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We introduce v-fuzzy strongly preopen and »-fuzzy strongly preclosed sets in fuzzy topo-
logical space in view of the definition of Sostak (1985). We investigate some properties
of them. Moreover, the concepts of fuzzy SP-continuous, fuzzy SP-irresolute continuous,
fuzzy SP-irresolute open (closed) mappings, and a fuzzy SP-irresolute homeomorphism are
introduced and studied. Some of their characteristic properties are considered.
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1. Introduction and preliminaries. After the introduction of fuzzy sets by Zadeh
[20], Chang [1] was the first to introduce the concept of a fuzzy topology on a set X by
axiomatizing a collection T of fuzzy subsets of X, where he referred to each member
of T as an open set. In his definition of fuzzy topology, fuzziness in the concept of
openness of a fuzzy subset was absent. In [2, 4], the authors introduced the concept
of gradation of openness (closedness) of fuzzy subsets of X in two different ways and
gave definitions of a fuzzy topology on X. They referred to the fuzzy topology in the
sense of Chang as the topology of fuzzy subsets.

The gradation of openness on X, as introduced in [2], is a mapping T : I*X — I satisfy-
ing the following conditions:

(01) T(0)=7(1) =1,
(02) T(u1Ap2) =T(u1) AT(u2), for any py, p» € 1%,
(03) T(Vier ti) = Nier T(1y), for any {p;}ier C IX.

The pair (X, T) is called a fuzzy topological space (FTS).

Historically, the fundamental idea of a topology itself being fuzzy, that is, a topology
being a fuzzy subset of a powerset, first appeared in 1980 in [5], a paper in which a
topology was a fuzzy subset of a traditional powerset of crisp subsets and in which
the axioms of the preceding paragraph appear for mappings defined on traditional
powersets. This was followed in 1985 by the independent and parallel generalizations
of Kubiak [11] and Sostak [15], papers in which a topology was a fuzzy subset of a
powerset of fuzzy subsets, and in [11, 15] appear exactly the axioms of the preceding
paragraph. Developments of this idea continued in [16, 17, 18] for the lattice L =T
of membership values, and significant generalizations of the restriction of L = I were
given in 1995 in [6] and again in 1997 in [12], where in the latter two, membership
lattices were used to describe such a topology, namely, a mapping from L to M, where
L and M are appropriate lattices. Finally, we have the foundations of such topologies
developed in 1999: axiomatic foundations are laid in [7] for the original idea as given
in [11, 15] in which the base lattice L is fixed, and categorical foundations are laid in [7]
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for yet another significant generalization, the variable basis case, in which the lattice L
varies from space to space.

The board appeal of the notion of a topology as a fuzzy subset of a powerset of
fuzzy subsets is being independently considered by authors not aware of the historical
development of [5, 6, 7, 11, 12, 14, 15, 16, 17, 18], particularly its roots in [5, 11, 15],
including Chattopadhyay et al. [2], Ramadan [13], and Ying [19].

In this paper, we introduce r-fuzzy strongly preopen and r-fuzzy strongly preclosed
sets in an FTS of Sostak [15] as an extension of those of Krsteska [9, 10]. We inves-
tigate some properties of them. The classes of fuzzy strongly precontinuous, fuzzy
strongly preirresolute continuous, and fuzzy strongly preirresolute open (closed) map-
ping are introduced. We show that fuzzy continuity implies fuzzy strong precontinuity
and fuzzy strongly preirresolute continuity implies fuzzy strong precontinuity, but the
inverse of them is not true. Also, we obtain some properties of fuzzy strongly preirres-
olute continuous mappings.

Throughout this paper, let X be a nonempty set, I = [0,1], and I, = (0,1]. For x €1,
o(x)=«forall x € X.

THEOREM 1.1 [3]. Let (X,T) be an FTS. Then for each v € I., A € IX, we define an
r-fuzzy closure operator C : 1X x I, — IX as follows:

C:(A,7) = /\{u ceM:A<su, T(l-p) =7l (1.1)

For \,u € IX and r,s € I, the operator C, satisfies the following conditions:
(1) Cz(0,7r) =0,
(2) A<Cr (A7),
) C-(A, )V Cr(u,v) =Cr(AV 7)),
4) C:(A 1) =Cr(Ays) ifr <s,
(5) Cr(Cr (A7), 1) = Cr (A, 7).

THEOREM 1.2 [8]. Let (X,T) be an FIS. Then, for each v € 1., A € I*, we define an
r-fuzzy interior operator I : IX x I, — I* as follows:

LAr)=\/{pelX: A=y, t(n) =7} (1.2)

For A,u € 1X andr,s € I,, the operator I satisfies the following conditions:
(1) (1-A,7)=1-C:(A,7),
2) I (1,7) =1,
(3) A=1I: (A7),
@) It A, ) A (U, 1) =1 (AAp,T),
(5) I+ (A, v) = I+ (A,s) ifr <s,
6) It I+ (A, 7),r) =1+ (A, 7).

DEFINITION 1.3 [8]. Let (X,T) be an FTS, for A € [X and r € I..
(1) Ais called r-fuzzy semiopen (r-fso, for short) if and only if A < C+ (I+ (A,7),7),
and A is called r-fuzzy semiclosed (r-fsc, for short) if and only if 1 — A is r-fso.
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(2) A is called r-fuzzy strongly semiopen (r-fsso, for short) if and only if A <
I (C: (I (A,¥),r),r), and A is called r-fuzzy strongly semiclosed (r-fssc, for
short) if and only if 1 — A is r-fsso.

(3) A is called r-fuzzy preopen (r-fpo, for short) if and only if A < I+ (C+(A,7),7),
and A is called r-fuzzy preclosed (r-fpc, for short) if and only if 1 — A is -fpo.

(4) The r-fuzzy preinterior of A, denoted by PI;(A,r), is defined by PI:(A,7) =
VivelX:v <A, visr-fpo}.

(5) The r-fuzzy preclosure of A, denoted by PC+(A,r), is defined by PC+(A,r) =
ANy elX:v=A, visr-fpc}.

LEMMA 1.4. Let (X,T) be an FTS for A € I andr € I.. Then,

1) AvCrU+(A,7),v) <PC: (A7),

(2) PI: (A7) < AAIL(Cr(A,7),7),

() I+ (PCr (A7), 7) < I+ (Cr (A, 7),7),

4) I+ (Ce (It (A,7),7),7) < I:(PCr (A, 7),7),

(5) PC:(1-Av)=1-PI:(A,v) and PI: (1-A,v) =1—-PC+(A,7).

PROOF. (1) Since PC+(A,r) is r-fpc, we have
Ce(I: (A7), 7) < Co (It (PCr (A, 7),7),v) < PCr (A, 7). (1.3)

Thus, AV C; (I (A, r),r) < PCt (A, 7).
(2) It can be shown as (1).
(3) It follows from the relation PC; (A,7) < C+(A,7).
(4) From (1) we have

I (PC:(A,7),7) 2 I (AV Cr (It (A,¥),7),7) = I (C: (It (A, 7),7),7). (1.4)

(5) Tt is straightforward. |

DEFINITION 1.5 [8, 15]. Let (X,T) and (Y,n) be FTS’s. Let f : X — Y be a mapping.

(1) fis called fuzzy continuous if and only if n(u) < T(f~*(u)) for each p € 1".

(2) fis called fuzzy open if and only if T(A) < n(f(A)) for each A € IX.

(3) fis called fuzzy closed if and only if T(1-A) < n(1— f(A)) for each A € I,

(4) f is called fuzzy strongly semicontinuous (resp., fuzzy semicontinuous and
fuzzy precontinuous) if and only if f~1(u) is an r-fsso (resp., r-fso and 7-fpo)
set of X for each py €I, v €1, with n(u) > r.

2. r-fuzzy strongly preopen and r-fuzzy strongly preclosed sets

DEFINITION 2.1. Let (X,T) be an FTS for A € IX and r € I..

(1) Aiscalled r-fuzzy strongly preopen (r-fspo, for short) if and only if A < I (PC+ (A,
r),r).

(2) A is called r-fuzzy strongly preclosed (r-fspc, for short) if and only if 1 — A is
r-fspo. Equivalently, C+ (PI+(A,7),r) < A.

(3) The r-fuzzy strongly preinterior of A, denoted by SPI:(A,r), is defined by
SPI. (A,7) =\ {veI¥X:v <A, visr-fspo}.
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(4) The r-fuzzy strongly preclosure of A, denoted by SPC,(A,7), is defined by
SPC- (A7) = A\{velX:v=A, visr-fspc}.

THEOREM 2.2. Let (X,T) be an FTS. For \,py €1¥ andr €1.,

(1) if T(A) = v, then A is v-fspo,

(2) if A is v-fsso, then A is v -fspo,

(3) if A is r-fspo, then A is r-fpo,

(4) A isv-fspo if and only if there exists u € IX such that u < A < I.(PCy(u,7),7),
(5) A isv-fspc if and only if there exists u € IX such that C (PI: (u,v),r) <A < L.

PROOF. (1), (2), and (3) are easily proved from Lemma 1.4.

(4) Let A € IX. If u € IX such that u < A < I:(PC(u,v),r) exists, then A <
I (PC+(u,v),r) < I:(PC+(A,7v),r). Thus A is r-fspo. Conversely, if A is -fspo, then
the result follows for A = p.

(5) Similar to the proof of (4). O

THEOREM 2.3. Let (X,T) be an FTS. Forr €1,
(1) any union of v-fspo sets is v -fspo,
(2) any intersection of v -fspc sets is v -fspc.

PROOF. (1)Let {Ay:x €T} beafamilyof r-fsposets.Foreachx €T, Ay < I+ (PCr(Ag,
r),7). Hence, we have

VA« =V (I (PCr (A, ¥),7)) < I (PCT( \/ Aa,r>,r>. (2.1)
el xel el
S0, V xer Aa 18 ¥-fspo.
(2) Similar to the proof of (1). O

REMARK 2.4. The intersection of two 7-fspo sets need not be »-fspo. The union of
two 7-fspc sets need not be -fspc. We will show it from Example 2.6(3).

THEOREM 2.5. Let (X,T) be an FTS. For A,u € IX andr € I, the following statements
hold:

(1) C+(A,7) isr-fspc,

(2) Aisv-fspo if and only if A = SPI (A7),

(3) Aisv-fspcif and only if A = SPC+(A,7),

4) I+ (A,7v) <SPI: (A7) < PI:(A,v) <A <PC (A7) <SPC(A,v) <Cr (A7),

(5) SPI; (1 —A,v) =1—-SPC+(A,v) and SPC+(1—A,7v) =1—SPI:(A,7),

(6) C+(SPC+(A,7),r) =SPC+(C+(A,7),7) =Cr(A,7).

PROOF. (1), (2), (3), (4) follow from the definitions.
(5) For all A € IX, » € I, we have the following:

1-SPL(A,r) =1-\/{v:v <A, vis r-fspo}
=A{l-v:1-A=<1-v, 1-visr-fspc} (2.2)
=SPC, (1-A,7).
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(6) From Theorem 2.5(1), (3), SPC+ (C+(A,7),7) = Cz(A,v). We only show that

C+(SPC1(A,7),7) = Cr (A, 7). (2.3)
Since A < SPC.(A,7),

Cr(SPC1(A,7),7) = Cr (A, 7). (2.4)
Suppose that

C(SPC1(A,7),7) £ Cr(A, 7). (2.5)

There exist x € X and v € I, such that
C+(SPC+(A,7),7)(x) > Cz(A,7)(x). (2.6)
By the definition of C-, there exists p € I¥ with A < p and T(1 — p) = 7 such that
Cr(SPC+ (A,7),7)(x) > p(x) = C+ (A, 7)(x). (2.7)

On the other hand, since p = C+(p,7), A < p implies

SPC+(A,r) < SPC+(p,r) =SPC (Cr(p,7),7) = Cx(p,7) = p. (2.8)

Thus,
C+(SPC+(A,7),7) < p. (2.9)
It is a contradiction. Hence, C; (SPC+(A,7),7) < C+ (A, 7). O

EXAMPLE 2.6. Let X = {a,b,c}. Define the fuzzy sets u,p,v € IX as follows:

u(a) =0.3, u(b) =0.2, u(c) =0.7,
pla) =0.8, p(b) =0.8, p(c) =04, (2.10)
v(a) =0.8, v(b) =0.7, v(c) =0.6.

Define the fuzzy topology 7 :IX — I as follows:

1, ifa=0,1,

%,ﬁA=M

g, if A=p,

T(A) =4 (2.11)

E ifA=pun

3’ HAD,

1 ifA=puv

21 - I"l p,
MO, otherwise.
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(1) By easy verification, it can be seen that 1 = PC+(v,1/2) > vVv Cr (I+(v,1/2),1/2) =
{0.8,0.8,0.6} and PI:(1 —v,7r) <1-vAI:(C:(1-v,1/2),1/2).

(2) vis (1/2)-fspo set, but v is not a (1/2)-fsso set.

(3)LetneIXasn(a) =0.4,n(b) =0.2,n(c) = 0.8, then n is (1/2)-fspo set, but p An
is not a (1/2)-fspo set of (X, T) because

et (re (n ). 1) < (1) -1

N 1 1 (2.12)
p/\nﬁlT(PCT<p/\r,li)17> :IT(l_U/\p:*> =UAPp.
2) 2 2
(4) If we define o : IX — T as
1, ifA=0,1,
o) = % it A= p, (2.13)
0, otherwise,
then p is a (2/3)-fpo set, which is not (2/3)-fspo because
peto(Co(n3).5) =1, (1-3) =1,
(2.14)

pei{rcn(n2).2) - (u2) o

REMARK 2.7. From the above example it is not difficult to conclude that an r-fpo set
may not be an r-fspo set, and an r-fspo set may not be an r-fsso set. Also, the classes
of r-fspo sets and »-fso sets are independent.

3. Fuzzy SP irresolute continuous mappings

DEFINITION 3.1. Let (X,T) and (Y,n) be FTS’s. Let f: X — Y be a mapping.

(1) f is called fuzzy strongly precontinuous (fuzzy SP continuous, for short) if and
only if f~1(u) is an r-fspo set of X for each u € IV, v € I, with n(u) = 7.

(2) fiscalled fuzzy strongly preirresolute (fuzzy SP irresolute, for short) continuous
if and only if f~!(u) is an -fspo set of X for each r-fspo u € IY.

(3) f is called fuzzy SP irresolute open (resp., fuzzy SP open) if and only if f(A) is
an r-fspo set of Y for each r-fspo A € I (resp., T(A) = 7).

(4) f is called fuzzy SP irresolute closed (resp., fuzzy SP closed) if and only if f(A)
is an r-fspc set of Y for each r-fspc A € I (resp., T(1—A) = 7).

(5) fis called a fuzzy SP irresolute homeomorphism if and only if f is bijective and
both of f and f~! are fuzzy SP irresolute continuous.

REMARK 3.2. (1) Every fuzzy continuous (resp., fuzzy open and fuzzy closed) map-
ping is fuzzy SP continuous (resp., fuzzy SP open and fuzzy SP closed).

(2) Every fuzzy SP irresolute continuous mapping is fuzzy SP continuous from
Theorem 2.2(1). Also, every fuzzy strongly semicontinuous mapping is fuzzy SP con-
tinuous. However, the converse of (1) and (2) may be false, see Examples 3.3 and 3.4.
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(3) Fuzzy SP irresolute continuous and fuzzy continuous mappings are independent
notions.

EXAMPLE 3.3. We consider Example 2.6. If we put

1! lf)\ :ley
() = % it A= p, (3.1)
0, otherwise,

then idy : (X,T) — (X,n) is fuzzy precontinuous but idx is not fuzzy SP continuous.
Also, if we put

1, ifA=0,1,
o(A) = %, if A=v, (3.2)
0, otherwise,

we obtain PC, : IX x I, — IX as follows:

1, ifA>v, O<r<
PCy (A7) =

A, otherwise.

1
3’ (3.3)

Moreover, for each A > v and 0 < v <1/3, Ais r-fspo in (X,0) and (X,n). Thus, the
identity mappingidy : (X,T) — (X, 0) is fuzzy SP precontinuous and fuzzy SP irresolute
continuous, but idy is neither fuzzy continuous nor fuzzy strong semicontinuous.

EXAMPLE 3.4. Let X = {a,b,c}. Define the fuzzy sets ui, >, 13, is € IX as follows:

pi(a) = 0.5, Hi(b) =0.3, ui(c) = 0.6,
uz(a) =0.3, u2(b) =04, u2(c) =0.3,

3.4
usz(a) = 0.5, us(b) =0.4, uz(c) = 0.6, (3.4)
us(a) = 0.5, Ha(b) = 0.5, Ha(c) = 0.6.
Define fuzzy topologies T,n: IX — I as follows:
1, ifa=01,
1 .
E! lf A= Hi,
%, i A = o, 11 ifA=0,1,
T(A) =1 5 n() = 3 if A = s, (3.5)
3 if A= A, 0, otherwise.
%; if A=py v,
MO, otherwise,
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Then idy : (X,T) — (X,n) is fuzzy SP continuous but not fuzzy SP irresolute continu-
ous. Furthermore, idy is a fuzzy continuous mapping which is not fuzzy SP irresolute

continuous because
1\ 1
s <1y (Pcn <u4,§>,§) -1,

1\ 1 1
My £ 17 (PCT <IJ4,§>,§> =1I: (l—uz,§> = u3.

(3.6)

THEOREM 3.5. Let (X,T1) and (Y,T2) be FIS’s. Let f : X — Y be a mapping. The
following statements are equivalent:

(1) f is fuzzy SP irresolute continuous,

(2) foreachr-fspcuelI¥, f~1(u) is r-fspc,

(3) f(SPCq, (A, 7)) < SPC+, (f(A),¥), for each A € I andr e,

(4) SPCr, (f~1(w),7) < f~1(SPCr, (u,7)), for each y € IV andr € I,

(5) f~Y(SPLy, (1,7)) < SPLy, (f~1(u),7), for each u € IV andr € I,

(6) Cr,(PI¢, (f~"(w),7),7) < f~1(SPCx, (u,7)), for each u € I andr € I,

(7) fYSPLy, (4,7)) < I, (PC7, (f~H(),¥),7), for each p € IY andr € I,

(8) f(Cqr, (PI, (A,7),7)) < SPC+, (f(A),7), for each A € I andr €1..

PROOF. (1)=(2).Itis easily proved from Definition 2.1, and f~'(1—u) =1 - f~' ().
(2)=(3). Suppose there exist A € IX and r € I, such that

S (SPCr, (A,7)) £ SPCq, (f(A),7). (3.7)
There exist v € Y and t € I, such that
F(SPCr, (A, 1)) (¥) > t > SPCx, (£(A),7) (). (3.8)

If f=1({y}) = ¢, it is a contradiction because f(SPC+, (A,7)) () = 0.
If f~1({y}) # ¢, there exists x € £~ ({v}) such that

S(SPCq, (A,1)) () = SPC+, (A,7)(x) >t > SPC+, (f(A),7) (f(x)). (3.9)
Since SPC+, (f(A),7)(f(x)) < t, there exists -fspc u € IY with f(A) < u such that
SPCr, (f(A),7) (f(x)) =u(f(x)) <t. (3.10)

Moreover, f(A) < pimplies A < f~1(u). From (2), f~! () is r-fspc. Thus, SPCr, (A,7) (x)
< f~Hu)(x) = u(f(x)) < t.Itis a contradiction to (3.9).
(3)=>@). Forall u € IY, r €I, put A = £~ (u). From (3), we have

S (SPCr (f (1), 7)) = SPCx, (f (f " (1)), 7) < SPCr, (1, 7). (3.11)
It implies
SPCry (f 1 (), 7) < f7H(F(SPCry (f 71 (1), 7)) < f 71 (SPCry (1, 7). (3.12)

(4)=(5). It is easily proved from Theorem 2.5(5).



SOME FUZZY SP-TOPOLOGICAL PROPERTIES 1495

(5)=(1). Let u be an r-fspo set of Y. From Theorem 2.5(2), p = SPI, (4, 7). By (5),
F7Hw) <SPy, (f~H(w), 7). (3.13)
On the other hand, by Theorem 2.5(4),
S = SPL, (f 1), 7). (3.14)

Thus, f~'(1) = SPI, (f~'(n),r), thatis, f~!(p) is r-fspo.
(1)=(6). Let y € I" and r € I.. According to the assumption, f~!(SPCr, (7)) is 7-
fspc set of X. Hence,

S H(SPCr, (U,7)) = Cqy (PI7, (f 1 (SPCr, (1,7)),7),7)

(3.15)
> Cr, (PIt, (f 1), 7),7).

(6)=(7). It can be proved by using (4), (5).
(7)=(8). Let A € I and r € I.. We put u = f(A); then A < f~!(u). According to the
assumption,
1-I7) (PCry (1=A,7),7) < 1=I1, (PCr (f M (L= p),7),7)

3.16
Slffil(SPITz (l*llﬂ’))- ( )

Thus,
Cry (PIr; (A7), 7) < Cry (PLz, (f 71 (), 7),7) < £ (SPCr, (1,7)). (3.17)
Hence,
F(Cry (PLr; (A,7),7)) < f.f 71 (SPCr, (1,7)) < SPCr, (,7) = SPCr,, (f(A), 7). (3.18)
(8)=>(1). Let » € I, and let u be an r-fspc set of Y. According to the assumption,
SF(Cry (PI, (f 1 (1), 7),7)) < SPCr, (ff 1 (1), 7) <SPCr, (1, 7) = . (3.19)
Then Cr, (PIr, (f 71 (1),7),7) < f L f (Cq, (PIr, (f 1 (), 7),7)) < f~H(u). Thus, f~1 ()
is an 7-fspc set of X, hence, f is fuzzy SP irresolute continuous. O

The following theorem is proved similarly as Theorem 3.5.

THEOREM 3.6. Let (X,T) and (Y,n) be FIS’s. Let f : X — Y be a mapping. The fol-
lowing statements are equivalent:

(1) f is fuzzy SP continuous,

(2) f(SPC+(A,7)) < Cp(f(A),r), foreach A € I andr € 1.,

(3) SPC+(f~1(w),r) < f~HCy(u,7)), foreach u e 1Y andr € 1.,

) fNI,(u,7)) <SPl (f~1(u),r), foreachy € IV andr € I,



1496 S. E. ABBAS

(5) Co(PI:(f ' (),7),7) < £ 1(Cy(u,7)), for each p € 1¥ andr € 1.,
6) f(Cr(PI+:(A,7),7)) < Ch(f(A),r), for each A € X andr e1,.

THEOREM 3.7. Let f:(X,T) — (Y,n) be a mapping from an FTS (X, T) into an FTS
(Y,n). If f is fuzzy SP irresolute continuous, then

S ) < SPLe (f (1 (PCy (u,7), 7)), 7), (3.20)

foreach uisanv-fspoinY andr € 1I..

PROOE. Letr€l, and let pube anv-fspo setof Y. Then /=1 (u) < f~1(I;(PCp(u,7),7)).
Since f~!(u) is an r-fspo set of X, we have

F7H W) < SPLe (f 7 (Iy (PCy (1, 7), 7)), 7). (3.21)
|

THEOREM 3.8. Let f:(X,T) — (Y,n) be a bijective mapping from an FTS (X, T) into
an FTS (Y,n). The mapping f is fuzzy SP continuous if and only if I, (f (A),r) < f(SPI (A,
1)), foreach A € IX andr € I..

PROOF. We suppose that f is fuzzy SP continuous. For any A € IX and r € I.,
7Y, (f(A),7)) is an r-fspo set. From Theorem 3.6(4) and the fact that f is injective,
we have

S (F(Q),7)) < SPLy (f 1 f(A),7) = SPL: (A, 7). (3.22)
Again, since f is surjective, we obtain
Ly (fA),7) = £ (I (f(Q),7)) < £(SPL: (A, 7). (3.23)

Conversely, let g € IV and v € I, with n(p) > v. Then I, (u,r) = p. According to the
assumption,

SF(SPLe (fF 1 (), 7)) = In(F f 71 (), 7) = In(p,7) = . (3.24)

This implies that

FUF(SPL (F71 (), 7)) = fH (). (3.25)

Since f is injective, we obtain
SPLr (f (), 7) = fLF(SPLe (f 1 (), 7)) = f (w0, (3.26)

Hence, SPI. (f~'(u),r) = f~1(u), so f~1(u) is an r-fspo set. Thus, f is fuzzy SP con-
tinuous. d

THEOREM 3.9. Let (X,T) and (Y,n) be FIS’s. Let f : X — Y be a mapping. The fol-
lowing statements are equivalent:

(1) f is fuzzy SP irresolute open,

(2) f(SPI+(A,7)) < SPI,(f(A),r), foreach A € IX andr € I,
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(3) SPL-(f~1(u),r) < f~Y(SPI,(u,7)), for each y € I' andr € I,
(4) forany u €I' and anyr-fspc A € IX with f~1(u) < A, there exists anv-fspcp € IY
with pu < p such that f~'(p) < A.

PROOF. (1)=(2). For each A € I, since SPI; (A,7) < A from Theorem 2.5(4), we have
f(SPI:(A,7)) < f(A). From (1), f(SPI:(A,7)) is an v-fspo. Hence, f(SPI:(A,7r)) <
SPL, (f(A),7).

(2)=3). ForallpucI¥,r €I, put A = f1(u) from (2). Then

S (SPL (f 71 (1), 7)) < SPLy (f (f 71 (W), 7) = SPLy (1, 7). (3.27)
It implies SPI: (f~1(u),7) < f~1(SPL, (u,7)).
(3)=(4). Let A be an -fspc set of X such that f~'(u) <A.Since1-A < f~1(1-pu) and
SPI: (1-A,r)=1-A,
SPI: (1-A,7) =1-A<SPL. (f ' (1—pu),r). (3.28)
From (3),
1-A <SP (f 1 (L—p),7) < f~H(SPL; (L—p,7)). (3.29)
It implies
A=1-f ' (SPL (1-p,7)) = f71(1=SPL, (L—p,7)) = f(SPCy(p,7)).  (3.30)
Hence, there exists an r-fspc SPC,, (u,7) € I' with u < SPC,, (u,7) such that f~!(SPC, (y,
r)) <A.

(4)=(1). Let w be an r-fspo set of X. Put y=1— f(w) and A = 1 — w such that A is
r-fspc. We obtain

ST =11-f(w)=1-f"1(f(w) =l-w=A. (3.31)

From (4), there exists an r-fspc set p with u < p such that f~!(p) < A = 1 - w. It implies
w=<1-f"1p)=f11-p). Thus, f(w) < f(f'(1-p)) <1-p.On the other hand,
since u < p,

flw)=1-pu=1-p. (3.32)

Hence, f(w) =1—p, thatis, f(w) is r-fspo. O
The following three theorems are proved similarly as Theorem 3.9.

THEOREM 3.10. Let (X,T) and (Y,n) be FIS’s. Let f : X — Y be a mapping. The
following statements are equivalent:

(1) f is fuzzy SP open,

(2) fU(A,7)) <SPI,(f(A),r), foreach A € IX andr € I,
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(3) I+ (f~1(w),r) < fY(SPI,(u,7)), for each y € IY andr € I,
(4) forany A €IY and any u € I withT(1—u) = v such that f~'(A) < u, there exists
anr-fspc p € IY with A < p such that f~1(p) < .

THEOREM 3.11. Let (X,T) and (Y,n) be FIS’s. Let f : X — Y be a mapping. The
following statements are equivalent:

(1) f is fuzzy SP irresolute closed,

(2) SPC,(f(A),7) < f(SPC+(A,7)), for each A € IX and v € I..

THEOREM 3.12. Let (X,T) and (Y,n) be FIS’s. Let f : X — Y be a mapping. The
following statements are equivalent:

(1) f is fuzzy SP closed,

(2) SPC,(f(A),7) = f(Cr(A,7)), foreach A € IXandr €1..

THEOREM 3.13. Let f:(X,T) — (Y,n) be a bijective mapping from an FTS (X, T) into
an FTS (Y,n). Then the following statements are equivalent:

(1) f is fuzzy SP irresolute closed,

(2) f~Y(SPCy(u,7)) < SPC(f~1(u),¥), foreachp eI andr € I,

(3) f is fuzzy SP irresolute open,

(4) f~Vis fuzzy SP irresolute continuous.

PROOF. (1)=(2). Let f be fuzzy SP irresolute closed. From Theorem 3.11(2),
S(SPC+(A,7)) = SPC,(f(A),7), for each A € IX and v € I... For all u € IV, r € I, put
A= f~1(u) from (1). Since f is onto, f(f~'(u)) = u. Thus,

F(SPCr (f 71 (), 7)) = SPCy (f (f 1 (), 7) = SPCy(u, 7). (3.33)
Since f is injective, it implies
SPCr (f 71 (), 7) = f7H(F (SPCr (£ (W), 7)) = f 71 (SPCy (1, 7)). (3.34)
(2)=(1). From (2), put u = f(A) for each A € IX. Since f is injective,
S7HSPC, (f(A),7)) < SPCr (f71(f(A)),7) = SPCr(A, 7). (3.35)
Since f is onto, SPC,(f(A),¥) < f(SPC+(A,¥)). From Theorem 3.11(2), f is fuzzy SP

irresolute closed.
(2)<(3). From Theorems 3.9(3) and 2.5(5), it is proved from the following:

fo 1(SPC,,(/,1 7)) < SPC (f 1 (), 7)
= fH1-SPL, (L—p,7)) <1—SPL (L—f~'(w),7) 136
—1f I(SPIn(l—u,V))ﬁl—SPIT(f’l(l—u)n’) (3:50)
= 1 (SPL, (L—p,7)) = SPLe (f 1 (1—p),7).
(2)<(4). From Theorem 2.5(3), it is trivial. O

From the above theorems, we easily prove the following corollary.
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COROLLARY 3.14. Let f: (X,T) — (Y,n) be a bijective mapping from an FTS (X, T)
into an FTS (Y,n). Then the following statements are equivalent:

(1) f is a fuzzy SP irresolute homeomorphism,

(2) f is fuzzy SP irresolute continuous and fuzzy SP irresolute open,

(3) f is fuzzy SP irresolute continuous and fuzzy SP irresolute closed,

(4) f(SPI+(A,7)) = SPI,(f(A),r), foreach A € IX andr € I,

(5) f(SPC+(A,7)) =SPC,(f(A),7), foreach A € IX andr €I,

(6) SPI-(f~1(u),r) = f~1(SPI,(u,7)), for each y € I andr € I,

(7) SPC(f~1(w),r) = f~1(SPCy(u,7)), for each u € IY andr € L.

THEOREM 3.15. Let f: (X,T) — (Y,n) be a mapping from an FTS (X, T) into an FTS
(Y,n). Then the following statements are equivalent:

(1) f is fuzzy SP irresolute open,

(2) f(SPL+(A, 7)) <I,(PC:(f(A),r),r), foreach A € IX andr € I..

PROOF. (1)=(2). Let A € I¥ and r € I.. Then SPI; (A,7) is an 7-fspo set of X. By (1),
f(SPI:(A,7)) is an r-fspo set of Y. Hence,

S(SPL- (A, 7)) < I, (f(SPL: (A, 7)),¥) < I,(PCyp(f(A),7),7). (3.37)

(2)=(1). Let A be an r-fspo set of X. From f(A) = f(SPI+ (A, 7)) < In(PCp(f(A),7),7)
it follows that f(A) is an r-fspo set of Y. Hence, f is fuzzy SP irresolute open. O

THEOREM 3.16. Let f: (X,T) — (Y,n) be an mapping from an FTS (X, T) into an FTS
(Y,n). Then the following statements are equivalent:

(1) f is fuzzy SP irresolute closed,

(2) Cp(PIH(f(A),¥)) < f(SPC+(A, 7)), for each A € I* and v € I..

THEOREM 3.17. Let f: (X,T) — (Y,n) be a mapping from an FTS (X, T) into an FTS
(Y,n). Then the following statements are equivalent:

(1) f is fuzzy SP open,

(2) fUr (A7) <I,(PCy(f(A),7),¥), foreachA € IX andr € I..

THEOREM 3.18. Let f: (X,T) — (Y,n) be a mapping from an FTS (X, T) into an FTS
(Y,n). Then the following statements are equivalent:

(1) f is fuzzy SP closed,

(2) Cp(PI: (f(A),7),v) < f(Cx (A, 7)), for each A € IXandr el..

THEOREM 3.19. Let f: (X,T) — (Y,n) be a mapping. Then f is fuzzy SP irresolute
open if and only if for each v € IY and each v -fspc set A € I*, v € I,, when f~1(v) <A,
there exists an v-fspc set u € IY such thatv < u and f~(u) < A.

PROOF. Suppose that f is a fuzzy SP irresolute open mapping, v € IY, and A is an
r-fspc set of X, v € I, such that f~!'(v) < A. Then, f(1-A) < f(f11-v)) <1-v.
Since f is fuzzy SP irresolute open, then f(1—A) is an -fspo set of Y. Hence,

F(1=A) <SPI, (1—v). (3.38)
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Thus

=

A< fHFA-A)) < fH(SPL, (L), 7). (3.39)
It follows that
A= f1(1=SPI, (L-v,7)) = f 1 (SPC,(v,7)). (3.40)

The result follows for pu = SPCy (v,7).

Conversely, let w be only 7-fspo set of X. We claim that f(w) is an r-fspo set of Y.
From w < f~1(f(w))itfollows that1—w = 1—f~! f(w), where 1 —w is an r-fspc set of
X. Hence, thereis v an r-fspc set of Y such thatv = f(1-w) and f~'(v) <1-w. Since
v = f(1-w), it follows that v = SPC,(f(1—w),r) or 1-v <1-SPC, (f(1-w),r) =
SPI, (f(w),r). From f~'(v) <1-w,we obtain f~'(1-v)>worl-v=>ff'(1-v)=>
f(w). Since f(w) <1-v < SPI,(f(w),r), we have f(w) = SPI,;(f(w),r). Thus, f(w)
is an 7-fspo set of Y, hence, f is fuzzy SP irresolute open. |

THEOREM 3.20. Let f: (X,T) — (Y,n) be a mapping from an FTS (X, T) into an FTS
(Y,n). If f is fuzzy SP irresolute open, then

(1) fUCy(PIy(u,7),7)) < SPC(f~H(u),7), for eachpy € I and v € 1.,

(2) fF~HCy(u,7)) < SPC(f~1(),7), for each u an v-fpo set of Y andr € I,.

PROOF. (1) Let yu € I¥ and » € I.. Then SPC.(f~'(u),7) is an r-fspo set of X. From
Theorem 3.20 it follows that there exists an »-fspc set v of Y such that u < v and
S (v) = SPC.(f~(u),7). Thus

FHC (PLy(,7),7)) < f7H(Co(PLy(v,1), 7)) < f7H(v) < SPCo (71 (W),7). (3.41)

(2) It follows immediately from (1). O
The following theorem is proved similarly as Theorem 3.20.

THEOREM 3.21. Let f:(X,T) — (Y,n) be a mapping from an FTS (X, T) into an FTS
(Y,n). If f is fuzzy SP open, then

(1) fYCy(PL(p,7),7)) < Ce(f 71 (1),7), foreachy € IV andr €1,

() fHUCy (1, 7)) < Ce (f~H(),7), for each p an r-fpo set of Y and r € I..
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