4.2 is complete. |
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5. Proofs

PROOF OF THEOREM 3.1. We substitute AA,, = AKX~} /AX for v < n and zero other-
wise in [19, equation (2.11)] to get

ox(f, (COS9),X’;,5) — f(cos9)

x+1 Ak

(a+1,8) pp (+1,B) («p)
R
2viaipi2 Ak OV v (cosy)p *Z(w)dw,

- Jn [Ty f (cos9)—f (cos D] >

0 v=0
(5.1)

where T, f (cos 9) is the generalized translate of f(cos$) in the interval [0, 1] (see [2]).
Also,

Ty fllx < I1fllx (5.2)
for x> B >-1/2, and
}Ui{r(l)wa =f (5.3)

in the sense of strong limit. (See Bavinck [4, page 770].) But

Ty f ~Fllx < Tpf = Allx +ILf = Allx < Asll.f — Allx (5.4)

for some nonnegative constant Ag. The constant Ag will be independent of f by the
Banach-Steinhaus theorem. Also,

Ty f ~Fllx = ITpf = Allx = Ilf = Allx = A7l f — Allx. (5.5)

Again, A; will be independent of f. Thus, we have the asymptotic equality
Ty f = fllx = Ilf = Allx. (5.6)
Thus, we compare (5.1) and (4.14) to get
[l (f,cos 9,X5 ) = f (cos [ = Asllon (f,1,XG5) = Alle (5.7)

for « = B = —1/2 and an absolute constant Ag. But the right-hand side of this inequality
tends to zero as n tends to oo by Lemma 4.2, for k > &+ B+ 1. Thus, statement (2.4)
follows. This completes the proof of Theorem 3.1. O

PROOF OF THEOREM 3.2. For B> —1/2, x+1/2 <k < &+ S+ 1, statement (4.12)
holds if the antipole condition (1.2) is satisfied, that is, in Theorem 3.2, for all f € X’;ﬁ
satisfying both linear conditions (1.1) and (1.2). Thus, the arguments of the proof of
Theorem 3.1 apply to the proof of Theorem 3.2 and statement (2.4) holds in this case
also. This completes the proof of Theorem 3.2. |

PROOF OF THEOREM 3.3. It is well known that (see Szegt6 [15, equation (9.41.17),
page 262]) there exist continuous functions such that for k = x+1/2,

o (f,1,X5 ) > Clogn  (C>0). (5.8)
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This is sufficient to conclude, because of the regularity that there exist functions f €
X% g such that

llok (f,cos 9, X5 ) ff(cos9)||x;;’ﬁ — (5.9)
for k < x+1/2. Thus, in this case, statement (2.4) is not true. This completes the proof

of Theorem 3.3. O

PROOF OF THEOREM 3.4. Here, by an example, we show that there exist functions
such that the sequence {U,’i(l)} given in (4.14) diverges showing that statement (2.4)
is not true. We consider a function f(x) = (1 +x)¥ given in [15, page 265]. Its Jacobi
series at the endpoint x =1 is

o 1
> w,&“"”J (1—2)%(1 +x)BHREP (x)RYP (1) dx
n=0 -1

(5.10)
® 1
=3 (—1)"w;“'B>J (1-2) % (1+2)PREY (x)dx.
n=0 -1
The principal part of the general term of the series (5.10) is approximately
(—-1)"poB-2u-l op  (—1)nAxFAd (5.11)

as Ri{x‘ﬁ) (1) = 1. The expansion in (5.10) holds good for u+f > —1lor - f—1 < u (see[15,
page 265]), but the antipole condition (1.2) is not satisfiedif y < 1/2(x—B—-k—1). So, for
—B-1<u<1/2(x—B—k—-1), the Fourier-Jacobi series exists for the function f(x) =
(1+x)H, butit does not satisfy the antipole condition (1.2). Also, for k < (x—B-2u—1),
the expansion in (5.10) is not (C,k)-summable for g > —1/2, x+1/2 <k <x+p+1
(see [15, page 265]). Thus, the sequence given in (4.14) diverges, which, by (5.1), leads
to the conclusion that statement (2.4) is not true. This proves Theorem 3.4. |
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